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A theory for forming Ir-atomic nanoclusters in a dielectric matrix of Na4 Ir3 O8 structure and spinel-like
structures is suggested. The atomic order in the Na4 Ir3 O8 structure is investigated by group-theoretical
methods of phase transition theory. The critical irreducible representation τ , generating appearance of
enantiomorphic P 41 32 (P 43 32)-phases from high symmetry spinel-like phase with space group Fd3m, is six
dimensional irreducible representation k10 (τ1 ) (in Kovalev designation). Ir and Na atoms form an intriguing
atom ordering, giving rise to a network of corner shared Ir triangles, called a hyperkagome lattice. It is
shown that inside the hyperkagome lattice, there are closed metal contours of chemical bonds formed by
Ir-clusters – decagons. Unusual physical properties of solid solutions on the basis of Na4 Ir3 O8 are expected.
The existence of hyperkagome lattices in six types in ordered spinel structures is theoretically predicted.
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1.

Introduction

Oxides with the A[B2 ]O4 spinel structure containing atoms of transition elements in
octahedral positions (atoms B), are characterized by a large variety of physical properties,
among which are superconductivity, charging ordering, heavy fermion behavior, unusual
magnetic properties in strong magnetic fields and others. In many cases, these important
physical properties are connected with a structural feature of spinels – a three-dimensional
network of the tetrahedra formed by octahedral B-cations. A network of these tetrahedra is
called a pyrochlore lattice, for B-cations are formed in pyrochlore structure such a sublattice
as B-cations in spinel structure. P.W. Anderson was the first who showed that B- sublattice
in spinel structures was geometrically frustrated and caused unusual physical properties of
this class of materials [1]. The term “geometrical frustration” describes structures with local
order generated by lattice geometry. Frustration arises when the geometry of a system allows
for a set of degenerate ground states. Such highly degenerate systems are extremely sensitive
to thermal and quantum fluctuations, and thereby intriguing classical and quantum ground
states may emerge via “order by disorder”.
One of compounds in which it is possible to expect the manifestation of unusual
physical properties is Na4 Ir3 O8 , which has spinel-like structure. The geometrical frustration
of spins in this substance causes the existence of exotic electronic and structural state – spin
liquid. The crystals of Na4 Ir3 O8 are the only substances in which an electronic subsystem is
3D spin liquid [2].
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The purpose of this work is the theoretical research of the symmetry and structural
conditions for the appearance of atomic hyperkagome order in structures of ordered low
symmetric modifications of spinels and spinel-like substances.
2.

Atomic hyperkagome order in Na4 Ir3 O8 structures

The atomic order in Na4 Ir3 O8 was investigated by group-theoretical methods of phase
transition theory. Structural studies allowed the authors [2] to establish space group P41 32
or P43 32 and some features of the Na4 Ir3 O8 structure. It was shown that in this structure
there is hyperkagome sublattice in positions of which there are Ir4+ ions in a low-spin state
(t52g ) with S=1/2.
In this paper, we theoretically describe the formation of atom hyperkagome lattice
in Na4 Ir3 O8 on the basis of hypothetical parent phase conception. This parent phase has a
32(e)
spinel-like structure (space group Fd3m) and a [Na1/2 Ir3/2 ]16(d) [Na3/2 ]16(c) O4
composition.
This structure differs from spinel one by the following:
– positions 8 (a) are vacant;
– positions 16 (c), occupied by 75% Na1+ ions in Na4 Ir3 O8 structure [2, 3], are vacant
in spinel structure.
The critical order parameter which induces hypothetical phase transition has been
stated. The critical irreducible representation (IR) τ , generating appearance of enantiomorphic P 41 32 (P 43 32)-phases from high symmetry spinel-like phase with space group Fd3m,
is six dimensional irreducible representation k10 (τ1 ) (table 1). IR designations are given according to Kovalev [4]: k10 (τi ) – is the star of wave vector; τi ,– is a number of corresponding
IR.
Stratification of Wyckoff positions in spinel-like structure with space group Fd3m
occurs as the result of a hypothetical phase transformation that takes place.
The 16(d) position in the parent structure was stratified into positions 4(b) and 12(d)
in P 41 32(P 43 32)-structure, 16(c) position was stratified into positions 4(a) and 12(d), the
32(e) position was stratified into positions 8(c) and 24(e). Taking into account the occupation
of 16(c) positions equal to 75% [2, 3], structural formula Na4 Ir3 O8 in P 41 32(P 43 32)-phase
24(e)
12(d)
4(b) 12(d)
4(a)
can be presented as [Na1/2 Ir3/2 ][Na3/8 Na9/8 ]O8(c) O3 .
It should be noted that in Na4 Ir3 O8 , there cannot be charge ordering of iridium atoms
in principle, for this atom takes only one position 12(d) with site symmetry 2(C2 ) in P 41 32
(P 43 32)-phase. This means that all the Ir sites and Ir-Ir bonds are equivalent.
The analysis of mechanical, permutation and orbital representations of parent structure allowed us to establish that that the structure of Na4 Ir3 O8 is formed as a result of
atoms displacements of sodium, iridium and oxygen, and also atoms ordering of sodium,
iridium and oxygen [5-8]. Ordering of all atoms occurs according to the type 1:3. (Fig. 1).
Enantiomorphic forms of Na4 Ir3 O8 are mirror antipodes. Their structures coincide with each
other only in the reflection in the mirror (Fig. 1). Chemical and physical properties of the
enantiomorphic modifications of Na4 Ir3 O8 are the same (except optical activity) [9-15].
In the structure of this substance there is a pyrochlore sublattice in which each
tetrahedron is occupied by three Ir and one Na12(d) . These Ir and Na atoms form an intriguing
atom ordering, giving rise to a network of corner shared Ir triangles, called a hyperkagome
lattice [14].
12(d)
Metal atoms in Na4 Ir3 O8 structure form two different networks of tetrahedra: [Na3
12(d)
Na4(a) ] and [Ir3 Na4(b) ] (Fig. 2). Each of these networks forms its own hyperkagome
12(d)
sublattice. The hyperkagome sublattice in the network of [Na3 Na4(a) ] tetrahedra is formed
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Table 1. Symmetrically structural identification of the phase states in lowsymmetry phases (GD ) induced by the IR k10 (τ1 ) of the space group Fd3m

ϕ
~

GD

0ϕ0ϕ0−ϕ

P41 32

Splitting of Wyckoff position of spinel-like structure of parent phase

8(a)

16(c), 16(d)

32(e)

1(8):3(C3 )

1(4):32(D3 )+1(12):2(C2 )

1(8):3(C3 )+1(24):1(C1 )

1(4):3m(C3v )+

1(2):3̄m(D3d )+1(6):2/m(C2h )+

1(4):3m(C3v )+3(12):

+1(12):m(Cs )

+1(12):m (Cs )+1(12):2(C2 )

:m(Cs )+1(24):1(C1 )

1(16):2(C2 )

2(16):2(C2 )

2(32):1(C1 )

1(4):mm2(C2v )+1(4):

2(8):m(Cs )+1(16):1(C1 )

4(8):m(Cs )+2(16):1(C1 )

(P43 32)
ϕϕϕϕϕϕ
00000ϕ

R3̄m
P41 22
(P43 22)

0ϕ00ϕ0

P4̄21 m

:4̄(S4 ) +1(8):m(Cs )
00ϕϕ00

Pbmn

1(16):m(Cs )

2(8):2/m(C2h )+1(16):2(C2 )

2(16):m(Cs )+1(32):1(C1 )

ϕ1 ϕ2 ϕ1 ϕ2 ϕ1 ϕ2

R32

1(4):3(C3 )+

1(2):32 (D3 )+ 3(6):2(C2 )+

1(4):3(C3 )+5(12):1(C1 )

+1(12):1(C1 )

+1(12):1(C1 )

2(4):2(C2 )+

4(8):1(C1 )

8(8):1(C1 )

ϕ1 00ϕ2 00

P21 21 2

+1(8):1(C1 )
0000ϕ1 ϕ2

P2221

1(16):1(C1 )

4(8):2(C2 )

4(16):1(C1 )

0ϕ1 0ϕ2 0−ϕ1

P41 21 2

1(16):1(C1 )

2(8):2(C2 )+1(16):1(C1 )

4(16):1(C1 )

2(4):m(Cs )+

2(2):2/m(C2h )+1(4):1̄(Ci )+

+1(8):1(C1 )

+1(4):m(Cs )+1(4):2(C2 )+

(P43 21 2)
ϕ1 ϕ1 ϕ2 ϕ2 -ϕ1 -ϕ1

C2/m

4(4):m(Cs )+6(8):1(C1 )

+2(8):1(C1 )
ϕ1 0ϕ2 0ϕ3 0

P21 21 21

2(8):1(C1 )

4(8):1(C1 )

8(8):1(C1 )

ϕ1 0ϕ2 ϕ3 -ϕ1 0

C2221

2(8):1(C1 )

4(4):2(C2 )+2(8):1(C1 )

8(8):1(C1 )

ϕ1 ϕ1 ϕ2 ϕ2 ϕ3 ϕ3

P1̄

4(4):1(C1 )

v4(2):1̄(Ci )+6(4):1(C1 )

16(4):1(C1 )

ϕ1 ϕ1 ϕ2 ϕ3 ϕ3 ϕ2

Cm

4(2):m(Cs )+

4(2):m(Cs )+6(4):1(C1 )

8(2):m(Cs )+12(4):1(C1 )

+2(4):1(C1 )
ϕ1 ϕ2 ϕ3 ϕ4 ϕ3 ϕ4

C2

4(4):1(C1 )

4(2):2(C2 )+6(4):1(C1 )

16(4):1(C1 )

0ϕ1 0ϕ2 ϕ3 ϕ4

P21

4(4):1(C1 )

8(4):1(C1 )

16(4):1(C1 )

ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6

P1

8(2):1(C1 )

16(2):1(C1 )

32(2):1(C1 )

Notes. Designation for order parameters k10 – ϕ. One of the enantiomorphic space groups
is recorded in parentheses in the second column.The number and multiplicity (in parentheses) of the Wyckoff position are indicated. After the colon, the local symmetry of the
Wyckoff position is given. For example, the record of 1(8):3(C3 )+1(24):1(C1 ) means that
Wyckoff position 32e of group Fd3m in the low-symmetry phase GD with space group
P41 32 stratified into one eightfold Wyckoff position with local symmetry 3(C3 ) and one
24-fold Wyckoff position with local symmetry 1(C1 ).
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Fig. 1. Ordered cation and anion distributions in enantiomorphic structures
P43 32- and P41 31-Na4 Ir3 O8 modifications (without atoms displacements). The
line between the structures means mirror
12(d)

by [Na3 ]n triangles. This hyperkagome sublattice has an artificial character from the point
of view of physics because there is no principal difference in properties of Na12(d) and Na4(a)
12(d)
ions. The [Ir3 ]n – hyperkagome sublattice in Na4 Ir3 O8 structure has significant physical
importance. In this hyperkagome sublattice, in each tetrahedron, three vertices occupy
magnetic iridium ions Ir12(d) and one vertex is occupied by a sodium ion Na4(b) .

12(d)

12(d)

Fig. 2. Two networks of tetrahedra [Na3 Na4(a) ] and [Ir3 Na4(b) ] forming
two hyper-kagome sublattices. One sublattice atoms formed Ir atoms (this
sublattice is painted in gray), the second sublattice formed by atoms Na12(d)
(this sublattice is hatched pattern)
12(d)

Four tetrahedra form hypertetrahedra [Ir3 Na4(b) ]4 (Fig. 3). A hyperkagome-lattice
12(d)
is formed from a network of corner shared [Ir3 Na4(b) ]4 tetrahedra as follows: in every
12(d)
tetrahedron a right triangle [Ir3 ] is formed from iridium atoms.
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12(d)

Fig. 3. Hypertetrahedron [Ir3

Na4(b) ]4 in structure Na4 Ir3 O8

As all Ir positions in structure of Na4 Ir3 O8 are equivalent, all distances of Ir-Ir are
12(d)
identical and equal to 3.112Å. These right triangles form a network [Ir3 ]n . (Fig. 4). This
network of connected triangles forms unique atom hyperkagome order [2] (Fig. 5, 6).
In a hyperkagome lattice, it is possible to allocate the module from three crossed
minimum closed contours (Fig.7). These contours are formed by Ir-Ir chemical bonds. The
module consists of 14 iridium triangles. Two of these triangles are general for all three
minimum contours. The minimum (or shortest) closed contour includes ten Ir-Ir bonds.
These ten Ir atoms form a crown-like cluster – so-called decagon [8] (Fig. 8). The perimeter
of all minimum contours is identical and equal to 31.12 Å. The greatest distance between
opposite Ir atoms in decagon is equal to 10.775 Å, and its maximum width – 5.659 Å.

Fig. 4. A hyperkagome sublattice. A hyperkagome sublattice is a cubic lattice
with 12 sites in a unit cell, it is a network of corner-sharing Ir-triangles
P41 32 (P43 32)-spinel phases are widely spread types of low-symmetry ordered enantiomorphic modifications of spinel structures. They are formed as a result of phase transitions
from spinel structures. These phases are generated by critical irrep k10 (τ1 ) [5, 6, 14]. Irrep
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Fig. 5. A hyperkagome sublattice. View of hyperkagome sublattice along the
[001] axes

Fig. 6. A hyperkagome sublattice: general picture
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Table 2. The types of binary cation ordering of 1:3 types in Wyckoff position
16(d) of spinel structure
Symbol of
V0
space group /V
R3̄2/m (N166) 1

N

Order parameters

1

(ξ, −ξ, ξ)7

2

(ϕ,0,ϕ,0,ϕ,0)3

P4̄3m(N215)

4

A1/8 A3/8 A1/2 B1/2 B3/2 X1/2 X1/2 X3/2 X3/2

3

(0, ϕ,0,ϕ,0,−ϕ)1

P43 32(N212)

4

A(c) B1/2 B3/2 X(c) X3

P41 32(N213)
P4̄3m (N215)

4

A1/8 A3/8 A1/2 B1/2 B3/2 X1/2 X1/2 X3/2 X3/2

3

4

4 (0,ϕ,0,ϕ,0,−ϕ) (ξ) sec.

Structural formula
(b)

(e)

(h)

A(c) B1/2 B3/2 X(c) X3
(a)

(a)

(c)

(e)

(c)

(e)

(i)

(a)

(d)

(e)

(i)

(e)

(e)

(e)

(i)

(i)

(i)

(i)

(e)

(e)

(e)

(a)

(a)

(a)

(b)

(a)

(a)

(b) (b)
3/2 X3/2

(a)

(a)

(a)

(b)

(a)

(a)

(b)

5

(ξ)4,A (ξ,−ξ,ξ)7

R3m (N160)

1

A1/2 A1/2 B1/2 B3/2 X1/2 X1/2 X

6

(ξ)4 (0,ϕ,0,ϕ,0,−ϕ)1

P21 3 (N198)

4

A1/2 A1/2 B1/2 B3/2 X1/2 X1/2 X3/2 X3/2

(b)

k10 (τ1 ) enters into both permutation (on Wyckoff position 16(d) and 32(e)) and mechanical
(on Wyckoff position 8(a), 16(d), 32(e)) representations of spinel structure. Therefore, the
lowering of crystal symmetry is due to displacements of all atom types and ordering of octahedral cations and anions (in both cases the type of order is 1:3). Calculated results show
that atoms A8(c) are located in weakly distorted tetrahedra, atoms B‘12(d) are in distorted
octahedra, atoms B4(b) are present in regular octahedra (Fig. 11 a, b). Structure formula of
12(d) 8(c) 24(e)
8(c)
[5,6]. The existence
low-symmetry phases has the following view: A2 B4(b) B‘3 X2 X6
of 6 new types of hyperkagome lattice in spinel ordered structures has been theoretically
predicted on the basis of group-theoretical analysis results (table 2).
The hyperkagome sublattice in P41 32 (P43 32)-phase structure is formed by triangels
12(d)
[B‘3 ]n . Each of these sublattices is topologically the same as hyperkagome sublattice in
Na4 Ir3 O8 structure. However the surroundings of hyperkagome sublattices in P41 32 (P43 32)phase structures and in Na4 Ir3 O8 structure are different.
Designations for order parameters: k10 – ϕ, k11 – ξ. The superscript index after
the closing parenthesis is the representation number according to [5, 6] and V0 /V is the
multiplication of primitive cell volume as a result of the structural phase transition. The
superscript index in the structural formula means the type of Wyckoff position according
to International Tables for Crystallography. In the structural formulas, ordered cations are
underlined.
Note that the hyperkagome atomic order was first predicted theoretically in our paper
[16], in which aspects of the cation ordering (type 1: 3) in the spinel structure was studied.
Atomic order, shown in Fig.1c and 2 [16], is a hyperkagome order. It is exactly the same
as in Fig. 4-6 of this work. The name of the hyperkagome order (sublattice) was proposed
in [2].
Antiferromagnets with spin S = 1/2 on kagome- and hyperkagome lattices are rare
substances, exotic structure-electronic states of matter. Scientists hope that these materials
will find important applications. The theory proposed is in accordance with experimental results [2]. Unusual physical properties are expected to appear when doping Na4 Ir3 O8
crystals. It is known that crystals with broken mirror symmetry show macroscopic effects
which were prohibited in centrosymmetric crystals [17, 18]. The theory predicted three types
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Fig. 7. Structure module of Na4 Ir3 O8 , consisting of three minimal intercrossing contours (loops) of Ir-Ir bonds. Each type of contours is designated by one
number. If the Ir-Ir bond included in the two contours, they designated as the
sum of two numbers

Fig. 8. Nanocluster “decagon” in Na4 Ir3 O8 structure
of structures that can realize a network of corner-sharing tetrahedral (atom hyperkagome
order): spinels AB2 O4 , pyrochlores A2 B2 O7 and C15 Laves phases AB2 .
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