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The interaction of electrons in a superlattice with electromagnetic radiation in presence of static electric and magnetic fields is investigated.

The electric field is directed along the superlattice axis while the magnetic field is inclined at an arbitrary angle to the axis of superlattice.

It is shown that the dependence of current in the superlattice on electric field in the general case can have several maxima. In some regions

of electric and magnetic field values, the absorption coefficient for high frequency electromagnetic radiation can be negative that means the

electromagnetic wave will be amplified. We note that negative absorption in the system is possible at some conditions at the region of positive

differential conductivity in contrast to classical Bloch oscillator in which amplification takes place in case of negative differential conductivity

only. This phenomenon can be used for the design of a teraherz amplifier and generator based on the superlattice.
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1. Introduction

Semiconductor superlattices are considered promising systems for creation of a compact teraherz radiation
amplifier and generator. The idea of using Bloch oscillations in superlattices for the generation of the high-
frequency electromagnetic radiation was proposed by Esaki and Tsu [1] more than forty years ago. However, the
attempts to create a high-frequency generator based on the phenomenon of Bloch oscillations were not successful.
It was shown later that the generation is suppressed by instabilities of space-charge waves in the superlattice in
the regime of negative static differential conductivity (SDC). We note that in the case of classical Bloch oscillator
the radiation amplification is possible only in the regime of negative SDC. One possible way to overcome this
difficulty is the application of a magnetic field. Electron transport in superlattices placed in parallel [2, 3] or
perpendicular [4–13] magnetic fields was studied previously. In particular, it was shown recently [15, 16] that the
magnetic field applied to the superlattice in a direction perpendicular to the axis can shift the maximum on the
static current-voltage characteristics (IV curve) towards the region of higher electric field. At the same time, the
absorption coefficient can be negative for high frequencies at electric fields corresponding to positive SDC. That
makes possible to achieve amplification of radiation without formation of space-charge wave instabilities. If the
superlattice is placed in a tilted magnetic field, then the ballistic electron dynamics becomes more complicated
and exhibits chaotic behavior [17–20]. This chaos manifests itself with the appearance of bifurcation points in the
parameter space of the system. Various problems associated with the electron transport in the tilted magnetic field
have been studied in the last decade [21–23]. The purpose of the present paper is to investigate the possibility of
amplification of weak electromagnetic signal by the superlattice placed in both parallel electric and tilted magnetic
fields. For this reason, we study absorption of electromagnetic radiation and its relation to the static IV curve.

2. Current and absorption

The schematic view of the investigated system is represented in Fig. 1. The direction of electric field which
coincides with the axis of superlattice growth is denoted as x-axis and the magnetic field is inclined on angle θ to
the electric field in xz-plane. In addition to constant electric field Edc, we consider small perturbation oscillating
with frequency ω and amplitude Eω . The total electric field is described by the equation:

Ex(t) = Edc + Eω cos(ωt). (1)
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FIG. 1. Schematic representation of the system.

Our main goal is to determine the current produced by this field.
To find the current in the system, we use the semiclassical approximation which is based on the Boltzmann

equation for electrons in external fields [15]. The superlatice properties in this approach are taken into account by
the miniband dispersion relation for the electrons. In the relaxation-time approximation, the Boltzmann equation
can be written in the form:

∂f

∂t
+

1

h̄

(
eE(t) +

e

c
v ×B

)
∂f

∂k
= −f − feq

τ
, (2)

where v is the electron velocity, τ is the relaxation time, k is the quasi-wave vector, and feq(k) is the equilibrium
distribution function. In the present study, we consider the case of spatially uniform fields and electron distribution.

The dependence of electron energy on quasi-wave vector in the superlattice is described by the well-known
equation from tight-binding approximation:

ε(k) = −∆

2
cos(kxd) +

h̄2(k2y + k2z)

2m
, (3)

where d is the superlattice period and ∆ is the miniband width.
Based on the method of characteristics, we can represent the distribution function in terms of solutions for

ballistic equations of motion for the electrons in the external fields [24]. The equation for quasi-wave vector
evolution at the ballistic electron motion has the form:

h̄k̇ = eE(t) +
e

c
v(k) ×B. (4)

Let k∗(t, t0) denotes the solution of Eq. (4) corresponding to the initial condition k(t0) = k0. If we substitute k∗

into Eq. (2) then its left-hand side becomes a total derivative of f with respect to t:

df(k∗, t)

dt
= −f(k∗, t) − feq(k∗)

τ
. (5)

Then, the steady-state solution of Eq. (2) can be represented in the form:

f(k, t) =
1

τ

t∫
−∞

dt0feq(k∗(t, t0))e−
t−t0
τ , (6)

where k∗(t, t0) is the solution of Eq. (4) satisfying the condition k∗(t, t0) = k for every t0.
The density j of current in x-direction can be represented in terms of the distribution function f by the

following equation:

j(t) =
2e

(2π)3

∫
d3kf(k, t)vx(k), (7)

where vx =
1

h̄

∂ε

∂kx
is x-component of the electron velocity, factor (2π)3 in the denominator takes into account

density of states and factor 2 appears in the numerator for spin. As it follows from Eq. (3) the velocity vx is given
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by:

vx(kx) =
∆d

2h̄
sin(kxd). (8)

Now combining Eqs. (6) and (7) we obtain the following equation for the current:

j(t) =
e

4π3τ

∫
d3kfeq(k)

t∫
−∞

dt0vx(k∗(t, t0))e−
t−t0
τ . (9)

In the present study, we consider the case of low temperatures and low electron concentrations N . In this
case almost all electron quasi-wave vectors are concentrated at the bottom of miniband near the point k = 0. The
equilibrium distribution function in this approximation can be represented as follows [?]:

feq ≈ 4Nπ3δ(k), (10)

where δ(x) is the Dirac δ-function.

Let us introduce the dimensionless components of the quasi-wave vector: Kx = kxd, Ky = kyd
√
m/mx,

and Kz = kzd
√
m/mx, where m is electron effective mass in perpendicular direction and mx = 2h̄/d2∆ is the

electron mass in the parallel direction. Then the ballistic equations of motion can be rewritten as follows:

K̇x = ωB + ω⊥Ky + β sin(ωt), (11)

K̇y = −ω⊥ sinKx + ω‖Kz, (12)

K̇z = −ω‖Ky, (13)

where ωB = edEdc/h̄ is the Bloch frequency, ωc = eB/mc is the cyclotron frequency, ω⊥ = ωc sin θ, ω‖ =
ωc cos θ and β = eEωd/h̄ is the renormalized amplitude of the high-frequency electric field.

To understand various possibilities of quasi-wave vector dynamics from equations (11), (12) and (13), we
consider first a few simplified cases. One can see from equations (11) that the parallel magnetic field (ω⊥ = 0)
does not affect the x component of the quasi-wave vector. In that case, the IV curve of the system has the form
obtained by Esaki and Tsu [1].

If the magnetic field is directed parallel to z-axis, then the y coordinate can be separated from others and
the system of equations (11)-(13) is decomposed. In this case, the equation for K̇x can be transformed into the
equation of motion for unharmonic pendulum:

K̈x + ω⊥ sinKx = β sin(ωt). (14)

The constant electric field Edc is included into the equations of motions through initial condition:

K̇x(t0) = ωB . (15)

As follows from Eq. (14), in the absence of perturbation (β = 0), there are two regimes of motion for electrons
depending on the initial conditions: cyclotron-like oscillations and Bloch type oscillations [4]. In the cyclotron-like
regime, the electron quasi-wave vector does not reach the boundary of the first Brillouin zone while in the regime
of Bloch type oscillations the quasi-wave vector increases infinitely. If the initial electron quasi-wave vector is
zero, then the system undergoes a transition from cyclotron-like oscillations to Bloch type oscillations at the electric
field corresponding to condition ωB = 2ωc. In the general case of the inclined magnetic field, there are several
bifurcation points and the analytical investigation of the ballistic equations of motion becomes very complicated.
In the present study, we have performed numerical solution of the system (11)–(13) and found the dependence
of electron quasi-wave vector on time. Then, by equation (9), we have found the time-dependent current in the
steady-state regime. After that, we have calculated the absorption as the average dissipation power P in a unit
volume by the following equation:

P =
1

T

T∫
0

j(t)E(t)dt, (16)

where T = 2π/ω is the period of the small external oscillating field.
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3. Results and discussion

Let us consider first the dependence of current on voltage for the case of time independent fields (Eω = 0).
We note that the equations of motion in this case are similar to the equation of motion for an anharmonic pendulum
in the field of a plane wave which is the well-known example of a system with chaotic behavior [17, 18]

K̈z + ω2
‖Kz = −ω‖ω⊥ sin

(
ω⊥
ω‖

Kz − ωBt+ ϕ

)
. (17)

However, as it follows from Eq. (9), to obtain the current in a dissipative system, one needs to know the values
of qusimomentum for a finite period of time (about a few τ ) while the chaotic dynamics manifests itself in a
very long time. That is why the chaotic dynamics of the systems does not lead to a chaotic behavior of the IV
characteristics or absorption. However, bifurcation between different regimes of motion can lead to appearance of
a very sharp changes in IV curve.

FIG. 2. The dependence of current on the Bloch frequency for various values of angle θ at ωcτ = 4.

The dependence of current on the electric field for different inclination angles θ is shown in Fig. 2. One
can see from Fig. 2 that the current as a function of electric field has one maximum in the cases of parallel
and perpendicular magnetic field. The decrease on the IV curve corresponds to the transition of the transport
regime to the Bloch type oscillations. The value of ωB corresponding to the transition is determined by relation
ωBτ = 1 in the case of θ = 0 and is close to the value ωB = 2ωc in the case of θ = 90◦. One can see
that with increase in angle θ, the position of global maximum on the IV curve is shifted to the region of higher
electric fields. Additional peaks occur on the curve in the case of tilted magnetic field due to the appearance
of additional bifurcation points in the parameter space. In particular, there is one extra maximum of current at
relatively small values of θ (about 20◦). Our analysis shows that at electric fields corresponding to the second
increase of current, the negative absorption of weak electromagnetic radiation can be obtained. The dependence of
absorption coefficient on frequency for this case is shown in Fig. 3. The negative absorption in this case occurs
in the region of positive static differential conductivity. Similar results can be obtained in the case of large θ. The
dependence of absorption on frequency for θ = 80◦ is shown in Fig. 4. One can see from Fig. 4 that the negative
absorption at positive differential conductivity can be achieved in the region of electric fields between two local
maximums on the IV curve.

4. Conclusion

We have investigated a static current-voltage characteristics and absorption of high-frequency electromagnetic
radiation in a semiconductor superlattice in the presence of a parallel electric field and tilted magnetic field. In the
cases of parallel and perpendicular magnetic field, the IV curve of the system has one maximum. The positions of
maximum on the dependence of current on the Bloch frequency are determined by inverse relaxation time in the
parallel field and by doubled cyclotron frequency in perpendicular field. We have shown in the present study that
the inclined magnetic field applied to a superlattice can lead to appearance of additional maximums and minimums
on the static IV curve. Near the local maximums of the IV curve there are regions of field values in which the
static differential conductivity is positive, but the high-frequency absorption coefficient is negative. In this case, the
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FIG. 3. The dependence of absorption on frequency ω at θ = 20◦, ωcτ = 4 and ωBτ = 3.2. The
inset shows the dependence of current on the Bloch frequency (IV curve) for the same parameters.
The vertical dashed line marks the Bloch frequency ωB = 3.2/τ which was used for calculation
of the absorption. One can see that static differential conductivity is positive at this value of ωB .

FIG. 4. The dependence of absorption on frequency ω at θ = 80◦, ωcτ = 4 and ωBτ = 6.4. The
inset shows the dependence of current on the Bloch frequency (IV curve) for the same parameters.
The vertical dashed line marks the Bloch frequency ωB = 6.4/τ which was used for calculation
of the absorption. One can see that static differential conductivity is positive at this value of ωB .
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high-frequency radiation can be amplified by the superlattice. At the same time, charge wave instabilities should
not appear because of positive SDC. We note that the frequency of radiation which can be generated by the system
in this regime is determined by parameters of the superlattice and the value of magnetic field. Our estimations
show that for a GaAs/AlxGa1−xAs superlattice with the period d = 6 nm, miniband width ∆ = 60 meV and
magnetic field B = 2.5 T the generated frequency is about 1 THz. Hence, such fields configuration can be used
in designing of a terahertz generator based on the semiconductor superlattice.
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