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Method of application three-dimensional billiard systems
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In this article, the method of determining ray absorption ability by premises with insolation passive heating system by numerical experiments

was studied. A heated premise (HP), having a translucent enclosure (TE), walls covered with a special smooth enclosure, was chosen as the

object of study. The dynamics of the solar rays were studied as a billiard system and the reflection equations are given. Verification of result

reliability was performed.
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1. Introduction

Many systems of differential equations cannot be solved by numerous analytical calculations, if they can be
solved, then with assumptions, constraints and waste of time. If they are solved with the help of numerical methods,
then concrete new results are obtained. In this way, a physical process is studied that is difficult to study, with the
help of mathematical modeling. The same way, one can study the dynamics of light, laser beams [1], radio and
sound waves in a specific environment [2–4], and also thermal effects at heating systems [5, 6].

It is easy to study the processes which occur in the modeling of light-related phenomena (to the law of
geometric optics) as a billiard system (small particle movement) [4, 7–11]. In this case, the solar rays propagate
along straight lines and can be investigated in the system of two or three-dimensional coordinates, in the processes
which occur colliding with a barrier, its energy is conserved or not (i.e. its intensity decreases without changing
its velocity).

In this paper, a method of mathematical modeling is considered to determine ray absorption ability capacity
by premises with insolation passive heating system.

2. The numerical experimental part

In order to solve this problem, a three-dimensional billiard system was used, and the model of the HP with a
TE (window with widths bte and heights hte) was chosen as the object of the study (Fig. 1).

FIG. 1. Schematic diagram of the model of the HP

The following notations and conditions were introduced to simplify the modeling:
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• The reflection, absorption and transmission coefficients of solar radiation (SR) of the TE HP are equal ρte,
αte and τte, respectively;

• The walls of HP, the ceiling, the floor and the door are covered with smooth material, and solar rays falling
on them obey the laws of linear geometric optics;

• The reflection and absorption coefficients of SR of a smooth material are equal to ρhp and αhp, respectively;
• For direct solar radiation the reflection, absorption and transmission coefficients depend on the incidence

angle of the radiation.

The part of the absorbing energy of the flux of the SR (Qabs
hp ) inside the HP that comes through the surface of the

TE HP is determined by the following equation:

Qabs
hp = τte · αhp ·Qfall

te , (1)

where Qfall
te – part of the falling energy of the flux of the direct SR falling on the surface of the TE HP.

If calculated by the traditional method of multiplication, τte · αhp from expression (1) shows that what part of
the energy of the flux of the SR falling on the surface of the TE is absorbed inside the HP and is equal to:

τteαhp =
Qabs

hp

Qfall
te

. (2)

According to the law of geometrical optics, part of the falling energy of the flux of direct SR falling on the
surface of the TE HP is reflected from the surface by a factor equal to the multiplication of the ρte ·Qfall

te and a
part is equal to the multiplication αte · Qfall

te is absorbed inside the TE HP itself. Thus, the values of the part of
the falling incident energy flux of the direct SR (Qfall

hp ) to the HP, which coming through the surface of the TE
HP, is defined as following equation:

Qfall
hp = τte ·Qfall

te . (3)

During the motion of the solar rays in the HP, many times falling (collide) and reflecting on the surface of the
HP and also the reverse side surfaces of the TE HP. Each time solar rays falling on the wall of the HP, part of the
energy of the flux of the SR is absorbed equal to Qabs

hpi
= αhp ·Qfall

hpi
(where i is the number of falls and reflects)

and part of the energy of the flux of the SR is reflected equal to Qrefl
hpi

= ρhp · Qfall
hpi

, which is equal to the new

value of the part of the energy of the flux of the SR for the next falling on the surface, that is, Qfall
hpi+1

= Qrefl
hpi

.
Also, every time when solar rays collide with the reverse side surfaces of the TE HP, part of the energy of the flux
of the SR equal to Qrefl

hpi
= ρte ·Qfall

hpi
is reflected on the inside of the HP and it becomes a new value for the next

collision, that is, Qfall
hpi+1

= Qrefl
hpi

.
The trajectories of solar rays as the dynamics of particle motion in the billiard system are determined.
In this case, the boundary conditions for the initial point of particle motion can be written in the plane Y OZ

(that is, the initial point of the particle to the area of the billiard system a located in the surface of the TE):

y0(z) =

{
(b+ bte)/2,

(b− bte)/2,
if (h− hte)/2 ≤ z ≤ (h+ hte)/2;

z0(y) =

{
(h+ hte)/2,

(h− hte)/2,
if (b− bte)/2 ≤ y ≤ (b+ bte)/2.

(4)

The boundary conditions of the motion of a particle in HP is in the region of XY Z and is expressed as:

x(y, z) =

{
a,

0,
if 0 ≤ y ≤ b and 0 ≤ z ≤ h;

y(x, z) =

{
b,

0,
if 0 ≤ x ≤ a and 0 ≤ z ≤ h;

z(x, y) =

{
h,

0,
if 0 ≤ x ≤ a and 0 ≤ y ≤ b.

(5)

Let the particle begin its motion with a certain velocity ϑ0 from the surface of the TE HP, that is, from the
point (x0, y0, z0) ∈ XY Z. Then the projections of the velocity ϑx, ϑy, ϑz are defined as follows:

ϑx = ϑ0 · cosβ · sinφ; ϑy = ϑ0 · sinβ · sinφ; ϑz = ϑ0 · sinφ, (6)
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where β and φ are the angles that form between the velocity vector ϑ0 and the unit vectors ex(i) and ez(i). Then
the particle coordinates after the time t can be determined by the following mappings:

θ1 =

{
(b− yi)/ϑy, if ϑy ≥ 0;

yi/ϑy, if ϑy < 0;
θ2 =

{
(a− xi)/ϑx, if ϑx ≥ 0;

xi/ϑx, if ϑx < 0;

θ3 =

{
(h− zi)/ϑz, if ϑz ≥ 0;

zi/ϑz, if ϑz < 0;
t = min(θ1, θ2, θ3);

xi+1 = xi + ϑx · t; yi+1 = yi + ϑy · t; zi+1 = zi + ϑz · t.

(7)

If one constructs a graphical representation of the mappings (7), obtained Fig. 2 shows the trajectories of
particle motion on the planes XOY and Y OZ, and also at the space XY Z.

FIG. 2. Trajectory of particles in the chosen model HP: (a) at the plane XOY ; (b) at the plane
Y OZ; (c) at the space XY Z

Considering the optical properties of the collision of a particle with surfaces, we obtain the following result:

• when colliding with the wall surface of the HP:

Qabs
hpi+1

= Qabs
hpi

+ αhp ·Qfall
hpi

; Qrefl
hpi+1

= ρhp ·Qfall
hpi

; Qfall
hpi+1

= Qrefl
hpi+1

; (8)

• when colliding with the surface of the TE HP:

Qrefl
hpi+1

= ρte ·Qfall
hpi

; Qfall
hpi+1

= Qrefl
hpi+1

. (9)

Considering the above, we carry out the following concrete numerical experiment and for the approximation
of the actual process, propagation of diffuse SR is considered. In connection with the fact that multiple internal
reflection of radiation between the walls of the room is diffuse, in calculations it is used by the concept of
“equivalent incidence angle of diffuse SR” which, according to [12], is taken to be 60◦. Let the ratio of the size
of the side of the HP equal to a : b : h = 3 : 4 : 2.5, as well as the coefficient of absorption and reflection of the
smooth material is equal to ρhp = 0.55 and αhp = 0.45. Dimensions of the TE HP with the ratio bte : hhp = 2 : 2,
and its optical parameters are equal to ρte = 0.29, αte = 0.11 and τte = 0.6 [12]. During the numerical experiment,
the optical process of 104 times of collision and reflection of 5 · 103 particles is considered.

The results show that the ray absorption ability capacity by premises with insolation passive heating system is
equal to Qabs

hp /Q
fall
te = 0.608. This value is more than 2.22 times the classical value (τte ·αhp = 0.27), determined

from the expressions (1). The results obtained as a result of numerical experiments are consistent with the results
obtained using the analytical method [13].
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3. Conclusion

The results show that such experiments can be used to aid the design of solar devices, at the design and
alignment of solar ovens, as well as focusing systems by using parabolocylindric mirrors and designing a light-
receiving system of solar tower type.
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