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For the derivation of the dilute Bose–Einstein condensate density and its phase, we have developed the perturbative

approach for the solution of the stationary state couple Gross–Pitaevskii hydrodynamic equations. The external

disorder potential is considered as a small parameter in this approach. We have derived expressions for the total

density, condensate density, condensate density depletion and superfluid velocity of the Bose–Einstein condensate

in an infinite length ring with disorder potential having a general form. For the delta correlated disorder, the

explicit analytical forms of these quantities (except the superfluid velocity) have been obtained.
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The Gross–Pitaevskii equation [1, 2]:

ih̄
∂ψ (x, t)

∂t
=

(
− h̄2

2m
∇2 + U (x) + g |ψ (x, t)|2

)
ψ (x, t) . (1)

is a powerful approach for the description of the Bose–Einstein condensate of the dilute ultra-
cold atomic Bose gases [3], which have been recently observed in many experiments on cooling
of atoms in magnetic traps and laser radiation (see references on experimental papers in [3]). In
Eq. (1), the term proportional to g describes the contact interaction between two atoms in the
s-scattering approximation.

With the existence of the external potential U (x) (confining trap or disorder potential)
and a fluidity flow, the condensate wave function ψ (x, t) =

√
n (x, t)eiS(x,t) becomes a function

not only of the condensate density n (x, t), but also of its phase S (x, t). For that case, it is
rather convenient to describe a system by the couple hydrodynamic equations for the condensate
density and its phase, originating from the Gross–Pitaevskii equation:
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(2)

Here, m is the mass of an atom, the superfluid velocity is expressed by formula
vs = h̄∇S (x, t) /m and for simplicity, we have omitted arguments in expressions for n (x, t),
S (x, t), vs (x, t). For the stationary case, when time derivatives of the condensate density and
the superfluid velocity are equal to zero, Eq. (2) reduces to:
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Here and below, the kinetic energy of a superfluidity and external potential are expressed
in gn0 units and we introduce y = (n/n0)

1/2. Condensate density n0 is the solution of the second
equation of Eqs. (3) obtained at U (x) = 0.

We will find the solution of Eqs. (3) using the perturbative approach, substituting in
them expansions: y (x) = 1 + ε1 (x) + ε2 (x) and vs (x) = vs0 + vs1 (x) + vs2 (x), where
numerical indexes mean the order of the correction, the superfluid velocity vs0 corresponds
to case U (x) = 0, and using in these expansions the Fourier integral transforms. For weak
disorder, we consider U (x) as the first order correction and also use its Fourier transform.

Our interest is in the calculation of the total density of particles and the condensate

density of particles
〈n (x)〉
n0

=
〈
y2 (x)

〉
,
〈n0 (x)〉
n0

= 〈y (x)〉2, respectively, averaged over the en-

semble of the disorder potential. We denote the averaging procedure by 〈· · · 〉. We point out the
property 〈U (x)〉 = 0 for the disorder potential and existence of its correlator 〈U (x)U (x′)〉 =
R (|x− x′|), whose Fourier transform is 〈U (k)U (k′)〉 = (2π)1 δ (k + k′)R (k).

We obtain expressions for the total density, condensate density, and condensate density
depletion, respectively:
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and the expression for the superfluid velocity:
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We consider the Bose–Einstein condensate in the one dimensional ring trap, whose torus
circumference is given by the length L. The trap of this geometry has a periodic boundary
condition. Thus, all properties and quantities of the system must appear with periodic length L.
For instance, the delta correlated disorder potential correlation function is:

R (x) = r

j=∞∑
j=−∞

δ (x− Lj) , (6)

where r = U2
0 for the average strength U0 of the disorder potential. According to this, they

must be expanded to the Fourier series with discrete values for the wave vectors. However,
for a limit of the infinite length L → ∞, these series on discrete wave values can easily be
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transformed into the integral expressions on the continuous wave vector for quantities, in which
we have interest, by replacing

∑
→
∫
Ldk/2π.

For L→∞, the asymptotic expressions for the ring geometry total density, condensate
density, and condensate density depletion, respectively, are:
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n0

= 1 +
πp1/2r (1− 4mv2

s0)

23/2L (gn0)2 (1−mv2
s0)

5/2
,

〈n0 (x)〉
n0

= 1 +
πp1/2r (1− 7mv2

s0)

25/2L (gn0)2 (1−mv2
s0)

5/2
,

〈n (x)− n0 (x)〉
n0

=
πp1/2r

25/2L (gn0)2 (1−mv2
s0)

3/2
,

(7)

where p = 2mL2gn0/
(
(2π)2 h̄2

)
.

In conclusion, we have developed the perturbative approach for the stationary state
hydrodynamic Gross–Pitaevskii equations in the external disorder potential and applied it to
investigate the one dimensional Bose–Einstein condensate of ring geometry. We have found
expressions for the total density, condensate density, condensate density depletion and superfluid
velocity of that condensate for the disorder potential, which has a general form, considering this
potential perturbatively. For the delta correlated disorder, the explicit analytical forms of these
quantities (except the superfluid velocity) have been obtained. It is interesting that for the
superfluid velocity vs0 = 0, i.e. no initial superfluid flow in the condensate, above expressions
for the total density, condensate density, and condensate density depletion reproduce the same
expressions for the static Bose–Einstein condensate [4].
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