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In this work, a mathematical model to study the indirect interaction in topological insulators was constructed. Analysis of the model was carried
out numerically. We have calculated the indirect exchange interaction in the film of a topological insulator, for example Bi2 Te3 , within the s–d
model. The calculations showed that the magnetic ordering of the impurity spins varies periodically with increasing distance between atoms,
asymptotically decreasing to zero. λ is a parameter associated with hexagonal distortion and is a component of the dispersion relation. The
dependence of the constants of the effective exchange interaction upon the λ parameter is shown; this parameter characterizes the crystal lattice
geometry for a topological insulator.
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1.

Introduction

Currently, scientists are increasingly interested in the study of topological insulators [1], and questions about
the interaction of topological insulators with different kinds of impurities that could exist in a thin film of this
material.
Different applications perspective of spintronics, based, in particular, on the effects of spin-spin interactions,
has been confirmed theoretically and experimentally [2–4]. This focused on the main mechanism of the interaction
of spins because it is an indirect mechanism (e.g. RKKY, through the conduction electrons)) in the cases of such
potentially useful substances such as graphene, bigraphene, systems of quantum dots, in article [5–7].
All of the above makes the task of consideration of collective effects related to the interaction of impurities
with the electrons of a thin film of a topological insulator, i.e., indirect exchange interaction [8, 9], highly relevant.
Particularly strong “spin-orbit coupling” (tight coupling between the spin orientation and the direction of its
movement) in the atoms of heavy elements such as bismuth may generate topological invariants that lead to the
most radical consequences for the material properties. In fact, inside the semiconductor and the insulator becomes
“metallic” on the surface of the conductor. At the same time, due to the spin-orbit interaction and its consequences,
the material properties are very attractive from the point of view of practical applications. Researchers have long
been trying to create a radically new direction in electronics – spintronic devices that are optimal for the storage
and transmission of information would use the spin of electrons rather than their displacement. The fragile nature
of quantum effects is difficult to manage and is very strongly inhibits the development of practical devices, well,
in fact the nature of the phenomenon of spin TI promises prospects for progress.
2.

Basic equations
We consider a film of a topological insulator within the framework of the model described in [10].
We will choose the Hamiltonian system as the standard form for the s–d exchange models [11]:

H0 =

X

H = H0 + Hint ,
X
X
εk a +
Hint =
J(q)
Sq σσσ0 a+
nσ an0 σ 0 ,
kσ akσ ,
nn0

k,σ

where Sq =

P

(1)

σσ 0

0

SR exp(iqR); q = n − n ; J(q) – Fourier transform of interaction potential d-impurities with the

R

electrons in the conduction band; σσσ0 – the Pauli matrices; SR – is the spin vector of the impurity, located at the
point R; a+
kσ , akσ – the creation operators and annihilation of electrons with spins σ and with wave vectors k.
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Next, we considered a thin film of a topological insulator, we chose the Hamiltonian for this in the long-wave
approximation [12]:


λ 3
H0 = p2x + p2y /2m + vF (px σy − py σx ) +
p+ + p3− ,
(2)
2
p± = px ± ipy .
The derivation of the effective Hamiltonian (2) for a thin film starting from the Hamiltonian for a bulk sample
is presented in a number of papers, of which, we only mention [14].
In expression (2), px , py – components of the electron momentum, m is the effective electron mass, vF –
the Fermi velocity, λ is a parameter associated with hexagonal distortion and is a component of the dispersion
relation. Typical values of the Hamiltonian parameters, for example for Bi2 Te3 , is [13]: m ∝ 35 eV−1 Å−2 ,
vf ∝ 5 · 10−4 eV−1 Å.
The Hamiltonian (2) is easily diagonalized and sets the range of the electrons:
r
 λ2 px


2
2
p2x − 3p2y .
(3)
ε (px , py ) = px + py /2m + vf2 p2x + p2y +
2
Thus, expression (2) can be inserted in (1).
The Frohlich method of calculating indirect interactions [14] is based on the assumption that for the operators
of the matrix elements, the following inequality |Hint |  |H0 | holds, and consists of two stages. The first is the
transition from the form (1) to a new form with the help of the unitary transformation, U = exp (−L), where L –
is anti-Hermitian operator satisfying the condition:
Hint + [H0 , L] = 0.
In the new view, the Hamiltonian H takes the form of:

1
3
.
H → H̃ = H0 + [Hint , L] + O Hint
2
A solution of the operator equation (4) will take the following expression [13]:




Z0
1
iH0 t
iH0 t
L=
eεt Hint (t)dt , Hint (t) = exp
lim
Hint exp −
.
ih̄ ε→0
h̄
h̄

(4)

(5)

−∞

The second stage consists of averaging the expression (4) for the transformed Hamiltonian H̃ on the condition
of the interactions of the field-vector: in averaging with the equilibrium density matrix for the electronic subsystem.
Thus, the 2-nd order term in perturbation theory Hss = 21 h[Hint , L]i, where angular brackets denote the average
value with the equilibrium density matrix for the electronic subsystems in the expansion (5) cease depending on
the creation operators and annihilation of electrons, but maintains the dependence on the spin operators of different
impurity atoms and, therefore, has meaning for the indirect interaction operator.
After calculation of the respective switches, the operator L has the form:
)
(


X
X
S xq + iSqy a+
Sqx − iSqy a+
p,−σ ap0 ,σ
p,σ ap0 ,−σ
L=
J(q)
+
.
(6)
εp0 − εp + h̄ω0
εp0 − εp − h̄ω0
0
σ
pp

Substituting (6) into (5) and thermo dynamical averaging gives:


X
− −
− +
Hss = 2
M exp (i(p1 − p2 )(R1 − R2 )) SR
S + exp (i(p2 − p1 )(R1 − R2 )) SR
S
.
1 R2
1 R2
p1 p2 R 1 R 2

Where, we have introduced the following notation for constants of the exchange interaction:


exp (−βεp1 ) − exp (−βεp2 )
1
,
M = Jp1 −p2 Jp2 −p1
2
εp1 − εp2
where M is the meaningful constants indirect exchange interaction of the impurities’ spins, carried out by crystallite
conduction electrons.
We have considered the exchange interaction of localized impurities of the spins in the direct space; for that,
we have applied the inverse Fourier transform (in reciprocal space, integration was carried out at the Brillouin
zone):
√

3
3 kx1

π

Z3a
Jef f =

Z

dkx1
0

dky1
0

√

3
3 kx2

π

Z3a

Z

2M (kx1 , ky1 , kx2 , ky2 ) exp {i (kx1 − kx2 ) x} exp {i (ky1 − ky2 ) y} dky2 .

dkx2
0

0
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We would like to note that the oscillating part is already contained implicitly in this dependence and by
evaluating the integrals with the pass method, it is possible to show the existence of exponential decline, i.e. strong
magnitude reduce of indirect interactions with increasing distances between the impurities. We would like to point
out that this behavior is always typical for mechanism of indirect exchange through the conduction electrons and
caused by the local character of the interaction of electrons with impurity atoms.
Exchange interaction depends on the distance and the direction, but we consider only the dependence on the
distance. The dependence of the exchange interaction on the direction is in the Hamiltonian for electrons. This is
lost after averaging over the electronic subsystem states.
3.

The results of numerical simulation

Due to a rather complicated dependence of the resulting operator of the indirect interaction from the task
parameters, the found parameters were analyzed numerically. Thus, Fig. 1 shows a typical dependence of constants
of the interaction exchange (having the meaning of system energy, depending only on the impurity spin orientation)
between the components of the impurity spin from the distance for different values of parameter λ. This parameter
characterizes the complexity of the studied system’s geometry in contrast to the usual square lattice.

F IG . 1. The dependence of the indirect interaction constants on the distance for small λ. The
distance between the localized spins is expressed in units of the lattice constant a = 2.49 Å
Figures 1 and 2 show the dependence of the exchange interaction constants on the parameter λ. As can be
seen from the figures, the value of the exchange interaction constant is greater than in the case of large values of
the parameter λ.
The obtained results confirm the possibility of formation of areas with ferromagnetic or antiferromagnetic type
of ordering (change of the sign of the exchange interaction constant) the impurity atoms with variation geometry
of the lattice, which is undoubtedly important for different applications.
4.

Conclusion

The peculiarity of the indirect interaction of the electron spins with the help of topological insulator films
studied in this work is that the exchange interaction was considered, based on the long-wave approximation. This
dispersion relation includes pulses of electrons near the Dirac points.
In conclusion, we will formulate the main inference of this work:
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F IG . 2. The dependence of the constants of the indirect interaction on the distance for bigger λ.
The distance between the localized spins is expressed in units of the lattice constant a = 2.49 Å
1. The increase of the constant λ leads to an increase in the constants’ amplitude of the indirect interaction
of the impurities, depending on the distance that could be associated with the configuration change of the
crystal lattice
2. The General nature of the indirect interaction has a form which is similar to other systems, the periodic
dependence of the exchange interaction constants on the distance between the impurity spins, which
decreases to zero asymptotically with increasing distance.
We use a monograph White “Quantum theory of magnetism” to compare our results with the results obtained
in classical metallic systems. The spins of the conduction electrons created the oscillating polarization in classical
metallic systems with the introduction into the metal localized moment. Spin density oscillations have the same
shape as the Friedel charge density oscillations that occur, screening the charge impurity by electron gas. Indirect
interaction in topological insulators and metal systems is similar, but the decrease of the interaction value of the
distance in our study system is much faster. This fact, in our opinion, is due to the presence of a complex spin-orbit
interaction in topological insulators.
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