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Carbon nano-cluster cathodes exhibit a low threshold electron emission, which is 2–3 orders lower than on metals and semiconductors. We

confirm the effect by direct experiments with graphene structures. We are suggesting a model based on the interference electrons wave function

in 3D-space charge region of carbon structure interface with vacuum. The low-threshold emission is explained, in frames of the model, by

the resonance properties of the barrier formed on the interface. Also in the following topics: interpretation of recent experimental findings for

saturation of the field emission; local spectral analysis of multidimensional periodic lattices: dispersion via DN-map; examples of iso-energetic

surfaces associated with solvable models of periodic lattice; Lagrangian version of the operator extension algorithm; solvable models of selected

one-body spectral problems; quantum dot attached to the node of a quantum graph; a solvable model of a discrete lattice and spectral structure

of a 1D superlattice via analytic perturbation procedure.
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1. An example: resonance concepts of the low-threshold field emission

In numerous recent experiments, see for instance [1–7] extremely low-threshold field emission from metallic
cathodes under carbon deposit was observed for electric fields (104 − 105V/cm). This is a surprisingly strong
effect, because the field initiating a noticeable emission (10−10 − 10−9A) from these materials is by 2-3 orders
of magnitude less than the field required for the field-emission from the traditional metals and semiconductors.
Despite an obviously unusual nature of the effect, numerous authors, see for instance [5, 6] attempted to explain
the low-threshold phenomenon trivially with use of the classical Fowler-Nordheim techniques, based on enhancing
of the field at the micro-protrusions. They assume that the local field Fs near the emitting center is calculated as
F0 = γF0, where γ is the field enhancement coefficient, defined by the micro-geometry, and F0 is the field of
the equivalent flat capacitor. This completely classical explanation of the low-threshold emission phenomenon is
not universal, and certainly non-valid for deposit, considered in our recent papers [3, 7] because the surface of the
carbon flakes, obtained by the detonation synthesis, are perfectly smooth, see the flakes (see Fig. 1) under maximal
magnifications.

with rare and relatively small protrusions. These protrusions are able to lower the threshold 5-fold, while
102 times lowering is observed in our experiments. We suggested in in [3, 7] an alternative explanation of the
threshold lowering (field enhancement) based on the dimensional (size-) quantization in the under-surface space-
charge region. The classical Fowler-Nordheim techniques for calculating the transmission coefficient T for simple

rectangular potential barrier, see [8], gives an exponentially small value T ≈ e−qa with q =
√
v − 2mEh̄−2 for the

under-barrier tunneling with v >> 2mEh̄−2 and the width of the barrier equal to a. The resonance modification
of the classical Fowler-Nordheim algorithm for calculating the transmission coefficient across a rectangular barrier,
in presence of the energy levels of the size-quantization, meets some technical complications which can be
avoided while substituting the rectangular barrier with delta-barrier supplied with an inner structure, attached to the
barrier by Datta and Das-Sarma boundary condition, see [9, 10] for discussion of this phenomenological boundary
condition and the derivation of it from the first principles in [11]. The program of resonance interpretation of the
low-threshold field emission, based on zero-range model barrier with an inner structure, is developed in [7]. Where
the zero-dimensional metal-carbon interface is substituted by the 1+0 solvable model for electron transmission
from the metallic cathode to vacuum through the 0D barrier, supplied with an inner structure, emulation of
the discrete levels of the size quantization is interpreted as the Tamm surface state. Based on this model, we
developed a resonance version of the classical Fowler-Nordheim machinery, considering the complex Tamm levels
as resonances which serve as bridges helping electrons with Fermi energy to exit from the metallic cathode into
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FIG. 1. Images of carbon Nano-clusters obtained via scanning electron microscope

vacuum across the carbon deposit. The role of the field enhancing factor in [7] was played by the small effective
mass of electron in the carbon structure. Indeed, the field is measured by the steepness of the potential slope.
But the effective steepness is calculated with respect to the De-Broghlie wavelength which is m/me times bigger
than the conventional De-Broghlie wavelength at the same energy. The corresponding formula for the transmission
coefficient was derived for the general 1D model of the space-charge region, with complex discrete spectrum of
Tamm surface levels. The presence of these resonance details in the barrier may result in much larger value of
the transmission coefficient values T for electrons with certain energy. In [7] we substitute the inner structure by a
finite matrix, which is fit based on experimental data on size quantization, emulating the barrier barrier with inner
structure by equivalent T-junction with the generalized Datta and Das Sarma boundary conditions, see [9–11]. The
1D model of the contact zone of the emitter in the form of a T-junction consisting of the cathode (1) −∞ < x < 0,
the vacuum (2) 0 < x < ∞, and the deposit (3) attached at the origin. The components us, s = 1, 2, 3 of the
wave-function of the electron satisfy on the intervals (−∞, 0), (0,∞) the Schrödinger equations with appropriate
potentials, see [7]:

u(x) =

{
u1(x) = e−ip1x +Reip1x, −∞ < x < 0

u2(x) = Te−ip2x, a < x <∞.
(1)

In [7], we model the component u3 of the wave-function on the barrier by the finite vector and, correspondingly,
substitute the barrier by a zero-range model with an inner structure, see [12, 13], defined by the finite Hermitian
matrix A. Interaction between components u1, u2, u3 is defined via imposing boundary conditions onto the
boundary data u1(0.u′1(0)) and u2(0.u′2(0)) and abstract boundary data ξc,s of the inner structure, with regard of
vanishing of the sum of corresponding boundary forms with u = u3, v = v3:

− h̄2

2m1

[
du1

dx
v̄1 − u1 dv̄

1

dx

] ∣∣∣∣
x=−0

+
h̄2

2m1

[
du2

dx
v̄2 − u2 dv̄

1

dx

] ∣∣∣∣
x=+0

+

+ξuc ξ̄
v
s − ξus ξ̄vc = J1(u1, v1) + J2(u2, v2) + J3(u, v).

see Appendix 1 and [12]. In particular, the sum vanishes while Datta-Das Sarma boundary conditions are imposed
at the contact x = 0 between the deposit and vacuum ( on the barrier). Those boundary conditions are defined,
similarly to Datta-Das Sarma, [9], by the vector parameter ~β = (β1, β2, β3) as:

u1

β1
=
u2

β2
=
ξu−
β1
,

h̄2

2m1
u′1β̄1 +

h̄2

2m2
u′2β̄2 + ξu+β̄ = 0, (2)

The quantum-mechanical meaning of the similar parameter ~β in the case of the T-junction is revealed in [11]. It
is defined by the spectral properties of the inner structure and the corresponding eigenfunction, [11]. Assuming
that the wave-function of the electron in the carbon layer and in vacuum is a scattered wave, we represent the
components of it in the deposit and in vacuum as u1 = eip1x1 + e−ip1x1R1(λ), u2 = Te−ip2x2 . Substituting this
scattering Ansatz into the above boundary conditions, we obtain an expression for the transmission coefficient T
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from the deposit into vacuum T (λ) =:

β̄1β2m
−1/2
1

|β2
1 |m1

−1/2 + |β2
2 |m2

−1/2 + i|β3|2
[
h̄M
√

2E
]−1 . (3)

In the non-resonance situation, M ≈ Const, the Datta-Das Sarma parameter (1, 1, eqa/2) defines the exponential
small transmission rate T ≈ e−aq . Then, in the resonance situation, M =M(λ) the transmission is exponentially
small on the complement of the set of poles of M, but is essentially greater at the poles λp M(λp) = ∞, where
M−1 = 0. In particular, for m1 << m2 we have at the poles, that

T =
β̄1β2m

−1/2
1

|β1|2m1
−1/2 + |β2|2m2

−1/2
≈ β2

β1
,

which can be essentially greater than exponential estimate T ≈ e−2av . Then, in the resonance situation, M =
M(λ) based on β3 ≈ evd we see the peak of the transmission coefficient at the eigenvalues of the matrix A which
play a role of the levels of the size quantization on the barrier (with special boundary conditions on the contact of
the barrier with the inner part of the deposit and the vacuum. This condition is compatible with unitarity of the
full scattering matrix on the interface deposit-vacuum, if the weights m−1

1 ,m−1
2 are taken into account.

In our case, we have:

j = −2evF

h̄2

∫
β̄1 β2 m

−1/2
1 [f(E)− f(E + eV )] EdE

|β1|2m−1/2
1 + |β2|2m−1/2

2 + i|β2|2[h̄
√

2EM]−1
,

whereM =M(E), is the Weyl-Titchmarsh function of the inner structure, see Appendix 1. just the value of T at
the Fermi level, with a trivial coefficient.

But in fact, the estimation of the emission current requires taking into account the density of states |∂λ∂p |
−1

which requires continuity of the spectrum of surface states, while the 1D model of surface state provides only
discrete resonances.

One more competing viewpoint on field emission presented , in particular, in [14] is essentially quantum,
but not trivially spectral as one in [3, 7]. In [14], the field emission from negative electron affinity sites on the
atmosphere-GaAs interface is accompanied by optically stimulated process of oxygen adsorption. The correspond-
ing optically induced pinning of the Fermi level leads to quenching and subsequent regeneration of the emission,
which is connected in [14] with the presence of antisite defects in GaAs, formed due to the reconstruction of
gallium dangling bonds on the GaAs - atmosphere interface. A possibility of the optical manipulation (monochro-
matic irradiation) the charges of the metastable antisite defects formed by the Ga dangling bonds is an extremely
interesting aspect of the electron emission from GaAs, including enhancing the emission current due to monochro-
matic irradiation of the cathode under fixed exterior field. One may guess that the resonance optical excitation
may generate beats of the oscillation modes which may help electrons energy to overcome the limits laid by the
work function for given exterior field.

In fact, the emission current depends on the density of states |dλdp |
−1 – the inverse derivative of the energy

with respect to the quasi-momentum, which does not arise in the 1D model. Fortunately, the spectrum of the
size quantization in the quasi-2D periodic space charge layer is not discrete, but continuous, and consists of
a sequence of spectral bands dλ

dp ≈ 0 with a nontrivial dispersion. Attempting to explain the low threshold
phenomenon, we have to develop the spectral approach for 2D periodic lattices , with regard of calculation the
dispersion λ(p‖ = λ(p1, p2)) on the spectral bands responsible for the transmission electrons from the space-
charge region 3 to vacuum 2, involving, together with the orthogonal to the interface (2,3) component p⊥ of
the momentum, the tangential component p‖. Planning to develop the scattering machinery for calculation of
the corresponding transmission coefficient, we call the ultimate modification of the Fowler-Nordheim technique,
involving the continuous spectrum with 2D quasi- momentum p‖ (1 + 2), contrary to the original Fowler-Nordheim
scattering approach (1 + 0) based on scalar Schrödinger equation with 0D interface. We speculate that the continuity
of spectrum arises due to the contribution of the electron flow in the carbon layer to the ultimate current. While
the structure and period of the crystalline lattice in metal M may differ from the period and (hexagonal) structure
of the carbon (graphene) G- layer, the problem becomes too difficult mathematically. But fortunately in our
case, the metal can be considered as a bath filled with electrons, with some of natural orbitals disrupted on the
metal/carbon interface. It is known, that the disrupted orbitals – the dangling bonds, see for instance [14], are
restructured, transforming the interface into a quasi-2D lattice parallel to the GM interface, with a period defined
by the graphene (G)-lattice , see (see Fig. 2). The calculation of resulting band-gap structure for the interacting
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FIG. 2. Due to exterior electric field, the space-charge layer (SC) on the interface of the carbon
and metal is restructured into periodic quasi-2D lattice with a rectangular period, as shown. The
horizontal periodicity of the structure is not affected by the exterior electric field, normal to the
interface, but the total band-gap structure is perturbed due to interaction of two periodic lattices,
with equal periods, on the interface: one in metal M, another in carbon, G , resulting in the
arisal of flat thin spectral bands of the size quantization

quasi-2D M and G lattices requires special analytical techniques using the Dirichlet-to-Neumann map, which is
presented in section 3 below.

2. Interpretation of recent experimental findings for saturation of the field emission

Contrary to the basic (2 + 1) model of the cathode, see Fig. 2. DN formalism, see below, section 4, allows
us to calculate the dispersion function of the spectral band of the size quantization in terms of the structure of the
space-charge region and the electric field applied.

But in fact the estimation of the emission current requires taking into account the density of states |∂λ∂p |
−1,

which can’t be introduced properly in the 1D model. Fortunately, the spectrum of the size quantization in the quasi
2D periodic space charge layer is continuous, and consists of a sequence of flat spectral bands, with nontrivial
dispersion λ = λ(p). The ultimate version of explanation of the low threshold phenomenon, we suggest in this
paper, takes into account both size quantization of electrons in the space-charge layer cv due to perturbation of
the periodic structure in the space-charge layer in 1D vertical direction p⊥ and the continuity of the corresponding
spectrum due to periodicity of the quasi 2D structure in horizontal direction p‖ = (p1, p2). We call the ultimate
modification the “2+1” model of the cathode, see Fig. 1.

DN formalism, see below, section 4, allows calculation of the dispersion function of the spectral band of the
size quantization in terms of the structure of the space-charge period and electric field applied. We are able to
calculate the the gradient of the dispersion function dE = |∇pE(~p)|dp⊥ with E = p2/2m. Then, for the 2-D
system, the density of states in the 2-D is calculated as an integral on the surface S of the cathode [15]:

ρ(E) =
1

(2πh̄)2

∫
dS

|∇pE|
=

1

2πh̄2

p
∂E
∂p

=
m

2π h̄2 . (4)

Recent experiments done by our group confirm the continuity of spectrum 2D-size quantization and allow us
to estimate the effective mass m∗ and the de Broglie wavelength in space-charge region depending on electron’s

concentration nex =
1

q

τ∫
0

J(t)dt, where j = I/S, I = 80 A is the current and S ≈ 0.75 cm2 – the area of the

cathode, τ ≈ 2 × 10−9 s. Monitoring of the current density allows us to estimate the experimental density of
charges Q = 2.4× 10−7 Coul/cm2, which corresponds to density of electrons n ≈ 1.3× 1012 cm−2.

On another hand, from the size-quantization theory [15] the 2D density of electrons is estimated as:

n2D =
m∗kT

2πh̄2 ln

(
1 + exp

E0 − EF
kT

)
(5)

Here, m∗ is the effective electron mass, E0—the size-quantization level, EF—the Fermi level. In our case

E0 ≈ EF , nexp = n2D =
m∗kT

2πh̄2 ln 2 (6)

The de Broglie electron wavelength [15] in graphene flakes is:

λ =
2πh̄√

2m∗ (kT )
. (7)
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Based on the preceding Equations (6) and (7), we estimate the electron effective mass and the de Broglie
electron

m∗ =
(2πh̄)2

2(kT )
(8)

At room temperature, we have λ ≈ 18 nm, m∗ ≤ 10−2 m0.
The potential on the space-charge region of the cathode, covered with carbon flakes is defined by the electric

double layers formed by the electric field applied on the metal-carbon and carbon-vacuum interface and oriented
by the outer normal looking toward vacuum. The horizontal periodicity of the cover is not affected by the field, but
the vertical periodicity is perturbed by the potential well defined by the electric field, see Fig. 2. We assume that
the depth of penetration of the field into the carbon layer defines the width of the potential well and the steepness
of its wall. The hexagonal lattice can be represented as a periodic lattice with rectangular periods, 4 carbon atoms
in each minimal period.

3. Resonance scattering on a low-dimensional superlattice and field emission from the metal-carbon
interface

The above criticism of the resonance 0+1 scenario of the low-threshold field emission may be resolved based
on a combination of Bagraev’s findings in [14] on the periodic reconstruction of dangling bonds and recent results
of our experimentalists [16], revealing the role of the continuous spectrum of the size quantization. Hereafter,
we construct a solvable (2 + 1) model of a periodic 2D lattice on an interface of the Luttinger bath in metal
and vacuum and calculate the scattering amplitude depending on resonance properties of the lattice period. The
model can be used not only for analysis of the low-threshold emission, but also for studying the properties and
dynamics stability of electric contact as a detail of a nano-device, or, generally, a quantum network. While simplest
zero-range models of 2D lattices in 3D have been thoroughly investigated neglecting the “inner structure” see [17],
the use of similar models with inner structure allows to interpret various instabilities of the contacts based on
resonance properties of the of the inner structure.

Consider a flat 2D periodic lattice situated on the plane z = 0. Periods Ω~l =
{
al1 < x1 < al1 + a

}
×{

al2 < x2 < al2 + a
}

in model problem [17] contain a singular points in the corners. The lattice of singular

points is invariant with respect to the shifts by a~l. According to [17], the Laplacian restricted onto the domain
D0 of smooth functions vanishing near singular points

{
a~l
}

can be extended to Laplacian with singular zero-range
potential defined by a boundary condition at the singular points imposed onto elements from the union of the domain
D0 of the restricted operator A0 and deficiency elements selected as Green functions G(x, al, λ0), =λ0 6= 0 of
the Laplacian. Disregarding the inner structure, one can find the scattered waves and the waveguide eigenfunction
based on the Ansatzes:

ΨS(x, ν, λ) = eip〈p,x〉 +
∑
a~l

G(x, a~l, λ)AS~l , (9)

ΨW (x, ν, λ) =
∑
a~l

G(x, a~l, λ)AW~l . (10)

The above ansatzes possess the asymptotics at the singular points:

ΨS(x, ν, λ) = uS =
AS~l

4π|x− a~l|
+BS~l + o(1). (11)

ΨW (x, ν, λ) = uW =
AW~l

4π|x− a~l|
+BW~l + o(1). (12)

They define the boundary forms on the domain D+
0 of the adjoint operator −∆+

0 :

J(u, v) = 〈−∆+
0 u, v〉+ 〈u,∆+

0 v〉 =
∑
~l

[
〈B~l(u), A~l(v)〉 − 〈A~l(u), B~l(v)〉

]
, (13)

which vanish under “local” boundary condition, see [17] (with α = −4πG):

B~l + GA~l = 0. (14)

with an Hermitian (real) parameter G . The eigenfunctions (9, 10) are found in [17] from equations obtained via
substitution of the coefficients AS~l = f(ν, λ)eip〈ν,a~L〉, AW~l = ei〈q,a~l〉. The quasi-momentum q(λ) for flat square
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lattice a~L, see [17]:

G +
i
√
λ

4π
+
∑
~L 6=0

ei
√
λ|~La|

4π|~La|
ei〈q,a

~l〉 = 0. (15)

Similarly, the scattering amplitude is found from the Ansatz (9 substituted to the above boundary condition:

ΨS(x, ν, λ) = eip〈p,x〉 + f(ν, λ)
∑
a~l

G(x, a~l, λ)ei
√
λ〈ν,a~l〉

which implies an equation for the amplitude f :

f = −

G +
i
√
λ

4π
+
∑
~L6=0

G(x, a~l, λ)ei
√
λ〈ν,a~L〉

−1

(16)

In [17], the ultimate formulae are simplified, for flat rectangular lattices, based on the Poisson identity
∑
n∈Z e

iτn =
2π
∑
n∈Z δ(τ + 2πn) and explicit calculations of the lattice sums are involved. Notice that the resonance features

of the amplitude at the waveguide spectral bands arise when
√
λ〈ν, a~L〉 = 〈q, a~L〉. For the square flat lattices with

no inner structure, the resonance properties and effective masses on the waveguide spectral band are defined only
by the geometry of the lattice, see [17] .

In this paper, we consider flat periodic square lattice situated on the plane z = 0, with inner structure. The
presence of the inner structure defines the resonance properties of the lattice and may help to interpret instabilities
of the scattering amplitude depending of properties of atoms filling the period. Consider countable set of equivalent
finite-dimensional spaces K~l ≡ K and a virtual lattice ⊕

∑
~LA~L of equivalent operators A~L ≡ A. We use the

virtual lattice, based on operator extension procedure, to emulate the inner structure of the set of periods Ω~L.

Selecting non-overlapping deficiency subspaces
A+ iI

A− iI
Ni ≡ N−i, we introduce in the defect N ≡ Ni + N−i a

basis {W r
c ,W

r
s }r, see Appendix 1, and calculate the boundary form of the (formal) adjoint operator A+

0 in terms
of the decomposition coefficients u, v ∈ D(A+

0 ):

u = u0 +
∑
r

W r
c ξ

r
c +W r

s ξ
r
s = u0 +

∑
r

A

A− iI
Ξrc −

I

A− iI
Ξrs,

with Ξrc , Ξrs ∈ Ni, u0 ∈ D(A0) and the boundary form for u = u0+
A

A− iI
Ξuc−

I

A− iI
Ξus , v = v0+

A

A− iI
Ξvc−

I

A− iI
Ξvs :

JA(u, v) = 〈A+
0 u, v〉 − 〈u,A

+
0 v〉 = 〈Ξuc , Ξvs〉 − 〈Ξus (u), Ξvc 〉. (17)

The components of the solution u = u0 +
A

A− iI
Ξuc −

I

A− iI
Ξus of the homogeneous equation A+

0 u − λu = 0

are connected by the Weyl-Titchmarsh function M = PNi

I + λA

A− λI
PNi

:

PNi

I + λA

A− λI
PNi

Ξuc + Ξus = 0. (18)

Self-adjoint extensions of the restricted operator A0 are parametrized by Hermitian matrices G : Ni → Ni, which
define the domain of the corresponding extensions as restriction of D(A+

0 ) onto the Lagrangian plane:

LB =

{
u0 +

[
A

A− iI
Ξuc −

I

A− iI
Ξus )

]}
, where Ξs(u) + BΞc(u) = 0, (19)

see Appendix 1 and more details in [12]. The spectrum of the extension is defined from the dispersion equation:

[M−B] Ξuc = 0. (20)

Attaching the quantum dots A~l to the periods Ω~l of the lattice
{
a~l
}

we supply the lattice in L2(R3) with an inner
structure so that we could consider the corresponding resonance scattering problem in L2(R3)⊕

∑
vecLK~L, with

regard of the waveguide branch of spectrum, associated with the inner structure.
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4. Local spectral analysis of multidimensional periodic lattices: dispersion via DN-map

The Bloch function and dispersion of the one-dimensional periodic Schrödinger operator is found based on
transfer matrix constructed of standard solutions of the Cauchy problem on the period.

−χ′′ + q(x)χ = λχ, q(x+ a) = q(x), χ(x+ a) = µχ(x),

µ ≡ eipa, λ = λ(p).

χ = θ +mϕ, θ(0) = 1, θ′(0) = 0, ϕ(0) = 0, ϕ′(0) = 1.

−θ′′ + qθ = λθ, −ϕ′′ + qϕ = λϕ. (21)

The spectral bands σs are defined by the condition −1 ≤ 1
2T (λ) ≤ 1 imposed on the trace Tr T (λ) =

θ(a) + ϕ′(a) of the transfer matrix:

T =

(
θ(a) ϕ(a)

θ′(a) ϕ′(a)

)
: T

(
χ(0)

χ′(0)

)
=

(
χ(a)

χ′(a)

)
= µ

(
χ(0)

χ′(0)

)
.

The dispersion λ = λ(p) and the positions of the spectral bands σ : |µ| = 1 are defined −2 ≤ µ+ µ−1 = Tr T < 2,
see Fig. 3.

FIG. 3. The spectral bands σs of the 1D periodic problem are found from the condition −1 ≤
Tr T /2 ≤ 1.

One can also obtain Bloch solutions from analysis of a boundary problem, by considering, instead of the
standard solutions θ, ϕ of the Cauchy problem, another pair of solutions ψ0, ψa of the same Schrödinger equation
−ψ′′ + qψ = λψ, with the boundary data ψ0(0) = 1, ψ0(a) = 0 and, respectively ψa(0) = 0, ψa(a) = 1. These
solutions ψ0, ψa of the Schrödinger equation are linearly independent if λ is not an eigenvalue of the corresponding
Dirichlet problem on the period (see Fig. 4):

W (ψ0, ψa)

∣∣∣∣
0

= −ψa′(0) = W (ψ0, ψa)

∣∣∣∣
a

= ψ0
′(a) = W (ψ0, ψa)

∣∣∣∣
a

.

Then the Bloch solution can be found as a linear combination of ψ0, ψa in the form:

χ(x) = χ(0)ψ0(x) + χ(a)ψa(x) = χ(0)
[
ψ0(x) + eipaψa(x)

]
(22)

which implies:
χ′(a) = χ(0)

[
ψ′0(a) + eipaψ′a(a)

]
= eipa χ(0)

[
ψ′0(0) + eipaψ′a(0)

]
.

The quasi-momentum exponential eipa = µ is found from the quadratic equation:

[ψ′0(a) + µψ′a(a)] = µ [ψ′0(0) + µψ′a(0)]

which can be re-written as:

µ2 +
ψ′0(0)− ψ′a(a)

ψ′a(0)
µ− ψ′0(a)

ψ′a(0)
= 0. (23)

Here, the coefficient in front of −µ is equal again to the trace Tr T of the transfer-matrix:
In the multidimensional case the roles of the basic solutions ψ0, ψa of the boundary problems for the

Schrödinger equation on the square 2D period are played by solutions associated with the boundary data forming
an orthogonal basis

{
ψΓ
s

}
∈ L2(Γ) on the boundary of the period Ω : ∂Ω = Γ:

−4 ψs + qψs = λψs, ψs

∣∣∣∣
Γ

= ψΓ
s , 〈ψΓ

s , ψ
Γ
t 〉L2(Γ) = δst.
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FIG. 4. Standard solutions ψ0 (1) of the 1D boundary problem. Standard solutions ψ∆1 of the
2D boundary problem on the square.

Due to the uniqueness theorem for these elliptic equations the solutions {ψs} are linearly independent, and their
linear combinations approximate a solution of any boundary problem with the boundary data uΓ decomposed on
the boundary basis.

DN : uΓ −→
∂u

∂n

∣∣∣∣
Γ

. (24)

Then, the Green’s formula allows us to transform the matrix element into the bilinear form of the Schrödinger
operator:

〈ul,DNum〉 =

∫
Ω

[∇ūl∇um + qūl um − λūl um] dΩ. (25)

Beginning from the solution of a sequence of Neumann problems for a smooth orthogonal basis {ρs} in L2(Γ):

−4 vs + qvs = λvs,
∂vs
∂n

∣∣∣∣
Γ

= ρs,

we obtain the following expression for the matrix elements of the Neumann-to-Dirichlet map:

ND :
∂u

∂n

∣∣∣∣
Γ

−→ v

∣∣∣∣
Γ

,

〈NDρl, ρm〉 =

∫
Ω

[∇v̄l∇vm + qv̄l vm − λv̄l vm] dΩ. (26)

FIG. 5. Two-storied period of the periodic quasi-2D sandwich lattice

Consider the quasi-2D periodic lattice with a cubic period and the Schrödinger operator:

Lu = −4 u+ q(x)u, (27)

on the lattice, with periodic potential q(x1, x2) = q(x1 + ma, x2 + na), m,n = ±1,±2, . . . , zero boundary
conditions on the lower and the upper lids Γ3

0 : x3 = 0, Γ3
h : x3 = h of the lattice (see Fig. 5).
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In this way, the whole spectral problem on the lattice is reduced to the spectral problem on the period, with
the same boundary conditions on the lids Γ3

0,h, and the quasi-periodic conditions on the vertical walls Γ1,2
0,a. The

positive normal on Γ1,2
a is defined by e1, e2, and the positive normals on the walls Γ1,2

0 are −e1,−e2. The
quasi-periodic boundary conditions permit us to eliminate the boundary data u

∣∣
Γ1,2

0
, ∂u∂n

∣∣
Γ1,2

0
on the walls Γ1,2

0 :

u

∣∣∣∣
Γ1,2

0

= e−ip1,2au

∣∣∣∣
Γ1,2
a

,
∂u

∂n

∣∣∣∣
Γ1,2

0

= −e−ip1,2a
∂u

∂n

∣∣∣∣
Γ1,2
a

.

Then, the quasi-periodic boundary conditions on the walls Γ1,2
0,a are reduced to a linear system with respect to

the “independent variables” ~u =

(
u1
a, u

2
a;
∂u

∂n

∣∣∣∣
Γ1
a

,
∂u

∂n

∣∣∣∣
Γ2
a

)
, with a matrix composed of the components of the DN

on the walls: 

∂u

∂n

∣∣∣∣
Γ1

0

∂u

∂n

∣∣∣∣
Γ2

0

−e−ip1,2a
∂u

∂n

∣∣∣∣
Γ1
a

−e−ip1,2a
∂u

∂n

∣∣∣∣
Γ2
a


≡

 ∂~ua
∂n

−µ−1 ∂~ua
∂n

 = DN



u

∣∣∣∣
Γ1
a

u

∣∣∣∣
Γ2
a

e−ip1au

∣∣∣∣
Γ1
a

e−ip2au

∣∣∣∣
Γ2
a


, (28)

DN



u

∣∣∣∣
Γ1
a

u

∣∣∣∣
Γ2
a

e−ip1au

∣∣∣∣
Γ1
a

e−ip2au

∣∣∣∣
Γ2
a


≡ DN

(
~ua

µ−1 ~ua

)
. (29)

Here, µ = [µ1, µ2] = [eipia, e1p2a] is a diagonal matrix. The DN-map DN can be represented in matrix form with
2× 2 blocks DN ik

αβ connecting the Dirichlet data on Γkβ to the Neumann data on Γiα.

Matrix elements of the DN map connect the Dirichlet data on Γikα with Neumann data on Γjlα′ , α, α′ = o, a:(
DN 11

aa DN 12
aa

DN 21
aa DN 22

aa

)
≡ DN aa,

(
DN 11

a0 DN 12
a0

DN 21
a0 DN 22

a0

)
≡ DN a0.

(
DN 11

0a DN 12
0a

DN 21
0a DN 22

0a

)
≡ DN 0a,

(
DN 11

00 DN 12
00

DN 21
00 DN 22

00

)
≡ DN 00.

Then the DN-map is represented by the block-matrix:

DN =

(
DN aa DN a0

DN 0a DN 00

)
.

with blocks mapping the data ~ua, ~u0 onto the positive normal derivatives
∂~ua
∂n

,
∂~u0

∂n
.

In particular, the 0-components of the Bloch function can be eliminated based on ~u0 = µ−1~ua,
∂~u0

∂n
=

−µ−1 ∂~ua
∂n

, which implies the following linear homogeneous system for the data

(
~ua,

∂~ua
∂n

)
of the Bloch-function: ∂~ua

∂n

−µ−1 ∂~ua
∂n

 =

(
DN aa DN a0

DN 0a DN 00

)(
~ua

µ−1 ~ua

)
. (30)
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Eliminating
∂~ua
∂n

we conclude that a nontrivial solution of the equation (30) exists if and only if zero is an

eigenvalue of the operator: [
µDN 00µ

−1 + µDN 0a +DN aa +DN a0µ
−1
]
~ua = 0. (31)

Then, the Bloch function is obtained as a solution of the boundary problem for the Schrödinger equation:

−4 χ+ qχ = λχ, χ

∣∣∣∣
∆1,2

a

= u1,2
a , χ

∣∣∣∣
∆1,2

0

= e−ip1,2a u1,2
a .

Equation (31) is an analog of the quadratic equation (23), however questions on the existence of the corresponding
solution of it in the general case is not trivial, because we can’t use the classical determinant condition of existence
of non-trivial solutions of the homogeneous equation (31).

FIG. 6. 2D periodic lattice with romboidal periods

5. Examples of iso-energetic surfaces associated with solvable models of periodic lattices

Consider a typical example of a 2D lattice generated by a non-dimensional Schrödinger operator with real
periodic potential obtained via restriction of Yukawa potential on the romboidal period (see Fig. 6) framed by the
arcs of circles radius 0.05 centered on the corners of the square 1.1× 1.1 and by the central intervals Γiα length δ
on the sides of the period. We choose the contacts Γiα in form of intervals 0 < γ < δi centered at the mid-points
0iα of the corresponding sides of the square period and span the contact spaces by

√
2/δi sin lπγ/δi and use the

basic equation (31). The direction of vector ν is defined by the angle ϕ = 0, 150, 300, 450 between the orth e1 and
ν.

For strong Yukawa potential the dispersion function λ(|p|) with 3D contact spaces l = 1, 2, 3 on the on
the contacts is calculated for selected angles and is represented based on straightforward computing for the
corresponding DN-map.

Our numerical experiments showed that beginning from dim N = 3 the shape of the dispersion function in
the domain of low energy reveals clear features of stability, which gives a good reason to assume that the finite
dimension of the contact subspace already allows to construct a realistic soluble model of the Schrödinger operator
with Yukawa potential on the above square lattice (see Fig. 7, Fig. 8, Fig. 9).

Interesting resonance properties are revealed by Heine-Abarenkov potential constructed on a period as a
potential well surrounded by the thick wall. The Dirichlet problem on the “romboidal” period for the corresponding
Schrödinger operator has a single simple eigenvalue represented by an isolated pole of the DN-map plus a regular
correcting term.

The rational approximation of the corresponding DN-map bordered by the projections on the corresponding
1D contact spaces N1, N2 , spanned by

√
2/δi sin lπγ/δi, l = 1, for low temperature on the corresponding small

temperature interval centered at the lowest resonance eigenvalue λ1 has the form:

A
Q

λ− λ1
+B = A1

(
Qaa Qa0

Q0a Q00

)
λ− λ1

+

(
Baa Ba0

B0a B00

)
,

with an one-dimensional orthogonal projection Q and a constant Hermitian matrix.
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FIG. 7. Sections of the dispersion surface of the Yukawa lattice.

We select:

Qaa =
1

2

(
ν1〉 〈ν1 0

0 0

)
; Qa0 =

1

2

(
0 ν1〉 〈ν2

0 0

)
; (32)

Q0a =
1

2

(
0 0

ν2〉 〈ν1 0

)
; Q00 = e0〉 〈e0 =

1

2

(
0 0

0 ν2〉 〈ν2

)
, (33)

see Fig. 8. The regular term B depends on the upper eigenvalues and eigenfunctions.
We consider an example selecting the regular term as:

B =

(
Baa Ba0

B0a 0

)
,

where:

B00 =

(
0 0

0 0

)
, Baa =

(
1 0

0 0

)
,

Ba0 = ba0

(
0 ν1〉 〈ν2

ν2〉 〈ν1 0

)
, B0a = b0a

(
0 ν2〉 〈ν1

ν1〉 〈ν2 0

)
.

Elimination of the variables u′0, u
′
a, u0 gives an equation for the 2-vector ua:

A

λ− λD1

[
µQN0a + µQN00µ

−1 +QNaa +QNa0µ
−1
]
~ua+[

µBN0a + µBN00µ
−1 +BNaa +BNa0µ

−1
]
~ua ≡ (34)[

ADQ(λ, p)

λ− λD1
+DB(λ, p)

]
~ua = 0.

The corresponding equation (34) has a nontrivial solution ~ua if the determinant of the corresponding 2 × 2
matrix:

ADQ + (λ− λD1 )DB(λ, p),

vanishes. This condition yields the dispersion equation λ = λ(~p), with the quasi-momentum ~p defined by the
quasi-momentum exponentials µ = diag (µ1, µ2) = diag

(
eip1 , eip2

)
.

In the case when the Heine-Abarenkov potential well is deep enough, there may be several eigenvalues with
eigenfunctions localized in the well.

In particular, there is an eigenfunction symmetric with respect to reflection in the line connecting the mid
points of Γ1

0,Γ
1
a and antisymmetric with respect to reflection in the line connecting the mid-points of Γ2

0,Γ
2
a, or

vice versa. The corresponding eigenvalue is non-degenerated if the potential is not symmetric with respect to the
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FIG. 8. Sections of the dispersion surface of an abstract model emulating Heine-Abarenkov
potential with the lower resonance eigenvalue λ1 = 1 (punctured line)

change of the variables 1→ 2, 2→ 1. The corresponding DN-map is characterized by the polar term AQ with the
projection:

Q =
1

2


ν1〉 〈ν1 0 −ν1〉 〈ν1 0

0 0 0 −ν1〉 〈ν1

−ν1〉 〈ν1 0 0 0

0 −ν1〉 〈ν1 0 ν1〉 〈ν1

 .

If the correcting term is selected as above, we obtain the dispersion curves in various direction as shown one
Fig. 5:

FIG. 9. Sections of the dispersion surface of the abstract model emulating Heine–Abarenkov
potential with resonance eigenvalue λ2 > λ1

In fact, our proposal has a softer nature ( in the sense of V. Arnold), due to the freedom of selection of the
rational approximation ( probably a multi-pole- approximation) for the real material lattice or sandwich on the
resonance domain:

DN ≈
∑
s≤m

As
Qs

λ− λs
+ Pm(λ), (35)
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the choice of the contacts/contact subspaces and temperature (interval of admissible values of energy). We speculate
that this problem, although it appears to be a mathematical one, lies outside of mathematics, on the interface with
quantum chemistry, with its specific system of notions (covalent bonds, etc...) and methods.

.

Appendix 1: Lagrangian version of the operator extension algorithm

John von Neumann – nearly 90 years ago – tried to attract attention of physicists to the basic difference
between symmetric and self-adjoint operators, see [18], and proposed a geometrical solution to the most important
problem of construction of a self-adjoint extension of a symmetric operator. Unfortunately, this solution was not,
at that time, properly recognized by physicists. A few years later, E. Fermi, attempting to describe scattering of
neutrons by nuclei, considered the Laplacian on a domain of smooth L2(R3) functions with typical singularity at

the origin u =
Au

4π|x|
+Bu +O(|x|) and discovered that the boundary form of the Laplacian:

J(u, v) = lim
δ→0

∫
|x|>δ

[−∆ūv + ū∆v] d3x = ĀuBv − B̄uAv (36)

vanishes under the boundary condition B = γA with real γ. Later probably used another approach to the problem
of extending of a symmetric operator to the corresponding self-adjoint, which yields a convenient formula for
the scattered waves, see [19]. Though the conventional proof of self-adjointness of the Laplacian under the
above boundary conditions was proposed 25 years later, see [20], the approach to operator extension based on
the boundary form proved to be extremely efficient, see for instance [12, 13, 21] 1In 1970’s, it was modified
by introducing the inner structure into zero-range potential, see [12, 13], that allowed consideration of resonance
interaction, which allows admission of fitting based on asymptotics Dirichlet-to-Neumann map of the corresponding
unperturbed problem, see [22]. This approach allows one to develop an analytic perturbation technique for
embedded eigenvalues, based on two step analytic perturbation procedure - a quantum Jump-Start analog of the
corresponding classical techniques developed by Poincare [23] and, in particular, to propose a convenient solvable
model for Quantum Networks, supplied with inner structure on the nodes, see [24] 2.

Hereafter, we produce a brief review of the Lagrangian operator extension techniques for an abstract operator,
presenting the corresponding symplectic boundary form in terms of appropriate analog of boundary values, and
imposing the corresponding boundary conditions, to select a domain of the relevant self-adjoint extension as a
Lagrangian plane of the symplectic boundary form.

Consider a finite Hermitian matrix A in a finite-dimensional Hilbert space A : K → K, dim K = k. Select

a deficiency subspace Ni ∈ K, dim Ni < k/2, such that does not overlap with N−i =
A+ iI

A− iI
Ni and consider

the restriction A0 = A

∣∣∣∣
D0

onto the subspace D0 ≡ (A − iI)−1 [K 	Ni]. The restricted operator is not densely

defined, but its formal adjoint can be defined by J. von Neumann formulae on the defect N = Ni + N−i as
A+ni + ini = 0, ni ∈ Ni, A+n−i − in−i = 0, n−i ∈ N−i, see [25], where the operator extension procedure is
developed for A0. In [12,13], see also references therein, a simplectic version of the operator extension procedure
was proposed for A0, which is convenient for manufacturing zero-range perturbations with inner structure for
differential operators, see for instance [12, 13, 24]. In particular, a quantum dot attached to the star-graph Γ = ∪γl
is modeled in [24] based on zero-range potential with inner structure while reducing L → L0 the Schrödinger
operator by the condition of vanishing elements of the domain D(L0) near the knot x = 0 of the star, such that the
adjoint opeartor L+

0 has the boundary form represented as a sum over all branches γl of the star graph Γ, meeting
at the node x = 0:

Jext(u, v) =
∑
l

∫
γl

[
−ū”

l vl + ūlv
”
l

]
dx =

∑
l

[−ū′lvl + ūlv
′
l]

∣∣∣∣
0

, (37)

1I. M. Gelfand attracted attention of mathematicians to importance of development a Lagrangian approach to operator extensions, based
on selecting a Lagrangian plane in the domain of the adjoint operator, which would serve an alternative to the J. von Neumann geometrical
construction, [26].

2Notice, that I. Prigogine in 1973 formulated the hypothesis on the validity of the Poincare two-step algorithm of analytic perturbation
procedure for quantum problems, see [27], but could not prove it, because selected an incorrect anzsatz was selected for the corresponding
Intermediate operator. The hypothesis was later proved for Quantum Networks based on the correct ansatz, [22], for the intermediate operator,
presented in the form of zero-range model with an inner structure, constructed with use of Lagrangian technique of operator extension
procedure [23]
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with differentiation in an outgoing direction at the node. The boundary form of the inner Hamiltonian A is
calculated in a special representation of the boundary form J int(u, v), constructed based on an orthogonal basis
{el} ⊂ Ni:{
W l

+

}
=

{
1

2

[
el +

A+ iI

A− iI
el

]}
=

{
A

A− iI
el

}
and

{
W l
−
}

=

{
1

2

[
el −

A+ iI

A− iI
el

]}
=

{
− 1

A− iI
el

}
. (38)

Jext(u, v) =
∑
l

∫
γl

[
−ū”

l vl + ūlv
”
l

]
dx =

∑
l

[−ū′lvl + ūlv
′
l]

∣∣∣∣
0

, (39)

with differentiation in an outgoing direction at the node. The boundary form of the inner Hamiltonian A is
calculated in a special representation of the boundary form J int(u, v), constructed based on an orthogonal basis
{el} ⊂ Ni:{
W l

+

}
=

{
1

2

[
el +

A+ iI

A− iI
el

]}
=

{
A

A− iI
el

}
and

{
W l
−
}

=

{
1

2

[
el −

A+ iI

A− iI
el

]}
=

{
− 1

A− iI
el

}
. (40)

Then, each element from the defect N = Ni + N−i can be represented as u =
∑
l

A

A− iI
ξl+ −

1

A− iI
ξl− ≡

A

A− iI
~ξu+−

1

A− iI
~ξu−, and the vectors ~ξu± ∈ Ni play roles of the boundary data. The boundary form of the formal

adjoint operator A+
0 is calculated on elements u, v ∈ N from the defect as:

J int(u, v) = 〈A+u, v〉 − 〈u,A+v〉 = 〈~ξu+, ~ξv−〉 − 〈~ξu−, ~ξv+〉. (41)

The ultimate formula is valid tot only on the defect, but on the whole space K = D0 +N with A+
0 extended from

N onto D0 as A0, that is , for u = u0 + uN :

A+(u0 + uN ) = A0u0 +A+
0 uN ,

so that the addendum A0u0 does not contribute to the boundary form Jext(u, v), and Jext(u, v) = 〈A+uN , vN 〉 −
〈uN , A+vN 〉. In particular, the boundary data ξu± for a solution of the homogeneous adjoint equation:

A+(u0 + uN )− λ(u0 + uN ) = 0

are connected by the Krein function M(λ) = PNi

I + λA

A− λI

∣∣∣∣
Ni

as:

ξu− + PNi

I + λA

A− λI

∣∣∣∣
Ni

ξu+ = 0. (42)

A self-adjoint extension of the restricted operator A0 on the defect is constructed as a part of the extended
adjoint operator onto the Lagrangian plane NB in the defect, submitted to the boundary condition:

~ξu− +B~ξu+ = 0, (43)

with an Hermitian operator B : Ni → Ni The boundary form (41) vanishes on the plane. Then, the corresponding
self-adjoint extension of an original restricted operator A0 is defined as a sum A0 + AB acting according to the
von Neumann formulae respectively in D0 and in NB ⊂ N on elements:

u = u0 +
A

A− iI
~ξu+ −

I

A− iI
~ξu−

with the boundary values connected by the above boundary conditions .
The spectrum of the extension is defined by the Krein function:

PNi

I + λA

A− λI
PNi ≡M(λ), (44)

which connects the boundary values ~ξu± of the solution u of the homogeneous adjoint equation A+u− λu = 0:

~ξu− +M(λ)~ξu+ = 0. (45)

and the spectrum of the extension AB is defined by the singularities of the corresponding ratio

I

B −M(λ)
, (46)
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which serves the inner factor in the Krein formula for the resolvent of the extension:
I

AB − λI
=

I

A− λI
+
A+ iI

A− λI
PNi

I

B −M(λ)
PNi

A− iI
A− λI

. (47)

Appendix 2: Solvable models of selected one-body spectral problems

In this section we construct a one-body model of a quantum dot Ω attached to the node of a 1D quantum
star-graph Γ = Γ1 ∪ Γ2 ∪ Γ3 . . .Γn and a one-body model of 1D periodic chain. Despite selection of simplest
algebraic parameters for the corresponding solvable models, they have rich spectral propeties which can be easily
monitored due to the algebraic nature of the parameters selected. Both models are constructed via Lagrangian
version of the operator extension procedure, with regard of the symplectic boundary forms J balancing to zero on
Lagrangian planes, selected based on the corresponding boundary conditions.

Quantum dot attached to the node of a quantum graph

On a star-graph Γ = Γ1 ∪ Γ2 ∪ Γ3 . . .Γn of straight shoulders Γs attached to a compact domain Ω with a
smooth boundary, we consider a spectral problem for a the 1D Schrödinger equation LΓ = −~u′′

Γ in L2(Γ, EΓ) with
EΓ = Cn, with regard of appropriate boundary condition connecting it with the Schrödinger operator LΩuΩ =
−∆uΩ + V uΩ on the domain Ω supplied with the zero boundary condition L2(∂Ω)	 EΩ. A bond B is imposed
on the contact EΩ × EΓ with the projection PΩ ≡ PEΩ . This was done with the consideration of the boundary
forms calculated on both sides of the contact Γ ∩ ∂Ω in the corresponding contact subspaces Cn = EΓ, EΩ, with
PΩ ≡ P

EΩ :

JΓ(uΓ, vΓ) ≡ 〈~u′Γ, ~vΓ〉 − 〈~uΓ, ~v
′
Γ〉, JΩ(uΩ, vΩ) ≡ −〈∂uΩ

∂n
, PΩvΩ〉+ 〈PΩuΩ,

∂vΩ

∂n
〉, (48)

and a boundary condition imposed with an Hermitian matrix:

B =

(
0 bei
bie aii

)
,

(
~u′Γ

−PΩ ∂uΩ

∂n

)
+B

(
~uΓ

PΩuΩ

)
= 0, (49)

with an Hermitian operator aii : EΩ → EΩ and bei : EΩ → EΓ, bie = b+ei. We denote by M ≡ −PΩDNPΩ =∑
l

PΩ ∂ϕl

∂n 〉〈
∂ϕl

∂n P
Ω

λl − λ
the framed DN-map 3 of the quantum dot:

−∆uΩ + V uΩ = λuΩ, DN : uΩ →
∂uΩ

∂n

∣∣∣∣
∂Ω

,

and rewrite equation (49), for the scattering Ansatz eipx~e+ e−ipxS~e = ~u, p2 = λ:

ip(I − S)e+ beiP
ΩuΩ = 0

[M+ aii]P
ΩuΩ+ bie(I + S)e = 0.

(50)

Eliminating PΩuΩ and introducing bei 1
M+aii

bie ≡ N b(λ), we obtain an expression for the scattering matrix:

S(p) =
ip−N b

ip+N b
, with =N b =λ > 0, (51)

in terms of the framed Neumann-to-Dirichlet map N b.
Though the Dirichlet-to-Neumann map of the 3D domain Ω can be computed with standard programs, see

for instance [28], yet it is also convenient to substitute it by perturbation analysis [] using finite-dimensional
approximation, taking into account only a finite number of eigenvalues λl or substituting the quantum dot by
zero-range potential with inner structure, see [12,13]. In particular, for a 1D framed DN map, the framed ND-map
N b ≡ bei 1

M+aii
bie has generally has asymptotes at infinity λ→∞:

N b(λ) = Âλ+ Â0 +

k∑
l=1

Al
λl − λ

, (52)

with Â ≥ 0, A0 = Ā0, Al ≥ 0. It is possible to select a finite-dimensional self-adjoint operator A : K → K
and an interaction B, with non-overlapping deficiency subspaces Ni, N−i such that, being attached to node of the

3The above formal series is actually divergent, but may be properly regularized, see for instance [29].
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above star-graph Γ, plays a role of an inner Hamiltonian of a quantum dot with the scattering matrix (51) on the
star-graph, with the boundary conditions .

A solvable model of a discrete lattice

Consider a 1D periodic lattice ( a chain) of equivalent quantum dots Ω ≡ Ωl arising of equivalent finite-
dimensional operators Al ≡ A : Kl → Kl, with equivalent non-overlapping 1D deficiency subspaces N l

i , N
l
−i.

Each quantum dot is substituted by the zero-range potential with an inner structure as described in Appendix 1:

ξ+ ∼ PEuΩ

∣∣∣∣
Γ

, ξ− ∼ −PE
∂uΩ

∂n

∣∣∣∣
Γ

, ξ− +Mξ+ = 0, (53)

and a pair of infinite-dimensional vectors ~ξ+ =
∑
l ξ
l
−,

~ξ− =
∑
l ξ
l
+, which play a role of the boundary values

for the whole chain. We choose the simplest translation - invariant boundary conditions, connecting the nearest
neighbors in the chain as:

ξl− + b+ ξl−1
+ + b0 + b ξl+1

+ = 0, or, alternativelyξl+ + c− ξl−1
− + c0 + c ξl+1

− = 0. (54)

Denoting the sequence ξl shifted one step to the left as T+~ξ =
{
ξl+1

}
and, similarly the sequence shifted one step

to the right T ~ξ =
{
ξl−1

}
, we represent the above boundary conditions respectively as:

~ξ− +
[
b+T+ + b0 + bT

]
~ξ+ = 0 ≡ ~ξ− +B~ξ+,

~ξ+ +
[
c+T+ + c0 + cT

]
~ξ+ = 0 ≡ ~ξ+ + C~ξ−, (55)

Regarding the periodicity of the chain of quantum dots, the corresponding sequences of their Weyl-Titchmatsh or
Krein finctions diag M≡ ⊕

∑
Ml are also periodics:

T+diagMT = TdiagMT+ = diagM.

With 1D contact subspaces El ≡ E and the interaction B or C between the boundary data on the chain, the bound-
ary values of the relevant Bloch functions ~Ξ are quasi-periodic Ξl± = eipl Ξ0

±, with regard to the quasimomentum
p:

MΞ0
+ −

[
b+e−ip + b0 + beip

]
Ξ0

+ = 0, for the boundary codition B, and

Ξ0
+ −M

[
c+e−ip + c0 + ceip

]
Ξ0

+ = 0 (56)

for the boundary condition C. In the case of the quantum dot substituted by the zero-range boundary condition
with an inner structure, as in Appendix 1:

M = PE
I + λA

A− λI
PE = −PEAPE + PE

I +A2

A− λI
PE ≈ −PEAPE −

PE(I +A2)PE
λ

+O(1/λ)2 (57)

For a special choice of the boundary parameters −PEAPE = b0 with regards to M+ b0 → 0 or, correspondingly,
c0PEAPE = 1 with regards to I +Mc0 → 0 while λ → ∞, we get for the special choice of the boundary
parameters:

PA
I +A2

A− λ
PEΞ0

+ + 2|b| cos(p+ ϕb)Ξ
0
+ = 0, (58)

and correspondingly:

(I + c0PEAPE) Ξ0
+ − PE

(I +A2)

A− λI
PE2|c| cos(p+ ϕc)Ξ

0
+ = 0. (59)

The Nevanlinna function PA
(I+A2)
A−λ PE is invertible on real axis, and the innverse is also a Nevanlinna function

arising from a pair E,G with a finite-dimensional operator G : K → K with selected deficiency subspace Ni = E
4

−
[
PE

(I +A2)

A− λ
PE

]−1

= λ
[
PE(I +A2)PE

]−1 − PEGPE + PE
I +G2

G− λI
PE , (60)

hence first addendum in (59) multiplied by
[
PE

(I+A2)
A−λ PE

]−1

yields:

(I + c0PEAPE)

[
λ
[
PA(I +A2)PE

]−1
Ξ0

+ − PEGPE + PE
I +G2

G− λI
PE

]
Ξ0

+. (61)

4The operators A and G are connected similarly to Laplacean with Dirichlet and Neumann boundary conditions on a domain with a smooth
boundary.



832 B. Pavlov, A. Yafyasov

This allows one to rewrite the dispersion equation (59) as:

(I + c0PEAPE)

[
λ
[
PA(I +A2)PE

]−1
Ξ0

+ − PEGPE + PE
I +G2

G− λI
PE

]
Ξ0

+ + 2|c| cos(p+ ϕc)Ξ
0
+ = 0. (62)

The equations (58, 62) show typical dispersion functions of 1D periodic lattices.
The most important characteristics of periodic lattices are the quasimomentum and the effective mass, which are

calculated from the dispersion function as the inverse of the derivative of energy with respect to the quasimomentum[
∂λ

∂ps∂t

]−1

≡ mst . For a 1D discrete periodic chain of “quantum dots”, we calculate the effective mass in terms

of the relevant Krein function ( abstract analog of the Weyl-Titchmarsh function) and the boundary parameter β.
Assuming that the dispersion equation for the chain isM−b cos p = 0, we differentiate the dispersion equation

twice with respect to quazimomentum:

M(λ)− β cos p = 0 −→ dM
dλ

dλ

dp
+ β sin p = 0 −→

−→ d2M
dλ2

[
dλ

dp

]2

+
dM
+

dλ
d2λ

dp2
+ β cos p = 0,

and use the 1D the 1D formula for the effective mass m =

[
d2λ

dp2

]−1

. This implies:

m = −
dM
dλ

β cos p+ d2M
dλ2

(
dλ
dp

)2 .

In experiment, the effective mass is usually measured at the ends of the spectral bands sin p = 0, where
dλ

dp
= 0.

Then the second term in the denominator vanishes and we get at the ends of spectral bands:

m = −
dM
dλ

β cos p
= −

dM
dλ

M(λ)
.

Spectral structure of a 1D superlattice via analytic perturbation procedure

We consider a couple of two non-enteracting 1D discrete periodic lattices with typical dispersion equations
similar to above (58,62) and the corresponding weakly perturbed pair:

−A1

λ
e1 +B1λe1 + C1e1 − β1 cos p, e1 = 0,

2A2λ

1− λ2
e2 − β2 cos p e2 = 0

−A1

λ
e1 +B1 λ e1 + C1 e1 − cos p [β1 e1 + δ e2] = 0,

2A2λ

1− λ2
e2 − cos p [β2 e2 + δ e1] = 0. (63)

Hereafter we assume, with regard of the diagram (10) that B1 > 0, A1,2 > 0 are small, and δ1,2 > 0 are much
smaller and β1,2 > 0. The perturbed dispersion equation is reduced to the determinant condition for the above
linear system:

det

(
−A1

λ +B1 λ+ C1 − cos p β1 δ cos p

δ cos p 2A2λ
1−λ2 − cos p β2

)
= 0. (64)

The perturbed spectral bands are found from the determinant condition with regard of real quasimomentum
p : −1 < cos p < 1. The determinant condition is presented as:[

−2A1A2

1− λ2
− 2A2B1λ

2

1− rλ2

]
+ cos p

[
(
A1

λ
−B1λ)β2 − β1

2A2λ

1− λ2

]
+

+(β1 β2 − δ2) cos2 p ≡ −K0 − cos pK1 +K2 cos2 p = 0, (65)

which implies:

|K0 ±
√
K2

1 + 4K0K2| ≤ 2K0. (66)

The ultimate condition corresponds, depending on the choice of parameter, to various physical conditions and the
corresponding different physical properties of the perturbed superlattice.
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FIG. 10. The spectral structure of the perturbed superlattice with regards to quasi-crossings
of terms of the underlying unperturbed lattices. The typical quasi-crossing for terms of the
Nevanlinna-class dispersion equations. The unperturbed spetral bands are shown as thin rectangles
marked by numbers 1, 2
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