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Numerical solution of Schrödinger equation for biphoton
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We consider the generation of entangled biphoton states with orbital-angular-momentum in triangular qua-
dratic waveguide arrays with twisted geometry. For this purpose, we derive the Shrödinger equation for
biphoton wave function and equation for pump field profile. We describe numerically the process of biphoton
generation through spontaneous four-wave mixing. We suggest that biphoton correlations can be controlled
by the amount of twist and pump field profile.
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1. Introduction

Quantum biphoton states with orbital-angular-momentum (OAM) can be used in
quantum communications to extend the alphabet of quantum cryptography, which can
increase the transmission rate [7]. Of particular interest are quantum walks, where the in-
terference of several walkers can be used to realize various simulations, including database
search [1,12], quantum teleportation, and quantum cryptography [2–4], enabling absolutely
secure communications. Quantum walks and generation of biphoton states with OAM can
be implemented in arrays of coupled waveguides with closed-loop boundary conditions [5].
Recently, a new type of coupled waveguide with a twisted geometry was demonstrated in
a photonic-crystal fiber [6]. Such waveguides are able to effectively provide the transfer
of OAM states. The behavior and generation of biphotons in twisted waveguides can be
described by the Shrödinger equation and evolution of the pump profile can be desribed
by the classical coupled-mode equations. The biphoton entanglement with OAM was first
experimentally demonstrated by Zeilinger et al. using the process of spontaneous para-
metric down-conversion (SPDC) [7]. We consider a linear polarization of light and small
twist of waveguides, with the amount of twist . 1◦, and in this case the structure of the
pump and biphoton modes is essentially the same as in the straight array. We formulate
the mathematical model under such conditions.

In our work, we consider generation of biphonons through spontaneous four-wave
mixing (SFWM) through χ(3) nonlinearity in optical fibers. We have not considered χ(2)

nonlinearity, because it requires a crystal lattice without a center of inversion and it is
difficult to realize in the optical fiber, unlike χ(3) nonlinearity which occurs in conventional
optical fibers. However, in the case of χ(3) nonlinearity, the frequencies of pump wave
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and biphotons may be close to each other, which requires narrow-band filtering before the
single-photon detectors [15].

We numerically solve the classical coupled-mode equations for pump profile and
Shrödinger equation for biphotons in twisted waveguides.

2. Derivation of Schrödinger equation for biphoton wave function in a twisted
waveguide array

The normalized pump field profile evolution along the propagation distance z is
defined through the classical coupled-mode equations [8]:

i
dEn

dz
+ C(ω) exp [−iωχ̇0(z)]En+1 + C(ω) exp [iωχ̇0(z)]En−1 = 0, (1)

where En is the complex field amplitude in the nth waveguide, and EN maps to E0, and
E−1 maps to EN−1 due to closed-loop boundary conditions [9], n is the waveguide number,
N is the total number of waveguides, χ0(z) ≡ χ0(z + L) is the periodic waveguide bending
profile, L is the modulation period, coefficient C(ω) defines a coupling strength between
the neighboring waveguides (it characterizes diffraction strength in a straight waveguide
array (WGA) with χ0 ≡ 0) [10]. In our case, χ̇0(z) = const, because the waveguide
bending profile is the same for all values of z.

The eigenmode solutions of Eqs. (1) are E
(m)
n(z) = ε

(m)
n exp(iβmz), where

m = 0, . . . , N − 1 is the mode number, ε(m)
n = exp(i2πmn/N) are the mode profiles, and

βm = 2C cos(2πm/N − φ0) (where φ0 = ωχ̇0(z)) are the propagation constants. The eigen-
modes E(m)

n(z) represent discrete optical vortices [14], or states with OAM due to a twisted
structure of their phase profiles. Here, the supermode number m corresponds to the OAM.

Generation of photon pairs in cubic nonlinear WGAs through SFWM in the absence
of multiple photon pairs can be characterized by the evolution of a bi-photon wave function
ψns,ni

(z) in a Schrödinger-type equation. The equation is obtained from the Hamiltonian,
and has a form similar to that of quadratic media [13]:

i
dψns,ni

(z)

dz
=

− C
[

exp [iωχ̇0(z)]ψns−1,ni
(z) + exp [iωχ̇0(z)]ψns,ni−1

(z) + exp [−iωχ̇0(z)]ψns+1,ni
(z)

+ exp [−iωχ̇0(z)]ψns,ni+1
(z)
]
−∆β(0)ψns,ni

(z) + iγE(p)
ns

(z)E(p)
ns

(z)δns,ni
, (2)

where ns and ni are the waveguide numbers describing the positions of the signal and
the idler photons, and E

(p)
ns (z) is the pump amplitude in waveguide number ns. ∆β(0)

is the linear four-wave mixing phase-mismatch in a single waveguide, γ is a nonlinear
coefficient [11]. Dimensionless quantities ∆β(0) and γ in the numerical simulations were
considered equal to 1.
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It is convenient to make a transformation ψns,ni
(z) = ψns,ni

(z) exp(−i∆β(0)z). Then,
(2) takes the form:

i
dψns,ni

(z)

dz
=

− C
[

exp [iωχ̇0(z)]ψns−1,ni
(z) + exp [iωχ̇0(z)]ψns,ni−1

(z) + exp [−iωχ̇0(z)]ψns+1,ni
(z)

+ exp [−iωχ̇0(z)]ψns,ni+1
(z)
]

+ iγE(p)
ns

(z)E(p)
ns

(z)δns,ni
exp(i∆β(0)z). (3)

3. Numerical solution

3.1. Numerical solution for pump field

We consider the algorithm for solving equation (1) for a system of three waveg-
uides with closed-loop boundary conditions. Schematically, the system appears as shown
in Fig. 1.

FIG. 1. Scheme of coupled twisted waveguides

Firstly, we consider a system with open boundary conditions, which is described by
a three-diagonal matrix of the form:B1 C2 0

A2 B2 C2

0 A3 B3

E1

E2

E3

 =

D1

D2

D3

 , (4)

where An = −i(∆z/2)C exp [iωχ̇0(z)]; Bn = 1; Cn = −i (∆z/2)C exp [−iωχ̇0(z)];
En = En(z); Dn = −AnEn−1 (z −∆z)+BnEn (z −∆z)−CnEn+1 (z −∆z); n = 1, 2, . . . , N ;
∆z – step along z axis.

This matrix ratio is equivalent to the system of linear equations of the form AE = D,
where E is a column vector with unknown values, and the matrix A and a column vector
D are known. The solution can be found by the shuttle method or, for example, by the
formula E = A(−1)D = linsolve(A,D), which is implemented in a software package Matlab.

In the case of closed-loop boundary conditions, we obtain the following matrix
relation:
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B1 C2 A1

A2 B2 C2

C3 A3 B3

E1

E2

E3

 =

D1

D2

D3

 . (5)

The solution can also be found by the formula E = A(−1)D = linsolve(A,D). For
clarity, we give the matrix ratio for the system of five waveguides, which is constructed by
a similar algorithm:


B1 C1 0 0 A1

A2 B2 C2 0 0
0 A3 B3 C3 0
0 0 A4 B4 C4

C5 0 0 A5 B5



E1

E2

E3

E4

E5

 =


D1

D2

D3

D4

D5

 . (6)

Thus, we can similarly obtain the numerical solution for the system of any number
of waveguides. The figures show the numerical solutions for the direct (Fig. 2) and twisted
(Fig. 3) arrays of the three waveguides.

FIG. 2. Pump power (|En|2), in the system of three straight waveguides

FIG. 3. Pump power (|En|2), in the system of three twisted waveguides
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3.2. Numerical solution of Schrödinger equation for biphoton wave function

Now, we consider the numerical algorithm for Schrödinger equation (3) for system
of three twisted waveguides with closed boundary conditions.

We transform this equation by the Crank-Nicolson scheme to the following form:

iψj+1
ns,ni

= iψj
ns,ni
− ∆z

2

[
α2

(
ψj
ns−1,ni

+ ψj
ns,ni−1

)
+ α1

(
ψj
ns+1,ni

+ ψj
ns,ni+1

)
+ α2

(
ψj+1
ns−1,ni

+ ψj+1
ns,ni−1

)
+ α1

(
ψj+1
ns+1,ni

+ ψj+1
ns,ni+1

) ]
+

∆z

2
iγ
(
Ej

ns

)2
δns,ni

exp
(
i∆β(0)∆zj

)
+

∆z

2
iγ
(
Ej+1

ns

)2
δns,ni

exp
(
i∆β(0)∆z(j + 1)

)
,

(7)

where α1 = C exp[−iωχ̇0], α2 = C exp[iωχ̇0].
Furthermore:

− r2 · ψj+1
ns−1,ni

− r2 · ψj+1
ns,ni−1 + ψj+1

ns,ni
− r1 · ψj+1

ns+1,ni
− r1 · ψj+1

ns,ni+1

= r2 · ψj
ns−1,ni

+ r2 · ψj
ns,ni−1 + ψj

ns,ni
+ r1 · ψj

ns+1,ni
+ r1 · ψj

ns,ni+1

+ r3
(
Ej

ns

)2
exp(r4j) + r3

(
Ej+1

ns

)2
exp (r4(j + 1)) , (8)

where r1 = i
∆z

2
α1, r2 = i

∆z

2
α2, r3 =

∆z

2
γ, r4 = i∆β(0)∆z.

Thus, we obtain the following numerical scheme:

−r2 · ψj+1
ns−1,ni

− r2 · ψj+1
ns,ni−1 + ψj+1

ns,ni
− r1 · ψj+1

ns+1,ni
− r1 · ψj+1

ns,ni+1 = Dj
ns,ni

, (9)

where

Dns,ni
= r2 · ψj

ns−1,ni
+ r2 · ψj

ns,ni−1 + ψj
ns,ni

+ r1 · ψj
ns+1,ni

+ r1 · ψj
ns,ni+1

+ r3
(
Ej

ns

)2
exp(r4j) + r3

(
Ej+1

ns

)2
exp(r4(j + 1)).

As a result, we now have a two-dimensional problem. Next, we can obtain the
one-dimensional problem by reshaping matrix for the psi-function in a column vector:

ψ1,1 ψ1,2 ψ1,3

ψ2,1 ψ2,2 ψ2,3

ψ3,1 ψ3,2 ψ3,3

 −→



ψ1,1

ψ1,2

ψ1,3

ψ2,1

ψ2,2

ψ2,3

ψ3,1

ψ3,2

ψ3,3


. (10)

Finally, we have a five-diagonal matrix. In matrix form, the problem takes the
following form:
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1 −r1 −r2 −r1 0 0 −r2 0 0
−r2 1 −r1 0 −r1 0 0 −r2 0
−r1 −r2 1 0 0 −r1 0 0 −r2
−r2 0 0 1 −r1 −r2 −r1 0 0

0 −r2 0 −r2 1 −r1 0 −r1 0
0 0 −r2 −r1 −r2 1 0 0 −r1
−r1 0 0 −r2 0 0 1 −r1 −r2

0 −r1 0 0 −r2 0 −r2 1 −r1
0 0 −r1 0 0 −r2 −r1 −r2 1





ψ1,1

ψ1,2

ψ1,3

ψ2,1

ψ2,2

ψ2,3

ψ3,1

ψ3,2

ψ3,3


=



D1,1

D1,2

D1,3

D2,1

D2,2

D2,3

D3,1

D3,2

D3,3


. (11)

This matrix ratio is equivalent to the matrix system of linear equations of the form
AΨ = D, where Ψ is a vector-column with unknown values, and the matrix A and a column
vector D are known. The solution can be found by splitting methods or, for example, by
the formula Ψ = A(−1)D = linsolve(A,D), implemented in the Matlab software package.

Figures 4 and 5 show the numerical solutions for the squared modulus of the bipho-
ton wave function respectively for forward and twisted arrays of three waveguides. In
Figs. 4 and 5, we see 9 imaginary waveguides, which corresponds to the 3 real waveg-
uides. Thus, waveguides with numbers 1–3 correspond to the biphoton wave function
with signal photon located in the 1st wavegude and idler photon located in 1–3 waveg-
uides respectively. Similarly, waveguides 4–6 correspond to the signal photon located in
the2nd waveguide and the idler photon located in waveguides 1–3, and waveguides 7–9
correspond to the signal photon located in the 3rd waveguide and the idler photon located
in waveguides 1–3.

FIG. 4. Two-photon correlations (|Ψns,ni
|2), in case of photon generation by

SFWM from a pump inside the array for system of three straight waveguides

If we transform the Fig. 5 to a more convenient form Fig. 6, we can see the two-
photon correlations (|Ψns,ni

|2) at three different distances, which are of practical interest
(a: z = 0; b: z = 0.375L; c: z = 0.604L, where L is the distance at which the biphoton
wave function restores its initial state, when photons propagate in the regime of quantum
walks in the absence of pumping). At z = 0 (a), there are no photons. At distance (b),
the generated photons are mostly bunched: appearing in the same waveguides. In (c), the
photons are anti-bunched; appearing at different waveguides.
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FIG. 5. Two-photon correlations (|Ψns,ni
|2), in case of photon generation by

SFWM from a pump inside the array for system of three twisted waveguides

FIG. 6. Two-photon correlations (|Ψns,ni
|2), in case of photon generation by

SFWM from a pump inside the array. (a) z = 0, (b) z = 0.375L, (c)
z = 0.604L. At z = 0 (a), there are no photons. At distance (b), the
generated photons are mostly bunched; appearing in the same waveguides.
In (c), the photons are anti-bunched.

Thus, we obtain that in the case of photon generation by SFWM from a pump inside
the array, the signal and idler photons can be bunched at some distances and anti-bunched
at other distances.

4. Conclusion

We have numerically solved the classical equation of coupled modes for the pump
wave and the Schrödinger equation for biphoton wave function of three twisted waveguides.
We analyzed integrated photon generation through spontaneous four-wave mixing. We have
shown that the generated photons can demonstrate bunching behavior at some distances
and anti-bunching behavior at other distances. These features can be controlled by the
amount of twist and the input pump profile. Also, in the future, it is of interest to consider
the effects of nonlinear phase modulation and self-focusing due to the pumping.
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