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The Green function for simplest quantum graphs
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We treat the problem of the Green function for quantum graphs by focusing on such topologies as star and

tree graphs. The exact Green function for the Schrödinger equation on primary star graphs is derived in the

form of 3× 3− matrix using the vertex boundary conditions providing continuity and current conservation.

Extension of the approach for the derivation for the Green function on tree graph is presented. Possible

practical applications of the obtained results are discussed.
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1. Introduction

Particle and wave transport in branched systems has attracted much attention in
different topics of physics such as optics, polymer and cold atom physics, condensed matter
and biophysics. In most cases, such transport can be modeled by evolution equations on
so-called metric graphs. The latter is called quantum graphs for nanometer scales and has
become a rapidly developing subject over the last three decades (see, e.g., reviews [1-3] and
references therein). In this case, one deals with the Schrödinger equation for which the
boundary conditions on graph vertices graphs are imposed [1].

The simplest case for propagation of linear waves in branched optical structures is
described by the Helmholtz equation on graphs. Formally, it coincides with the Schrödinger
equation, which was extensively studied in the context of quantum chaos theory [1-10].
Linear waves in optical waveguide networks provide experimental realization of quantum
graphs [11].

The Schrödinger equation on graphs was first introduced by Pavel Exner in [5, 6].
Strict mathematical formulation of Schrödinger equation on graphs was given by Kostrykin
and Schrader in [7], who formulated general boundary conditions, providing the self-ad-
jointness of the problem. Nonrelativistic particle dynamics in networks described by the
Schrödinger equation on graphs has been studied in the context of quantum chaos in the
Refs. [1-3]. Despite the progress made in the study Schrödinger equation on graphs, the
Green function based approach to particle transport still remains undeveloped. The only
attempts for treatment of Green function on metric graphs are those in Refs. [12-14]. In [12]
the Green function is constructed for the regular Shturm-Liouville problem on the interval
via different approaches. The Green function for the Schrödinger operator on the open star
graph is studied by the multiscattering expansion in [13]. Schmidt, Cheng and da Luz [14]
presented a recursive prescription to calculate the exact Green function for general quantum
graphs via a scattering approach. However, these works do not provide an explicit form of
the Green function, even for star graph.
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In this paper, we address the problem of derivation of the exact Green function
for the simplest quantum graphs in an explicit form using the Schrödinger equation with
boundary conditions providing continuity and the current conservation at the graph’s vertex.
In quantum physics, the Green function is of importance for different problems, such as
quantum transport, vacuum fluctuations, heat transport, and many others. In the case of
quantum networks, knowledge of the Green function greatly facilitates transport phenomena
in such systems and the Casimir effect in branched systems [15-19].

2. Schrödinger equation on metric graphs

Our task is to derive Green function for the Schrödinger equation on metric graphs.
A graph represents system of bonds which are connected at one or more vertices (branching
points). The connection rule is called the topology of a graph. When the bonds can be
assigned a length, the graph is called a metric graph. The Schrödinger equation on a metric
graph having N represents system of N− equations which are connected to each other via
the vertex boundary conditions [1,7]. In the following we deal with the Schrödinger equation
on the primary star graph (see 1) Γ having three bonds with the lengths Lj, j = 1, 2, 3 of
finite bonds bj, j = 1, 2, 3 given as:

−1

2

d2

dx2
ψj = Eψj. (1)

The vertex boundary conditions for such graph can be written as:

ψ1(0) = ψ2(0) = ψ3(0), (2)

∂

∂x
ψ1
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x=0

+
∂

∂x
ψ2

∣∣∣∣
x=0

+
∂

∂x
ψ3

∣∣∣∣
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= 0, (3)

ψj(Lj) = 0, j = 1, 2, 3. (4)

Eq.(1), together with the boundary conditions given by Eqs.(2)-(4), define the quantum

Fig. 1. Primary star graph consisting of 3 bonds connected at a vertex

mechanical problem of the quantum graph presented in Fig.1. Below, we will use Green
function approach for this problem and derive explicit Green functions for this system.

2.1. The Green function for quantum star graph

The Green function for Schrödinger equation on star graph is defined as the solution
of the following equation:

− d2

dx2
G(x, x′)− 2EG(x, x′) = 2δ(x− x′)I3, (5)
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(where I3 is 3× 3 the identity matrix) with the boundary conditions:

G1j(0, x
′) = G2j(0, x

′) = G3j(0, x
′), j = 1, 2, 3, (6)

∂
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= 0, j = 1, 2, 3, (7)

Gj,m(Lj, x
′) = 0, j,m = 1, 2, 3, (8)

Gj,m(x, x′)|x=x′−0 = Gj,m(x, x′)|x=x′+0 , j,m = 1, 2, 3 (9)
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= −2δj,m, j,m = 1, 2, 3. (10)

Let us assume that equation:

−1

2

d2

dx2
ϕj(x)− Eϕj(x) = fj(x), (11)

obeys the boundary conditions given by Eqs.(2)-(4). Then the solution of Eq.(11) can be
written as:

ϕj(x) =
3∑

m=1

∫
0

Lm

Gjm(x, x′)fm(x′)dx′. (12)

It is clear that from the boundary conditions (6)-(8), one can obtain boundary conditions
(2)-(4), i.e. the solution of Eq. (12) satisfies the boundary conditions given by Eqs. (2)-(4).

Thus, the Green function for a star graph presented in Fig.1 can be written as:

G(x, x′) =
1

i
√
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ei
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2E|x−x′|I3 +
1

i
√

2E
sin(
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i
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(13)

where I3 is the 3× 3 identity matrix, with µ(1), µ(2) are 3× 3 are matrices, which obey the
boundary conditions given by Eqs.(6)-(8):
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√

2E(Lm−x′)
∏
n6=m

sin(
√

2ELn)

]
,

here ∆j = cos(
√

2ELj)
∏
n6=j

sin(
√

2ELn), ∆j,m = cos(
√

2ELj)
∏

n6=j,m

sin(
√

2ELn), ∆ =
3∑

j=1

∆j,

j,m = 1, 2, 3.
This Green function can be used for solving of the transport phenomena and vacuum

effect such as Casimir effect on branched structures and networks [15-19].

3. Other simplest graph

Here, we briefly show that the above approach can be used to derive the Green
function for other simple graphs, such as the tree graph presented in Fig.2. In the case of
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the Schrödinger equation given by (1), one can impose the following boundary conditions:

ψ1(0) = 0, ψ1mn(L1mn) = 0, m, n = 1, 2, (14)

ψ1(L1) = ψ1m(L1), m = 1, 2, (15)
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= 0. (18)

The Green function for a tree graph having seven bonds, G(x, x′) is a 7×7−matrix obeying

Fig. 2. Tree graph

the following conditions:

G1,b(0, x
′) = 0, G1mn,b(L1mn, x

′) = 0, m, n = 1, 2, (19)

G1,b(L1, x
′) = G1m,b(L1, x

′), m = 1, 2, (20)
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′) = G1mn,b(L1m, x

′), m, n = 1, 2, (22)
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(b ∈ {1; 11; 12; 111; 112; 121; 122}) and the Green function can be written as:

G(x, x′) =
1

i
√

2E
ei
√

2E|x−x′|I7 +
1

i
√
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2Ex) · µ(1)(x′) +
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i
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(24)

where I7 - 7× 7 is the unit matrix, µ(1), µ(2) are 7× 7− matrices, which obey the boundary
conditions given by Eqs.(19)-(23). It is clear that a similar way can be used to obtain the
Green function of a tree graph with arbitrary number of bonds as well as other simplest
topologies.

4. Conclusion

In this paper, using the direct approach based on the definition of the Green function,
we derived the explicit Green functions for the simplest graphs such as star and tree graphs.
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The approach can be used for the derivation of the Green function of other simple topologies.
The above results can be useful for the study of particle transport in quantum networks such
as polymers, molecular chains, lattices and other discrete structures. An important problem
where knowledge of the Green function on graphs is important is the problem of the Casimir
effect on networks [15-19]. Using of the Green function approach for calculating the zero
point energy is an effective tool, and in many cases, allows one to avoid divergencies [20].
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