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Fractal analysis has emerged as a potential analytical tool in almost all branches of science and technology. The paper is the first report of

using fractal dimension as a surrogate technique for estimating particle size. A regression equation is set connecting the soot particle size

and fractal dimension, after investigating the Field Emission Scanning Electron Microscopic (FESEM) images of carbonaceous soot from five

different sources. Since the fractal dimension is an invariant property under the scale transformation, an ordinary photograph of the soot should

also yield the same fractal dimension. This enables one to determine the average size of the soot particles, using the regression equation, by

calculating the fractal dimension from the photograph. Hence, instead of frequent measurement of average particle size from FESEM, this

technique of estimating the particle size from the fractal dimension of the soot photograph, is found to be a potentially cost-effective and

non-contact method.
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1. Introduction

The science of fractal geometry has emerged as a potential analytical tool in almost all branches of science
and technology. Fractal analysis is the mathematical method put forward by the polymath Benoit Mandelbrot for
quantifying the complex structures and figures [1]. The beauty of this analytical method lies in the fact that it
assists in finding the hidden connections and relations existing between different areas of science, mathematics,
and art. Fractals are found everywhere in nature [2, 3]. The scale in which we zoom the image determines the
quality of results. The self-replication of objects while zooming differentiates a fractal and a non-fractal object.
This technique is used in the chaos theory, to solve the unpredicted problems in an entirely different way, as well
as in many dynamic systems [3]. Even though fractals seem complex in nature, they are self-similar structures
formed by repetition of simple processes again and again [4, 5]. This nature of fractals is greatly exploited in
the determination of the benign and malignant breast cancer with higher levels of accuracy and in studying the
morphology of galaxies [6–8].

A fractal dimension is the non-integral numerical value which gives the statistical complexity of a fractal
image. It is usually expressed as Hausdorff–Besicovitch (HB) dimension (D) which is a mathematical dimension
that measures how much space is occupied by the object between Euclidean dimensions [9]. Various methods
have been developed for calculating the fractal dimension. Some of the methods are the box-counting method,
the successive squares method, the pair-correlation method etc. [10]. In all the methods, the variation of fractal
dimensions with the measurement of fractals at different degrees is of concern [1].

Fractal geometry is recently used in the determination of morphological, optical, and thermoelectric character-
istics [11] of various nanostructured materials. Such nanostructured materials had been of great interest recently
due to their remarkable applications in every field of science and technology. The physical, chemical, electrical,
mechanical etc., properties of nanostructured materials are dramatically different when compared with the bulk
materials of the same compositions [12–14]. The clusters, molecules, crystallites are various forms of these ma-
terials. Carbon nanoparticles are one class among the widely explored nanostructures that have gained significant
attention in the twenty-first century as a promising material due to its high thermal and electrical stability, bio-
compatibility, high tensile strength, etc. The quality and quantity of the CNPs synthesized depends on the raw
materials or resources used for the synthesis along with the synthesis procedure adopted. So far, many methods
have been developed for the synthesis of CNPs, including laser ablation, chemical and physical vapor deposition,
pyrolysis, combustion, electrolysis, ball milling, etc. [15]. The present work describes the synthesis of CNPs by
the cost-effective combustion method and a new technique of particle size estimation from the fractal dimension
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of the photograph of the carbon soot. An attempt has also been made to correlate nature of combustion, particle
size, structural forms of CNPs, and fractal dimension.

2. Experimental methods

To understand whether there is any structural and morphological change in the CNPs in the soot, fractal
analysis is conducted. CNPs are synthesized from various sources such as ghee, coconut oil, sesame oil, diesel,
and camphor. All these sources are various combinations of saturated, monosaturated and polyunsaturated fatty
acids. The high temperatures present during synthesis enables controlled incomplete combustion, resulting in the
formation of carbonaceous soot particles.

The samples are purified by liquid phase oxidation method. The sample is mixed with an acidic solution
containing nitric acid and sulfuric acid (99.9 %, Sigma–Aldrich) in the ratio 3:1 and ultrasonicated using Scientech
SE-366 for 20 minutes. Then the mixture is filtered through a Whatman 41 filter paper, washed four times with
distilled water, quenched with ice-cooled water followed by addition of sodium hydroxide for basic neutraliza-
tion [16]. The resulting mixture is then filtered again using a Whatman 42 filter paper after washing four times
with distilled water. These samples are dried and ground in a ball milling unit. The particles are characterized
by Nova Nano FESEM. The geometrically and chemically complex structure of soot particles can be analyzed by
calculating the fractal dimensions from the scanning electron microscopic images of these nanoparticles.

2.1. Box counting method

The most widely used method for obtaining the dimension of self-similar mass fractals [17] in the real world is
the box-counting method. In this method, grids of varying sizes (r) are superimposed on the image to be analyzed
and the number of boxes containing portions of the image are counted (N(r)). N(r) is directly proportional to
r−D. The box-counting dimension is mathematically represented by the logarithmic equation [1, 9]:

N(r) ∝ r−D, (1)

where D is the fractal dimension.
Taking logarithm we get:

lnN(r) = D ln

(
1

r

)
+ constant, (2)

such that lim
r→0

lnN(r)

ln (1/r)
= D.

From the slope of the ln (1/r) vs lnN(r) graph, the fractal dimension (D) can be calculated.

3. Results and discussions

The morphological analysis of the CNPs synthesized from various sources, carried out by the FESEM analysis,
reveals the formation of agglomerated nanosized carbon clusters. The FESEM images of the CNPs formed from
the combustion of ghee, coconut oil, sesame oil, diesel soot, and camphor are shown in Figs. 1 (a)–(e). The carbon
particles obtained ranged from 20 – 150 nm. The nanospheres in the clusters are bound together by the weak
Van der Waal force of attraction. The interaction between the constituent particles was enhanced by any small
spatial fluctuations occurring in the samples. This interactive property of soot particles contributes to the formation
of aggregates and also results in the restructuring of the CNPs which enables the nanoparticles to show various
optical properties. This type of behavior is exhibited by fractals [18]. Depending on the basic source used for the
synthesis the size, agglomerating tendency, etc. will also vary. The variation in the fractal dimension with respect
to these factors can be studied from the FESEM images.

The SEM images shown in Fig. 1 were subjected to fractal analysis by box counting method and the plots of
lnN(r) vs ln (1/r) are shown in Fig. 2. All graphs show high R2 value, indicating a high degree of correlation
between N(r) and r. The fractal dimensions, R2 values, and the particle sizes for CNPs obtained from different
sources are shown in Table 1.

Varying the fractal dimensions of the CNP agglomerates formed in the soot of various hydrocarbon sources
and the size of the agglomerate are shown in Fig. 3. From Fig. 4 it can be seen that the fractal dimension decreased
with increasing agglomerate particle size. The fractal dimension depended on the complexity of the system; the
greater the complexity, the greater the fractal dimension was. The particle size and fractal dimension (D) showed a
strong correlation with R2 value equal to one. Hence, a regression equation connecting the two variables – average
particle size and fractal dimension – can be set up by fitting a curve to the data by the least squares method. The
equation thus set can be used for calculating the particle size from fractal dimension. The closer the value of the
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FIG. 1. FESEM images of CNPs obtained from combustion of (a) ghee; (b) coconut oil;
(c) sesame oil; (d) diesel; (e) camphor

TABLE 1. Fractal dimensions, R2 values, and the particle sizes of the CNPs

Samples Fractal dimension (D) R2 value Particle size (nm) Average particle size (nm)

Ghee 1.5205 0.9703 40 – 90 80

Coconut oil 1.5541 0.9987 40 – 90 65

Sesame oil 1.6426 0.9949 25 – 60 58

Diesel 1.7805 0.9994 25 – 110 43

Camphor 1.8236 0.9932 20 – 60 40
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FIG. 2. The plot of lnN(r) vs ln(1/r) for the samples (a) ghee; (b) coconut oil; (c) sesame oil;
(d) diesel; (e) camphor

correlation coefficient to one, the greater the accuracy is for estimating the particle size. The equation for the best
fit is found to be nonlinear and is given by equation (3):

Particle size = 43298D4 − 293413D3 + 744612D2 − 838785D + 353969. (3)

From Fig. 4 and Table 1, it can be seen that the average particle size formed during combustion is high in ghee
and low in camphor, whereas the fractal dimension is low in ghee and high in camphor. If we analyze the burning
process and soot formation, it can be seen that the probability of incomplete combustion is high in ghee, as it does
not burn easily as compared to oils. This is why the soot particles from ghee carry larger agglomerates. In the case
of camphor, almost complete combustion occurs. Nearly complete combustion leads to the formation of carbon
nanotubes, carbon dots and graphene sheets as reported in the literature [19, 20]. Hence, it can be understood that
when the fractal dimension is low, the particle size in the soot is high and there is a lower probability of forming
carbon nanotubes and graphene.

In order to understand the possibility of estimating the particle size contained in the soot without recording
the FESEM image, the soot particle of all the samples are sprinkled over a white surface, photographed, and
fractal dimension is calculated as it should be invariant under scale transformation. The photographic images of
the soot samples and their lnN(r) vs ln (1/r) plot are shown in Fig. 5. The fractal dimension obtained from the
photographs of soot samples and the particle sizes estimated using equation (3) are given in Table 2. The values
thus obtained were compared with the particle sizes estimated from FESEM analysis.
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FIG. 3. Fractal dimension and average particle size for various samples

FIG. 4. Variation of particle size with Fractal dimension

TABLE 2. Particle size calculated from fractal dimension of the photograph

Sample Fractal dimension
Estimated particle size

using Eq. (3) (nm)
Measured average size

from FESEM (nm)

Ghee 1.7804 41 40–90

Coconut oil 1.6508 57 40–90

Sesame oil 1.7674 44 25–60

Diesel 1.7763 43 25–110

Camphor 1.7982 40 20–60

From Table 2, it can be seen that the particle size calculated from the fractal dimension using equation (3)
falls within the range measured from FESEM analysis. This reveals the potential application of estimating the size
of CNPs from a photograph without recording the FESEM image, once the regression equation is set. In addition,
the fractal dimension gives information regarding the presence of carbon nanotubes, dots, and graphene in the
soot. Thus the fractal analysis of the soot can be used for the structural and morphological characterization of soot
samples. Though the exact structure cannot be identified, information on the presence of carbon nanotubes, dots,
and graphene can be obtained.

4. Conclusion

The present work is the first attempt to estimate the particle size from fractals and thus reveals the potential
of fractal analysis as a surrogate technique for FESEM analysis. The CNPs present in the soot of five different
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FIG. 5. The photographic image and lnN(r) vs ln(1/r) plot of the soot (a) ghee; (b) coconut
oil; (c) sesame oil; (d) diesel; (e) camphor
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sources such as ghee, coconut oil, sesame oil, diesel, and camphor are analyzed to set up the relation connecting
particle sizes and fractal dimension. A fourth order polynomial regression equation is set, relating the particle
size and fractal dimension with the FESEM images of the soot particles of known particle size. To assess the
possibility of estimating the particle size using the regression equation, photographs of soot particles sprinkled
over the white surface are recorded and the fractal dimensions are calculated. Results showed that it is possible
to estimate the size of the CNP using the regression equation. Thus, the technique is found to be a potentially
cost-effective and non-contact method for the estimation of the size of the nanoparticles from ordinary photographs
without recording the FESEM image. The fractal dimension is found to be high for soot that has undergone
nearly complete combustion, where carbon nanotubes, dots, and graphene are formed. In the case of incomplete
combustion, as in ghee, the particle size is high and the fractal dimension is low. Thus, the present method also
opens the possibility of exploring the presence of carbon nanotubes, dots and graphene in the sample. However,
the method has the limitation of finding the size of isolated particles when there is agglomeration. In such cases,
we will obtain the size of the agglomerate. The fractal analysis technique may also be extended to nanoparticles
of other materials.
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