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Tunable wave packet transport in branched periodic lattices
with time-dependent external field
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We study the dynamics of a Gaussian wave packet in a branched system of periodic lattices driven by an external time-dependent field.

Motivated by recent numerical experiments with the manipulation of wave packet transmission in quantum star graph, we provide further

discussion based on some achievements obtained from one-dimensional tight-binding models with arbitrary external time-dependent fields and

on numerical calculations.
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1. Introduction

Quantum particle dynamics in discrete and branched structures is of importance for many topics in condensed
matter and nanoscale physics. Over past two decades a powerful method based on the use of so-called quantum
graphs has been developed and has found numerous applications (see, e.g., [1, 2] for review). This approach uses
wave equations with the boundary conditions given on metric graphs. The latter are the set of bonds connected to
each other at branching points often called vertices [1,3]. Such a method allows one to obtain complete solution of
the problem for a given network topology and different boundary conditions. The main issue appearing in the study
of particle transport in such systems is the problem of vertex scattering and/or transmission which plays crucial
role in the manifestation of diffusive or ballistic transport in networks and discrete systems. Then, a key problem
in the study of particle in branched systems becomes tunable transport where the tuning of particle motion from
ballistic to diffusive or vice-versa is possible. Such a goal can be achieved by acting on the system with an external
perturbation, such as electric or magnetic fields. For example, under the influence of static force, the system (called
also tilted lattice in literature) may exhibit coherent oscillations, which is well-studied in tight-binding approach [4]
and was experimentally confirmed by several groups [5–8]. The time-dependent tilted lattice allows one to direct
the wave packet, which can be achieved by the modulation of the lattice amplitude [9–11] and/or by the modulation
of an external field [12–16].

Recent progress made in the fabrication of quantum devices that can be modeled by branched and discrete
structures motivate the study transport problems in quantum graphs [3]. Quantum particle dynamics in graphs have
been studied in several works [17,18]. The concept of directed transport has been extended to quantum graphs and
the possibility to manipulate the direction of the motion of Gaussian wave packet (GWP) through the bifurcation
point of a quantum star graph has been shown in a recent numerical experiment [19].

In this paper, we study a GWP dynamics in branched periodic lattices under the influence of different external
time-dependent fields. Branching is considered as being in the form of a metric star graph. In particular, we apply
the results from the Ref. [16], where expression for trajectory of GWP center in the infinite chain driven by a
time-dependent homogeneous field is obtained using the tight-binding model. We compare these results with the
solution in the continuous model, which is considered in [19]. This paper is organized as follows. In the next
section, we briefly recall the model for quantum star graph. In section 3, we discuss in detail wave packet dynamics
in connected lattices with different modulated external fields. Finally, section 4 presents some concluding remarks.

2. Model

Our model is the same as that considered in Ref. [19], where directed transport in driven star graph has
been studied. Each of the arms of the star graph is vested with a periodic lattice potential given by V (x) =
V0 cos (2πx/d), and they are connected at a common (central) vertex. We assign the coordinate x to each arm,
which indicates the position along the arm; x takes the value 0 at the common vertex. Moreover, each arm is
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driven by a time-dependent external field Fj(t) = fj sin(ωt + φj), also being arm-dependent, and the parameters
fj and φj are used to manipulate the GWP transition through the central vertex.

The time-dependent Schrödinger equation (in the units h̄ = 2m = 1) for a star graph with N arms is:

i
∂

∂t
Ψj(x, t) = − ∂2

∂x2
Ψj(x, t) + [V (x) + Fj(t)x] Ψj(x, t), ∀t, 0 ≤ x ≤ Lj , j = 1, ..., N. (1)

The imposed conditions are:
Ψ1(L1, t) = Ψ2(L2, t) = ... = ΨN (LN , t) = 0,

Ψ1(0, t) = Ψ2(0, t) = ... = ΨN (0, t),
N∑
j=1

∂

∂x
Ψj(x, t)

∣∣∣
x=0

= 0,

(2)

which imply Dirichlet boundary conditions at the non-connected edges in the form of continuity and current
conservation at the vertex.

Referring to the results of the paper presented in Fig. 1, one can see dispersion of the packet after collision
with vertex. This phenomenon is the starting point for the study of bifurcation at the graph vertex. Numerical
method used in this work for the solution of the Schrödinger equation is the same as that in [19].

FIG. 1. Contour plot of the probability density for the three arm star graph, where the driving
external field is given by Fj(t) = fj sin (ωt+ φj) with f1 = −f2 = −f3 = π/10, ω = 0.2.
The three columns correspond to the arms of the star graph. The x-coordinate of the first arm is
reversed. (Fig. from [19])

3. Wave packet dynamics

The time evolution of Gaussian wave packet (GWP):

Ψ(x, t = t0) =
1√√
πσ0

exp

(
− (x− x0)2

2σ2
0

+ ik0x

)
,

in a system driven by an arbitrary time-dependent external field was studied in [16] using the tight-binding
approximation. According to this paper, in the case of a chain, momentum changes as:

k = k0 − I(t, t0), (3)

where

I(t, t0) =

t∫
t0

F (τ)dτ, (4)

for arbitrary F (t). As we consider the time-dependence of the external field given as F (t) = f sin (ωt+ φ), one
obtains:

I(t, t0) = − f
ω

[cos (ωt+ φ)− cos (ωt0 + φ)] . (5)
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In the case of a wide wave packet, for the group velocity we have:

vG(t) = 2J sin [k0 − I(t)], (6)

where J is hopping amplitude. Consequently, the displacement is given by:

D(t) =

t∫
0

vG(τ)dτ. (7)

Furthermore, this expression is used for the calculation of GWP trajectory, which is compared with the solution
of the Schrödinger equation in continuous model.

3.1. Trajectory of GWP center

Without the loss of generality, we can consider the case of two bonds connected at one common vertex. Each
bond is vested with periodic potential and driven by the modulated external field. For this system, we have no
reflection at the common vertex (due to the Neumann boundary conditions), and when parameters of the fields are
chosen as f1 = −f2 = π/10, φ1 = φ2 = 0, ω = 0.2 one is faced with the chain problem. The signs of parameters
f1 and f2 are chosen such that the field points globally in one direction. According to the above derivations, one
can evaluate the trajectory of the GWP center and compare them with the solution of the Schrödinger equation
(Fig. 2).

FIG. 2. A GWP center’s trajectory (left) and the solution of the Schrödinger equation for two
connected bonds (right) for Fj(t) = fj sin (ωt+ φj) with f1 = −f2 = π/10, φ1 = φ2 = 0,
ω = 0.2 and V0 = 16.7875 (corresponding to the hopping amplitude J = 1 in the tight-binding
model)

The situation changes when we introduce phases φj being different for each bond. Starting to move from one
bond, a wave packet reaches the common vertex. After collision, the particle falls into another medium with a
different external field. In our case, the difference is in the phase φ. Each time when reaching a common boundary,
the wave packet starts a “new” trajectory in a corresponding external field with “new initial” momentum k, which
makes the dynamics strongly dependent on the initial state of the GWP. Comparison of results for the two
approaches is presented in Fig. 3 for the same parameters as in Fig. 2 with the only difference in φ2 = π/2.

As one can see from these results, we still have dissipation of the wave packet at the vertex. The same
dynamics are seen from the first and second bonds in Fig. 1. The difference is on the small fraction of the packet,
which appears from reflection on the common vertex. Thus, for a system of connected lattices, the expression for
the GWP center’s trajectory is not valid. This can be explained by the localization of wave packets on the lattice
sites (Fig. 4).

Now, based on this idea, we can compute trajectories for the localized wave packets separately. Of course, this
does not mean that a single wave packet localized in one site behaves in this way. We again note that we consider
here a set of localized GWPs enveloped in a wide Gaussian wave packet. In Fig. 5, trajectories of localized wave
packets are presented. The gray gradient in the left figure introduced in order to depict wave packets with different
amplitudes; darker colors correspond to larger amplitudes. These results can be compared with the solution of the
Schrödinger equation for two connected bonds.
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FIG. 3. A GWP center’s trajectory (left) and the solution of the Schrödinger equation for two
connected bonds (right) for the same parameters as in Fig. 2 with the only difference in φ2 = π/2.

FIG. 4. Sketch of the profile of GWP in the lattice given by a cosine potential

FIG. 5. Trajectories of localized wave packets (left) compared with the solution of the
Schrödinger equation for two connected bonds (right). Gray gradient in the left figure; darker
colors correspond to larger amplitudes

3.2. Manipulating GWP dynamics

A naive trial to bring to stop a GWP in the central vertex can be done in the following way. According to
Eq. (6), in order to bring to a stop a wave packet, one needs in general:

k0 +
f

ω
(cos (ωt+ φ)− cos (ωt0 + φ)) = ±πn, n = 0, 1, ....

Therefore, one of the solutions is k0 = ±πn and f = 0 (or ω � f ) at the same time. In this case, k0 is
the initial momentum to the second bond and consequently f2 = 0. Selecting k0 = ±πn means selecting proper
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initial position x0. So, for the initial momentum k0 = 0 in the first bond, we can obtain periodically this value
in each time tn = 2πn/ω. Then, in order the target position to be 0 (to stop at the common vertex), one can
compute x0 = D(tn). Thus, direct computations for parameters f1 = π/10, f2 = 0, ω = 0.2 result in Fig. 6,
where x0 = 29.2166.

FIG. 6. Vanishing displacement of GWP center: f1 = π/10, f2 = 0, ω = 0.2 and x0 = 29.2166.

Another possibility to block transition can be achieved by choosing parameters as f1 = −f2 = π/10, φ1 = 0,
φ2 = −π, ω = 0.2 and x0 = 29.6567 is the initial position of GWP’s center, which correspond to having k = 0
on the common vertex. In such a case, one expects the trajectory shown in Fig. 7.

FIG. 7. Total reflection of a GWP in the central vertex: f1 = −f2 = π/10, φ1 = 0, φ2 = −π,
ω = 0.2 and x0 = 29.2166.

At first glance, it seems easy that we found parameters to stop or totally reflect GWP at the vertex. However,
solving the Schrödinger equation for these parameters results in different dynamics (see Fig. 8).

Thus, in order to be able to control GWP dynamics, one needs initialize localized wave packets with different
precalculated group velocities. Despite the fact that this set up is experimentally unrealizable, theoretically it is
possible to control GWP in this way.

4. Conclusion

In this paper, we have studied Gaussian wave packet dynamics in connected lattices under influence of different
external time-dependent fields. It is shown that the dispersion of the wave packet at the bifurcation point is not
only caused by reflection and transmission rules but also by the localization of the wave packet in the lattice sites.
It was determined that the trajectory of a GWP should be computed for localized wave packets in order to obtain
a complete picture of the dynamics and its calculation for branched lattices with different modulated fields is not
valid. Even if this paper dealt with two connected lattices, the concept also holds true for many bond star graphs.

According to this approach, it is theoretically possible to control transmission or reflection of the GWP by
selecting proper initial conditions (for example by assigning proper initial momentum to the each localized wave
packet, which would be practically impossible to do) and parameters of the field, which will be studied in future
works.
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FIG. 8. Solution of the Schrödinger equation for cases considered in Fig. 6 (left) and Fig. 7 (right).
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