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On a non-separable quantum many-particle system on the half-line
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In this paper we will report on a one-dimensional, non-separable quantum many-particle system. It consists of two (distinguishable) particles

moving on the half-line R+ being subjected to two different kinds of two-particle interactions: singular many-particle interactions localized at

the origin and a binding-potential leading to a molecular-like state. We will formulate the model precisely, obtaining a well-defined self-adjoint

operator (the Hamiltonian for our system) and elaborate on its spectral properties. In addition, we will present possible directions for future

research.
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1. Introduction

The origin of the model presented in this paper is found in an investigation of many-particle quantum chaos
using (compact) quantum graphs [1, 2]. Since the motion of a single particle on a quantum graph with complex
topology becomes chaotic through the scattering of the particle in the vertices of the graph [3], the idea was to
introduce many-particle interactions which are present only whenever at least one particle hits a vertex. In this
way the scattering properties and hence the dynamics of the system are affected in a way to encode many-particle
correlations which then enables one to study many-particle quantum chaos.

The one-particle configuration space of the model presented in this paper is the half-line R+ = [0,∞) and
hence a simple, non-compact quantum graph (as we will see later, it is the non-compactness of the graph which
generates a rich spectral theory). Furthermore, the Hamiltonian can be formally written as:

H = − ∂2

∂x2
− ∂2

∂y2
+ v(x, y) [δ(x) + δ(y)] + vb(|x− y|), (1.1)

v : R2 → R being symmetric and vb : R+ → [0,∞] being the binding-potential leading to a molecular-like state.
We note that the original model as presented in [4] was formulated without binding-potential. It was later added
in [5], connecting the model to the one discussed in [6].

The nature of the singular two-particle interactions considered can be directly understood from the formal
expression (1.1) and the properties of the δ-distribution. Indeed, since the δ-distribution is supported on the origin
only, these two-particle interactions are present only whenever at least one of the particles is situated at the origin.
Quite surprisingly, although one is tempted to regard such singular interactions as a small perturbation only, we
will see that this is not always the case. Indeed, as a main result, it was shown in [5] that the singular interactions
(given they are repulsive and strong enough) lead to a destruction of the ground state of the molecule and hence
destabilize the system.

Finally, we would like to mention that the model presented in this paper has various possible applications in
different areas of theoretical and applied physics. On the one hand, it might serve as a toy-model to describe elec-
trons moving in composite wires [7] while, on the other hand, it is of theoretical interest by being an approachable
many-particle model. In addition, it provides an example of a non-separable quantum many-particle model which
are, despite their importance, otherwise only rarely discussed [8, 9].

2. The model

As in [5] the binding-potential vb is chosen to be:

vb(|x− y|) :=

{
0 if |x− y| ≤ d,
+∞ else,

(2.1)
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0 < d ≤ ∞ characterising the ‘size’ of the molecule. Due to the presence of the binding-potential, the two-particle
configuration space is reduced from R2

+ to Ω which is given by:

Ω := {(x, y) ∈ R2
+ | |x− y| ≤ d}. (2.2)

For later purposes, we also define:

∂Ωσ := {(x, y) ∈ Ω | x = 0 ∨ y = 0}, (2.3)

and
∂ΩD := {(x, y) ∈ Ω | |x− y| = d}, (2.4)

so that the boundary ∂Ω decomposes into ∂Ωσ and ∂ΩD. Now, in order to arrive at a rigorous realization of (1.1),
we construct a suitable quadratic form on the Hilbert space L2(Ω). We set:

qd[ϕ] :=

∫
Ω

|∇ϕ|2 dx−
∫
∂Ωσ

σ(y)|ϕbv|2 dy, (2.5)

being defined on the domain Dq := {ϕ ∈ H1(Ω) : ϕ|∂ΩD = 0}. We note that the Dirichlet boundary conditions
along ∂ΩD are induced by (2.1). Furthermore, we set σ(y) := −v(0, y) and ϕbv =: ϕ|∂Ωσ which are well defined
according to the trace theorem for Sobolev functions [10].

Remark 2.1. The quadratic form (2.5) corresponds to a variational formulation of a boundary-value problem for
the two-dimensional Laplacian −∆ on Ω with coordinate dependent Robin boundary conditions along ∂Ωσ and
Dirichlet boundary conditions along ∂ΩD. Indeed, the boundary conditions along ∂Ωσ read:

∂ϕ

∂n
(0, y) + σ(y)ϕ(0, y) = 0, and

∂ϕ

∂n
(y, 0) + σ(y)ϕ(y, 0) = 0,

(2.6)

for a.e. y ∈ [0, d]. Here,
∂

∂n
denotes the inward normal derivative along ∂Ωσ .

The following was proved in [4, 5].

Theorem 2.2. Let σ ∈ L∞(0, d) with 0 < d ≤ ∞ be given. Then, qd[·] is densely defined, closed and semi-
bounded from below.

Hence, according to the representation theorem for quadratic forms [11], there exists a unique self-adjoint
operator being associated with qd[·]. This operator, being the Hamiltonian of our systems, shall be denoted by
−∆d

σ and his domain by D(−∆d
σ) ⊂ Dq .

Remark 2.3. We note that the case d = ∞ corresponds to the model where no binding pontential is considered
in (1.1). In other words, the operator −∆∞σ is the self-adjoint Hamiltonian of the model discussed in [4].

3. Spectral properties of the operator −∆d
σ

As mentioned above, due to the non-compactness of the half-line, the spectrum σ(−∆d
σ) cannot expected to

be purely discrete. Indeed, using the method of Weyl sequences for forms [12], the following was established
in [4, 5].

Theorem 3.1. Let σ ∈ L∞(0, d) with 0 < d <∞ be given. Then:

σess(−∆d
σ) = [π2/2d2,∞). (3.1)

Furthermore, if d =∞ and σ ∈ L∞(R+) is such that lim
y→∞

|σ(y)| = 0, then:

σess(−∆d
σ) = [0,∞). (3.2)

In the case of vanishing binding-potential, i.e., d = ∞, Theorem 3.1 shows that the essential spectrum starts
at zero given the modulus of the boundary potential σ decays to zero as y → ∞. In particular, this holds
independently of the sign of σ, i.e., the singular interactions could be attractive (σ > 0) or repulsive (σ < 0)
or anything in between. A natural question is then the following: Given the singular interactions are ‘attractive
enough’, can eigenvalues below the bottom of the essential spectrum be expected? And what about the ground
state energy of the system?
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Theorem 3.2. [4] For d =∞ let σ ∈ L1(R+) be such that inf σess(−∆∞σ ) = 0 and
∞∫

0

σ(y) dy > 0. (3.3)

Then there exists an eigenvalue at negative energy.
Furthermore, let Eσ := inf σ(−∆∞σ ) denote the ground state energy. Then:

−2‖σ‖2∞ ≤ Eσ ≤ −2‖σ‖2∞ + 8‖σ‖2∞

∞∫
0

[‖σ‖∞ − σ(y)] e−2‖σ‖∞y dy. (3.4)

We now turn to the case of non-vanishing binding-potential, i.e., 0 < d <∞. In the case of vanishing singular
interactions (σ ≡ 0), −∆d

σ is a positive operator and therefore cannot possess negative spectral values. However,
according to Theorem 3.1, the essential spectrum starts only at π2/2d2 and for this reason one might ask the
following question: do there exist non-negative eigenvalues with value smaller than π2/2d2? Using the results
of [13], the following could be established in [5].

Theorem 3.3. Assume that 0 < d <∞ and σ ≡ 0. Then:

σd(−∆d
σ) 6= ∅. (3.5)

In other words, there exists a non-negative eigenvalue below the bottom of the essential spectrum.

Remark 3.4. Theorem 3.3 is quite remarkable from a physical point of view since the molecule can remain
localized around the origin without any attractive interactions present. In other words, the existence of such
a bound states is a purely quantum mechanical effect which is induced by the geometry of the one-particle
configuration space. If the one-particle configuration space was the whole line instead of the half-line, no such
bound state would exist.

We now investigate the stability of the discrete part of the spectrum in the presence of singular two-particle
interactions. From a physical point of view, one expects the discrete spectrum to remain non-empty given the
singular two-particle interactions are purely attractive or at least not too strong if repulsive.

Proposition 3.5. [5] For given σ ∈ L∞(0, d) and 0 < d <∞ the following holds:

1. If σ(y) ≥ 0 for almost every y ∈ [0, d], then σd(−∆d
σ) 6= ∅ .

2. There exists a constant c > 0 such that σd(−∆d
σ) 6= ∅ for all σ with ‖σ‖∞ < c.

Finally, as a main result, the following was proved in [5].

Theorem 3.6. Let 0 < d < ∞ be given. Then there exists a constant γ < 0 such that σd(−∆d
σ) = ∅ for all

σ ∈ L∞(0, d) for which σ(y) ≤ γ holds for almost every y ∈ [0, d].

As already referred to in the introduction, Theorem 3.6 shows that the discrete part of the spectrum becomes
trivial given the singular two-particle interactions are repulsive and strong enough. In this case, the singular two-
particle interactions destabilize the system by leading to a destruction of the (isolated) ground state of the molecule
and hence cannot be treated as a small perturbation only.

4. Outlook

As mentioned earlier, the model presented is interesting from a theoretical point of view since it provides
an example of an approachable many-particle system. For example, in an upcoming paper, we will construct the
resolvent of the Hamiltonian (1.1) without binding-potential explicitly. This then enables one to study scattering
properties of the system in detail.

It would be also interesting to investigate the Cauchy problem for the Schrödinger equation corresponding to a
family of Hamiltonians −∆d

σ(t) (see, e.g., [14]). What regularity of the map t 7→ σ(t) is needed in order to prove
existence of a strong solution? How does the time-dependence of σ affect the stability of the system?

Finally, it would be interesting to investigate the mean-field behavior of the N -particle (mean-field) Hamilton-
ian corresponding to (1.1) (see, e.g., [15]). Is it possible to approximate the exact time-evolution of an N -particle
state ϕ0 ⊗ ...⊗ ϕ0 with ϕ0 ∈ L2(R+) by a tensor product ϕt ⊗ ...⊗ ϕt, ϕt being the solution to some non-linear
Schrödinger equation? Due to the singular nature of the two-particle interactions, is it possible to derive better
convergence estimates?
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[13] Exner P., Sěba P., Št’ovičk P. On Existence of a bound state in an L-shaped waveguide, Czechoslovak Journal of Physics B, 1989, 39 (11),

P. 1181–1191.
[14] Hmidi T., Mantile A., Nier F. Time-dependent Delta-interactions for 1D Schrödinger Hamiltonians. Mathematical Physics, Analysis and

Geometry, 2010, 13, P. 83–103.
[15] Pickl P. A Simple Derivation of Mean Field Limits for Quantum Systems. Letters in Mathematical Physics, 2011, 97, P. 151–164.


