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Spectral properties of a system are strongly associated with its geometry. The spectral problem for the Y-bent
chain of weakly-coupled ball resonators is investigated. The Y-bent system can be described as a central ball
linking three chains consisting of balls of the same radius. There is a δ -coupling condition with parameter α
at every contact point. Specifically, it is assumed that the axis passing through the center of each ball lies
in the same plane and the centers of balls that are the closest to the central ball form an equilateral triangle.
The transfer-matrix approach and the theory of extensions are employed to solve the spectral problem for
this system. It is shown that such system with a certain value of parameter α has at most one negative
eigenvalue in the case of δ -coupling in contact points.
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1. Introduction

The interrelation between the geometry of a system and its spectral properties is
one of the most frequently asked questions that arises during research. For example, such
a problem for quantum graphs is widely discussed, see, e.g., [1] – [5] etc. The problem
is especially interesting when one deals with a so-called decorated graph (see, e.g., [4]).
The subject of the present paper is close to this; namely, a system of coupled balls is
considered. More precisely, a Y-type branching chain is studied. We assume that the
Neumann Laplacian is defined inside the balls. The coupling is constructed by using of the
theory of self-adjoint extensions of symmetric operators ( [6] – [11]). The most intriguing
question is about the existence of eigenvalues for the system. In the paper, we proved the
existence of negative eigenvalues under certain conditions.

Let us describe briefly in general terms the problem under consideration. The
geometry of the Y-type chain is shown at figure 1. The elementary cell of this system is a
ball of unit radius. So, the system can be described as the “central”ball connected through
the contact points with three semi-infinite direct chains that consist of similar balls.

To simplify considerations, we assume that there are no external fields. The system
of units with h̄ = 2m = 1 is used. To show the method of solving such problem, a simple
example of Y-geometry with additional assumptions is discussed:

1. for each branch, there is an axis passing through the centers of the balls forming
this branch and all three axes lie in a single plane;

2. balls are numbered as shown at figure 2;
3. centers of the balls No (1,1); (2,1) and (3,1) are the vertices of an equilateral

triangle.
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FIG. 1. Scheme of Y-type chain. FIG. 2. Basic Y-type chain.

The described geometry of the system will subsequently be called “basic Y-type chain”.
The weak coupling between resonators in our case should be considered as follows:

all the interactions between elementary cells occur through pinholes (cf, [6] – [13]) at the
contact points of resonators.

The wave function ψ(x) of the stationary state of a spinless non-relativistic particle
satisfies the stationary Schrödinger equation:

Ĥ(x)ψ(x) = λψ(x).

And it is also considered that the Neumann boundary condition is satisfied at the boundary
of the ball:

∂ψ

∂n

∣∣∣∣
∂Ω

= 0.

We use “restriction-extension”procedure, i.e., first, one constructs a symmetric re-
striction of the initial self-adjoint operator. Then, one considers its self-adjoint extensions,
paying attention to those differing from the initial one. We restrict the operator −∆ on
the set of all functions from D(−∆) that are equal to zero near the contact points xi,j
(index i refers to chain’s number, index j — to ball’s number in a chain and the central ball
has index 0). Thus, the symmetrical operator −∆0 is obtained and its deficiency elements
are Green’s functions G(x,xj, λ) (cf, [14]). In our case, the Green’s function written in
spherical coordinates has the following form:

G (r, θ, ϕ, rj, θj, ϕj, λ) =
∞∑
k=1

∞∑
l=0

l∑
m=−l

Ψklm (r, θ, ϕ)Ψklm (rj, θj, ϕj)

λlk − λ
,

where λlk = x2
lk are the eigenvalues, Ψklm (r, θ, ϕ) = Nlkjl (xlkr)Y

l
m (θ, ϕ) are the eigenfunc-

tions of the Neumann problem for the Laplace operator inside the ball, Y l
m (θ, ϕ) are the

spherical harmonics, jl (x) are the spherical Bessel’s functions, xlk is the kth root of the
following equation: j′l (x) = 0, Nlk are the normalization coefficients.

As mentioned earlier, operator −∆0 is a symmetrical operator, but it is not a self-
adjoint operator. Keeping in mind that all self-adjoint extensions of −∆0 are restrictions of
the adjoint operator, we construct the operator −∆∗0.

Any function U , U ∈ D (−∆∗0), has the following form:

U = U0 +
a

|x− x0|
+ b,

where U0 ∈ D (−∆∗0), U0 (x0) = 0; a, b are some coefficients. Henceforth, the following
designations will be used: a+

i,j, a
−
i,j are the coefficients corresponding to pinholes in the ball
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boundary with number i, j as you can see at the figure 3 (coefficients b+
i,j, b

−
i,j are denoted

by a similar argument).

FIG. 3. Scheme of direct chain: coefficient’s denotation

Using these notations one can describe a self-adjoint extension by the following
relations between the coefficients: {

a+
i,j = −a−i,j−1,

b+
i,j = b−i,j−1.

(1)

Using these notations, one can describe a self-adjoint extension by the following
relations between the coefficients: {

a+
i,j = −a−i,j−1,

b+
i,j = b−i,j−1.

(2)

We assume additionally that there are point-like potentials at the coupling points.
This letter discusses these results only. Full proofs will be published subsequently

in a more detailed paper.

2. δ -coupling

The so-called δ -coupling imposes slightly different requirements for coefficients a±i,j,
b±i,j. Resonators are supposed to be connected at the contact points by δ-coupling with the
parameter α, so the following relations for the coefficients (instead of (2)) are considered:{

a+
i,j = −a−i,j−1,

b+
i,j − b−i,j−1 = αa−i,j−1,

(3)

where coefficients b+
i,j, b

−
i,j−1 have the following form:

b+
i,j = a+

i,j lim
x→xi,j

(G (x,xi,j, λ)−G (x,xi,j, λ0)) + a−i,jG (xi,j+1,xi,j, λ) , (4)

b−i,j−1 = a−i,j−1 lim
x→xi,j

(G (x,xi,j, λ)−G (x,xi,j, λ0)) + a+
i,j−1G (xi,j−1,xi,j, λ) . (5)

b−i,0 = a−i,0 lim
x→xi,1

(G (x,xi,1, λ)−G (x,xi,1, λ0)) +
∑
n6=i

a+
n,0G (xn,1,xi,1, λ), i, n = 1, 3. (6)

Matching of equations (3) and (4,5) for different points xi,j allows one to obtain the discrete
spectrum equation.
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The relationship between coefficients a±i,j and a±i,j−1 ∀j ≥ 2, i = 1, 3 can be obtained
by substituting expressions (4,5) and the first equation of the system (3) into the second
equation of this system:(

a+
i,j

a−i,j

)
=

(
0 −1

G(xi,j−1,xi,j ,λ)

G(xi,j+1,xi,j ,λ)

α+2 (G(x,xi,j ,λ)−G(x,xi,j ,λ0))|x=xi,j

G(xi,j+1,xi,j ,λ)

)(
a+
i,j−1

a−i,j−1

)
= Mj

(
a+
i,j−1

a−i,j−1

)
,

where matrix Mj is a transfer matrix (cf [15]). It is simple to find its eigenvalues µ±j and
the corresponding eigenvectors ν±j . Let us choose unit first components of the eigenvectors.
Then, it has the form:

ν±j =

(
1
−µ±j

)
.

The relation between coefficients a±i,1 and a±i,0 where i = 1, 3 can be also obtained
by substituting of expressions (4,6) into system (3). Considering now equality (up to
a multiplicative constant) of one of vectors (assume for certainty vector

(
a+

1,1, a
−
1,1

)T
) to

eigenvector ν and using linear dependence, one obtains the following system:
(µ±2 −X)c+ Aa−2,0 +Ba−3,0 = 0
Ac+ (µ±2 −X)a−2,0 − Ca−3,0 = 0
Bc− Ca−2,0 + (µ±2 −X)a−3,0 = 0

(7)

where c is a constant and the following notations were used:

X = α + 2 lim
x→xi,1

(G (x,xi,1, λ)−G (x,xi,1, λ0)) ,

A = G (x2,1,x1,1, λ) , B = G (x3,1,x1,1, λ) , C = G (x3,1,x2,1, λ) .

It is obvious that system (7) has a nontrivial solution relative to c, a−2,0 and a−3,0 if
its determinant equals zero:(

X − µ±2 G
)3 −

(
X − µ±2 G

) (
A2 +B2 + C2

)
+ 2ABC = 0. (8)

Equation (8) is the main equation to investigate, but due to our additional assumptions,
(namely, A = B = C) it can be rewritten in a simpler form:(

X − µ±2 G
)3 − 3A2

(
X − µ±2 G

)
+ 2A3 = 0. (9)

It should also be noted that equations (8,9) would be an equation on the discrete
spectrum only if the corresponding eigenvalue µ satisfies the condition:∣∣µ−2 ∣∣ < 1 ⇔ X

2G
> 1, (10)∣∣µ+

2

∣∣ < 1 ⇔ X

2G
< −1 (11)

Investigating the solutions of equation (9) and keeping in mind conditions (10,11),
we can obtain the following theorem (we omit the proof in this letter).
Theorem. The basic Y-type chain of weakly coupled ball resonators has at most one
negative eigenvalue if there is condition of δ -coupling in contact points with a coupling

constant α (where α < −9

2

∞∑
k=1,l=0

Nlk

x2
lk

− 3

2πλ0

).
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3. Conclusion

The operator extensions theory model for a base Y-type chain of weakly-coupled
ball resonators was discussed. The main aim was to find negative eigenvalues for such a
system with a certain type of coupling at contact points. For the system with δ -coupling it
was proven that it has at most one negative eigenvalue (under certain conditions imposed
on the coupling constant).
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[11] J. Brüning, P. Exner, V. Geyler. Large gaps in point-coupled periodic systems of manifolds. J. Phys. A,
Math. Gen. 36 (17), P. 4875–4890 (2003).
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