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Nonlinear topological states in the Su—Schrieffer—-Heeger model
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Topological photonics offers unique functionalities in light manipulation at the nanoscale by means of the so-called topological states which are
robust against various forms of disorder. One of the simplest one-dimensional models supporting topological states is the Su-Schrieffer—Heeger
model. In this paper, we review the physics of the Su-Schrieffer—Heeger model and its nonlinear counterparts exhibiting self-induced, tunable
and many-particle edge states. We discuss the robustness of these states, highlighting their rich potential for nanophotonic and quantum optics

applications.
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1. Introduction

Research interest in topological photonics that has recently emerged [1-3], is largely driven by the unprece-
dented possibilities provided by the topological states of light. Such topological states are immune to backscattering
on structure imperfections or sharp bends exhibiting a vast range of unusual properties including, for instance, uni-
directional spin-locked propagation [1-3].

Very recently, the quest for tunable topological states has given rise to the nonlinear topological photonics,
which offers even broader spectrum of opportunities including soliton-like [4-6], self-induced [7, 8], tunable [7]
and many-particle [9, 10] topological states.

Possibly the simplest model of the topological states in one-dimensional systems is provided by the well-
celebrated Su-Schrieffer—Heeger model (SSH) [11, 12], which was investigated and realized in various contexts
including electronic [11, 12], photonic [13-19], plasmonic [20-23], polaritonic [24] and mechanical [25] systems.
Though initially the SSH model was applied to explain charge transfer in polymer molecules, it can be also used
for describing the physics of artificial photonic and plasmonic structures. In photonic and plasmonic contexts,
the SSH model can be implemented with the array of nearest-neighbor coupled cavities with the two alternating
tunneling constants as depicted in Fig. 1(a). Plasmonic realization of the SSH model [21-23] allows one to
achieve a nanoscale confinement of the edge mode which, however, is subject to the losses inherent to metals.
On the contrary, the SSH model based on the all-dielectric platform [15,16, 18] is almost loss-free but has worse
confinement of light.

Note also that the SSH-type model can be implemented with a zigzag array of identical nanoparticles [15, 18-
20,23]. In such geometry, the vector eigenmode problem can be decomposed into two scalar problems, each of
which has SSH type. This system can be based on plasmonic [20,23] or all-dielectric [15, 18, 19] platforms that
utilize electric dipole [20,23], magnetic dipole [19] or magnetic quadrupole [15, 18] resonances of the constituent
particles. Topological states in the described model emerge only for the specific range of zigzag angles [15,19].

In this paper, we review the physics of the Su-Schrieffer—-Heeger model and its nonlinear generalizations
especially focusing on the edge states, their robustness and topological characterization. As we highlight, even
such simple model features quite rich physics thus paving a route to the novel nanophotonic applications.

2. Topological states in the linear SSH model

The Hamiltonian of the SSH model in the linear case reads:
H=co Y i =1 Y [k tamer + by Gzm] = T2 3 [ahy omes + by dom] (1)
m m m

where d:fn and a,, are creation and annihilation operators for the photon in mth cavity, N, = dln G, J1,2 are
so-called tunneling amplitudes, and wy is cavity eigenfrequency.
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FI1G. 1. (a) Array of coupled cavities described by the Su-Schrieffer—Heeger (SSH) model.
(b) Energy bands (shaded) and edge states in the SSH model. (c) Field distribution for the
the edge state in the SSH array of N = 21 coupled resonator. Calculations are performed for
Jo/J1 =3

Note that the Hamiltonian commutes with the total number of particles N = Z Tm. Therefore, the total

m
number of photons in the array is conserved. First, we consider single-photon excitations. The wave function can
be searched in the form:

1) = amal, [0), )

where |0) presents the ground state of the system, and coefficients «,, are the probability amplitudes to observe
a photon in m™ cavity of the array. The eigenvalue equation H |¢) = (£ +wy) |¢) yields the system of linear
equations for the probability amplitudes au,,:

cap = —Jyasg, 3)

€ Aom41 = —J2 oy — J1 Qomya, 4)

€Qom = —J1 Qom—1 — J2 o1, 5

where m = 1,2, .... Quite importantly, exactly the same equations (3)—(5) are obtained in the classical limit when

the number of photons is sufficiently large. In the latter case, o, denotes electric field amplitude in m'™ cavity.

Such correspondence allows one to investigate the physics of the SSH model in fully classical setups, including
electronic [11, 12], photonic [13-19], plasmonic [20-23], polaritonic [24] and mechanical [25] systems. The bulk
energy spectrum of the SSH model is found from Egs. (4)—(5) using the translational symmetry of the infinite
array:

km
)

Qom_1 =ae’ Qom =be*™ —1p < k<. (6)

The result reads:

e = /2 + 3+ 201z cosk. )

The energy bands of the SSH model with the ratio J>/J; = 3 are depicted in Fig. 1(b).

However, the SSH model supports not only bulk states Eq. (7), but also the edge state. To illustrate this,
we consider a semi-infinite array and apply the full system of equations Eqgs. (3)-(5), where Eq. (3) plays the
role of the boundary condition. Straightforward calculation yields that the edge state exists under the condition
J1 < Ja (i.e. the edge state emerges at the weak link edge), it has the energy ecqqsc = 0 and the field distribution
=g ==y =--=0, agm_1 = ae*™ for m = 1,2,... with etk = —J1/J2. The field distribution for
the edge state of the SSH model is shown in Fig. 1(c). If the array is terminated by weak links from both edges,
two degenerate edge states appear.

Most remarkably, this edge state features some robustness with respect to the various forms of disorder. For
instance, the eigenfrequencies of the resonators or tunneling amplitudes in the array can be randomly modulated
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FIG. 2. Energy bands (a,b) and edge states (c,d) in the SSH model with Jo/J; = 3 when the
disorder is introduced into the resonator eigenfrequencies (a,c) or into the tunneling amplitudes
(b,d). Awg and AJ are the standard deviations for the resonator eigenfrequency and tunneling
amplitude, respectively. |E| is the field amplitude inside the resonator

with the dispersion Awg and AJ?, respectively. However, the edge state still persists even though the associated
field distribution exhibits some distortions. This important property is further illustrated in Fig. 2.
Futhermore, the very existence of the edge state can be linked to the bulk properties of the system. To elucidate
this point, we outline the calculation of the Zak phase [26]:
0
Oug > dk.

'y:/i<uk ok

—T

®)

where |uy) is the periodic part of the wave function. Since the unit cell contains only two cavities, the periodic
part reads |uz) = (a,b)”. With this unit cell choice, J; is an intracell tunneling amplitude, and .J, is an intercell
tunneling constant. The Zak phase is gauge-independent quantity defined modulo 27 that can take two values:
v =0 for J; > Jy and v = 7 for J; < Jo. Thus, the existence of the edge state is related to the nonzero Zak
phase when the edge link is chosen to be the intracell tunneling constant. Note also that the Zak phase depends
on the unit cell choice: if J; is considered as an intracell tunneling amplitude, the result for the Zak phase will be
the opposite.

3. Nonlinear SSH models

The SSH model allows a number of interesting generalizations to the nonlinear domain. Here we will
consider two nonlinear systems supporting edge states: classical nonlinear SSH array with the tunneling constants
depending on intensity [7,8], and the SSH model in quantum two-particle regime with the effective photon-photon
interaction [9, 10].

An intuitive way to introduce the tunability in the SSH array of cavities is to make some of the tunneling
constants intensity-dependent. The authors of Ref. [7] suggested a specific form of nonlinearity: J;m’zmH =
J2 + a (|E2m|® + |Eams1|?), J1 = const, where E,, is the field amplitude in m*™ resonator. For the zero mode
intensity (measured by A% = |E | +|E|?), the system was chosen to be in the trivial regime .J; > .J, without any
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edge states. However, with an increase of the intensity, the system undergoes a topological transition due to the
growth of intercell coupling strength [7]. Such self-induced topological transition is illustrated in Fig. 3(a). Even
though the fact of topological transition is suggested by the linear SSH model, the properties of the topological
edge state which appears [Fig. 3(b)] strongly differ from its linear counterpart. The reason is that the effective
tunneling amplitudes J22 ™M) in the edge state become dependent on the index m due to the mode decay away

from the array edge.
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F1G. 3. Self-induced topological transitions and edge states in the nonlinear SSH model with the
intercell coupling coefficient depending on intensity. (a) Transition from the trivial regime to the
topological one happening due to the intensity increase. (b) Field distribution for the self-induced
edge state calculated for J; = 2.3 - 1073, J,=2.0-10"%and « = 5.0-107°

Another interesting system is the two-particle SSH model described by the Bose-Hubbard Hamiltonian [9,10]:
H=wyY g +UY ity (At — 1)

-nY [a;magm,l + agm_lazm] = [agmazmﬂ +al, +1a2m} . )

m m
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F1G. 4. Two-photon bound bulk and edge states in the SSH array described by Bose-Hubbard
model with J5/J; = 5.0, U/J; = 8.0. (a) The schematic of the two-photon bound states.
(b,d) Probability distribution for the two-photon edge states localized at the edges of the array
with smaller (b) and greater (d) tunneling amplitudes. (c) Probability distribution for the two-
photon bulk bound states (doublons). x and y axes show the coordinates of the first and second
photon, respectively
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The U term takes into account Kerr-type nonlinearity of the medium inside the resonators. This nonlinearity
induces effective photon-photon interactions and gives rise to the photon binding (Fig. 4(a,c)). Quite counter-
intuitive, bound photon pairs (doublons) emerge even in the case of repulsive nonlinearity (U > 0) [27,28] and
can appear in the continuum of weakly interacting two-photon states [29,30]. In the case of the simple array with
J1 = Ja, the doublon edge states are not possible [31,32]. However, in the SSH geometry, the edge states of bound
photon pairs can appear not only at the edge with the weak tunneling link (Fig. 4(b)), as in the single-particle case,
but also at the edge with the strong tunneling link (Fig. 4(d)) [10] which is a distinctive feature of the two-particle
interacting problem. The latter edge states were argued to be topological [10].

4. Discussion and conclusions

Despite its conceptual simplicity, the Su—Schrieffer—Heeger model provides qualitatively correct description of
the diverse physical phenomena related to electronic, photonic, plasmonic, polaritonic and mechanical systems. In
the context of topological states, the most important feature of the SSH model is the emergence of the edge state
which has the topological nature being robust against various forms of disorder. This topological state has been
observed in a series of experiments with various systems either at the edge of the array or at the domain wall of
the two SSH arrays with the different dimerizations.

Nonlinear generalizations of the SSH model feature even more exciting physics. Besides the tunability of
the edge states, it becomes possible to realize self-induced topological transitions, soliton-like and many-particle
edge states. Quantum topological states can be promising candidates for the variety of quantum optics and
quantum information applications including the implementation of qubits and NOON states for quantum precision
measurements.

We anticipate that the nonlinear topological SSH-type models which are currently under active investigation
can shed new light onto the design of the novel types of nonlinear topological insulators.
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