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The article presents a developed gradient-pixel method of fractal analysis and results of multifractal characterization of nano- structured materials

with a high proportion of non-autonomous phases obtained from micrographs of their surface chips with high-resolution scanning microscopes.

Compared with the black and white binarization option, the gray gradation improves the quality of multifractal analysis of nanostructured

materials and expands its capabilities, in particular, the selection of multi-scale composite inclusions in the structure of the material and

nano-objects on transparent or opaque basis. Establishing the characteristics of these dependencies permits linking the indicators of structural

and phase nonuniformity in the development of new materials with changes in their physicochemical properties. In comparison with the fractal

dimension of the Sierpinski carpet as a classic regular monofractal computed on the outlined basis, quite accurately coinciding with the known

analytical value, the resulting spectrum of fractal dimensions of the synthesized chemical-catalytic and thermoelectric nanomaterials indicates

the multifractal nature of their structural and phase nonuniformity according to the Rényi generalized equation.
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1. Introduction

Studies of various processes for the synthesis of nanostructured materials with significantly different pro-
perties and composition from homogeneous model media show that fractal self-organization is a characteristic
feature of their formation [1–3]. This causes the invariant metric-statistical self-similarity of multi-scale composite
structures with a non-Euclidean (fractional) relationship between the rate of increase in the number of considered
elements and the increase in the scale of their consideration [4, 5]. This is de facto valid for all technologies
and methods for the synthesis of nanomaterials and is determined by the special role of the energy and entropy
characteristics of the surface and interfacial layers, the correlation scale of the matter and energy transfer phenomena
in different macro, micro and nanostructural blocks of the material, as well as the boundary tolerance factor of their
partitioning [6–10]. This is clearly seen in materials with a high content of nanostructured non-autonomous phases
of a substance. That is, the phases that are thermodynamically not existing in isolation from its macrovolumes
and forming on their surface or interfaces under the conditions of spatial and mass restrictions [11, 12]. The high
specific surface area of fractal aggregates of different nature explains the possibility of their active participation in
condensation processes, sorption processes, chemical reactions of heterogeneous catalysis and inhibition, and other
applied areas [13]. Establishing the characteristics of these dependencies allows us to link the indicators of structural
and phase nonuniformity in the development of new materials with changes in their physicochemical properties, as
well as predicting the effect of the size of the fractal object and the spatial scale of its consideration [14–20].

2. Methodology of fractal analysis

The calculation-experimental methods of fractal analysis, including the developed gradient-pixel method of
characterization of the structural-phase nonuniformity of nanomaterials, are based on the general idea of Mandelbrot
of the difference between the topological Euclidean dimension of such non-smooth objects and the geometric
dimension. Mathematically, this manifests itself in the form of the dependence M ∼ εD between the rate of
increase in the number of structural elements Munder consideration and the increase in the spatial scale interval
ε of their consideration with a fractional index of fractal dimension D. The similar pattern also takes place when
considering the occurrence of fractal processes of deterministic chaos in time [21]. Here, the time series of the
measured signal U(τ) is displayed in the phase space of the embedding U ′ = f(U) in the form of an attracting set
of unstable infinitely jagged phase trajectories, the so-called strange fractal dimension attractor, characterizing the
effective number of degrees of freedom, forming a stochastic signal in a dynamic system. For real fractal objects,
the self-similarity manifests itself in a certain scaling interval of natural scales of the considered elements size
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Rmin ≤ ε ≤ Rmax, where Rmin is associated with the finite size of these elements, and Rmax – with the tendency
of D to its final limit.

The practical assessment of the fractality of real objects (mass fractals, fractal cluster-aggregates, branched
structures, fractal surfaces, fractal curves and fractal time series) is made by mathematical processing of experi-
mental data to measure the abovementioned ε, M scale-structural parameters. The recognized methods of their
“in situ” measurements for various powdered, porous, and composite polycrystalline materials, including nanos-
tructured ones, are invasive mercury porosimetry, gas and liquid pycnometry, low-temperature nitrogen adsorption,
calorimetry, inverse gas chromatography, small-angle neutron scattering, X-ray diffraction, transmission and scan-
ning electron microscopy and some others [15, 22–24]. Some of these methods are used to characterize not only
material structure defects (pores, cracks, liquid, gas and solid inclusions), but also for dispersed systems of a
different nature (emulsions, aerosols, etc.). In some cases, the identification of the dynamic characteristics of the
processes taking place in time can be carried out simultaneously, for example, a topochemical measurement of
the reaction rate [25–29]. It should be noted that the use of the outlined invasive methods is quite laborious,
requiring high-precision measuring instruments along with special equipment, and is associated with a number of
assumptions about the nature of the contact interaction of the substance being embedded with the material under
study. In addition, many of the methods of “in situ” measurements of the fractal dimension were developed for a
specific task. The use of radiation scattering methods (X-ray, neutron, light) by the fractal structure is sufficiently
correct only in case when all the aggregates are characterized by the same size of primary particles and the same
nature of their fractal growth.

One of the very common methods of express experimental study of the fractal nature of real nanoclusters
in three-dimensional and two-dimensional space is the analysis of their electron microscopic images based on
transmission and scanning electron microscopy. Despite the possibility of some subjective errors of the subsequent
interpretation of images and a certain deformation of objects in preparation for the experiment, electron microscopy
allows the required variation of the image scale and its spatial resolution. However, identical generally accepted
algorithms for processing these images have not yet been developed, nor the general algorithms for processing
the experimental data on the dynamics of fractal processes in real time. In all cases, the fractal indicator D for
the measured M , ε parameters for spatial structures and for time processes of regular monofractal sets can be
obtained geometrically in practice. In the first case, it can be done by the slope ratio of the line, approximating
the graph of the above dependence lnM ∼ D ln ε in logarithmic coordinates as the limit D = lim

ε→0
[lnM/ ln ε]. In

the second case, the same can be achieved as the slope of the limit D = lim
ε→0,K→∞

[lnC(K, ε)/ ln ε] dependence

for the correlation integral (correlation sum) C(K, ε) = K−2
K∑
i,j

θ [r − ρ(xixj)], which characterizes the averaged

probability of proximity of fractal processes phase trajectories. Here, ε is the characteristic scale of consideration
of the phase trajectory attractor elements, θ is the Heaviside function, [r − ρ(xixj)] is the distance function in
the n-dimensional phase space, K is number points of the considered attractor in the correlation. The classical
mathematical examples of the fractal analysis of ordered geometric models serve as illustrations of this approach:
the infinitely jagged Koch curve (or snowflake) having no derivative in any point, the Cantor set or Cantor dust, the
Sierpinski carpet, the Menger sponge, the Minkowski sausage. Their fractals are determined analytically and are
respectively D = ln 4/ ln 3 = 1.2618...; D = ln 2/ ln 3 = 0.6309...; D = ln 8/ ln 3 = 1.8928...; D = ln 20/ ln 3 =
2.7268...; D = lim

ε→0

[
ln(3/2

√
ε)/ ln ε

]
= 1/2. A rare exception to the definition of fractals as objects with non-

integer dimensions is the three-dimensional analogue model of the Sierpinski triangle with D = ln 4/ ln 2 = 2, the
Peano and Hilbert plane curves with D = 2, the Fournier Universe with D = 1, and some others [30–32]. The
difference between these examples reflects the fact of non-compactness (“friability”) of the fractal in the first case
and the dense filling of the space it occupies in the second.

However, it should be noted that for an adequate description of the real unordered (nonuniform) na- tural
fractals and many irregular model structures, using only one single value of the fractal dimension D is not enough.
Along with the metric characteristics, it is necessary to determine their statistical properties, reflected by the
full spectrum of fractal dimensions using the multifractal formalism [32]. The Rényi generalized dimensional
equation [33] is its basis:

DRq = lim
ε→0

lim
τ→0

lim
m→∞

[
1

q − 1

lnZ(q, ε)

ln(ε)

]
.
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Here, IRq (p, q) = [lnZ(q, ε)] /(q − 1) is the Rényi generalized entropy of order q; Z(q, ε) =

N(ε)∑
i=1

pqi (ε) is the

generalized statistical sum; N(ε) is the minimum number of the “measuring” cubes with edge ε required to cover
the attractor in n – dimensional phase space of embedding; pi(ε) is the probability of visiting the i-th cube by the
phase trajectory in this phase space of embedding; m is the number of points used to estimate the dimension (or
the number of measurements at time intervals τ ). The well-known expressions for the Kolmogorov–Sinai entropy
and the Kolmogorov–Hausdorff fractal dimension (q = 0), the Shannon–Gibbs entropy and the corresponding
information dimension (q = 1), the correlation entropy and the correlation dimension (q = 2) are special cases of
this equation with various values of q. Since the Rényi dimension is a steadily decreasing function of q, in order
to display the attractor for larger q, a smaller dimension of the embedding space is required. An approximate
analog of the Hausdorff dimension is the Minkowski dimension D = lim

ε→0
[lnM(ε)/ ln ε], which coincides with the

Hausdorff dimension for the main classical fractals and many applied problems, but has a more efficient calculation
algorithm.

For mathematical processing of the dynamic characteristics of the proceeding fractal processes with a limited
sequence of the measured signal time series, the Takens theorem is used. According to it, the restoration of the
missing coordinates of the attractor trajectories is carried out by using the data from the same series, taken with
some delay [34].

3. Software implementation of the methodology

The main part of the research published on this base refers to the well-known software packages of fractal time
series processing: the FracLab module of the MatLab package, the CDA program (by J. C. Sprott, G. Rowlands),
the RQA program (by C. J. Webber, J. P. Zbilut), the TISEAN package (by R. Hegger, H. Kantz, T. Schreiber),
the Fractan 4.4 package (by V. Sychev), the CorDimension application (Copyright R© AIRES), etc. They were
briefly reviewed in paper [35]. Less work is devoted to the software implementation of multifractal processing of
disordered structures of materials (the MFDrom program by G.V. Vstovsky, the multifractal image analysis program
by K. A. Kichigina, A. I. Degtyarev, D. M. Karavaev, etc. [15, 36]. Since fractal dimension is an invariant property
with scale transformation, along with the standard method of physical change of the general scale of consideration
of the object being analyzed, the method of digital zooming of its non-detailed elements (the size of “pixels”)
forming a grid of the complete bitmap image can be used. At the same time, each pixel can be characterized
only by one specific color or brightness, and also transparency. The latter possibility has not yet been taken into
account. In the above-mentioned papers, either the change in the overall scale of the analyzed object was used,
or a variant of black and white binarization of its pixel photographic images. To remove the limitations of this
approach in the presence of different-scale composite inclusions in the structure of the material, the grid method
of digital gradient pixelation of its micrographs by resizable cells is used as a method for changing the scale of
consideration of details of the nanostructured nonuniformity in the algorithm developed below. As a method for
identifying nonuniformities in these cells, including those on transparent or non-transparent basis, the gray level
gradation of color and transparency of cell images is used.

The gray gradation, in contrast to the black-and-white one used in the above-mentioned works, improves
the quality of the multifractal analysis of nanostructured materials and expands its capabilities, in particular, the
selection of multi-scale composite inclusions and nano-objects on transparent or non-transparent basis. For each
pixel partitioning, as a measure of the fractal spectrum of structural nonuniformity, the probability pi(ε) = ni/N(ε)
of the gray color distribution in the cells on the set digital scale of its gradation is used (for example, from 0 to 1),
for the binary black and white gradation the probability of distribution is 0 or 1. Here, ni is the fixed degree of
color gradation in cell i;N(ε) is the total number of cells by size ε. Then, depending on the set size of εk cells,

the generalized correlation function is estimated (generalized statistical sum) Z(q, ε) =

N(ε)∑
i=1

pqi (ε) for all cells,

characterized by the exponent q, which can take a value in the interval −∞ < q < +∞. Then, the spectrum of the
generalized Rényi fractal dimensions, which characterize the given distribution, is determined using the relation
Dq = τ (q) / (q − 1) [32]. Here, the function τ (q) = (q − 1)Dq = lim

ε→0
[lnZ(q, ε)/ ln(ε)] is defined as the slope

ratio of the approximate dependence Z(q, ε) ≈ ετ(q) by the least squares method from the size ε of cells of the
pixel division. The function of the multifractal spectrum is determined f(α) = qα − τ(q), where α = dτ/dq =

− lim
ε→0

N(ε)∑
i=1

pqi ln pi

 /

N(ε)∑
i=1

pqi ln ε

 is the derivative of the function τ (q), note that α = dτ/dq|q→+∞ =
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D+∞ = αmin and α = dτ/dq|q→−∞ = D−∞ = αmax [32]. Furthermore, the multifractal characteristics are found:

with q = 0 the Hausdorff dimension is D0 = − lim
ε→0

[lnN(ε)/ ln ε], where

N(ε)∑
i=1

pq=0
i (ε)

 ≈ N(ε); with q = 1

the information dimension is D1 = lim
ε→0

N(ε)∑
i=1

pi ln pi

 / (ln ε), where

−N(ε)∑
i=1

pi ln pi

 = S(ε) is the Shannon

entropy; with q = 2 the correlation dimension is D2 = lim
ε→0

N(ε)∑
i=1

p2i

 / (ln ε), where

N(ε)∑
i=1

p2i

 ≈ C(K, ε) is

the correlation integral (correlation sum).
The procedure of gradient gray pixelation with dividing the area of the processed image into a square grid

with cells of a certain size (εk × εk) can be included in the overall program using the size doubling algorithm
εk = 2n+1(n = 1,2,3,4,5. . . ). This procedure can also be performed using the standard options of the Adobe
Photoshop graphics editor [37], the standard PHP function of the ImageMagick command line utility in the
Windows environment [38] and other graphics processing tools with the addition of the “alpha channel” program
component in them to define the pixel image transparency.

Obvious criteria for the quality of digital “pixelation” are the ratio of the physical area of the processed image
to the number of cells used by pixel partitioning, related to the size of the pixel itself, as well as the number of
information units used to describe each pixel of the image.

4. Results and discussion

As an example, Fig. 1 shows the micrographs of samples of new model compounds with a high proportion of
nanostructured non-autonomous phases for original functional materials for catalytic and thermoelectric purposes
that were kindly provided by E. A. Tugova. The samples were synthesized at the Ioffe Institute of the Russian
Academy of Sciences on the basis of layered oxides of different composition and structure using different tech-
nological methods. The micrographs were obtained using high resolution scanning (raster) electron microscopes
JSM-5610 LV and CamScan MV2300 Quanta FEI 200 with direct magnification from 5000 to 300000 times and
passport resolution of 2.5 nm for lines, 3.5 nm for points.

FIG. 1. Micrographs of the samples of Ca3Co4O9 nanocrystalline compounds synthesized by the
co-precipitation method with subsequent heat treatment (a) and the gas-flame combustion method
of the glycine-nitrate gel precursor (b)

The sample of material according to Fig. 1(a) is characterized by multi-scale composite inclusions in its
structure with an average crystallite size of 45±5 nm according to X-ray diffraction data. The material was obtained
by the method of co-precipitation of cobalt hydroxide Co(II) into CaCO3 suspension with NaOH solution followed
by the heat treatment. According to this method, synthesis reactions proceed in a diffusion mode, which is also
characteristic of other traditional methods for producing nanodispersed materials based on solid-phase and sol-gel
synthesis, hydrothermal and high-temperature processing. The use of the kinetic regime of gas-flame combustion of
the glycine-nitrate gel precursor helps solving the problem of sintering the obtained Ca3Co4O9 nanopowders with
the size of coherent scattering regions of 40±4 nm and approximates the properties of thermoelectric nanoceramics
on their basis to the properties of single-crystal samples (Fig. 1(b)).
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Examples of the results of partitioning the original electronic images Fig. 1 with square cells with pixel sizes
of 4p, 8p, 16p and 32p, graded in 10 shades of gray, and their comparison with black and white binarization are
shown in Fig. 2.

FIG. 2. Comparison of grid partitioning of the source micrographs of synthesized nanocomposite
materials samples by cells with pixel sizes 4p, 8p, 16p and 32p: (a) for the image of the
micrograph Fig. 1(a) in gradation of 10 shades of gray (cells 4p 8p, 16p and 32p - top row) and
in the black and white binarization variant (cells 4p 8p, 16p and 32p – bottom row); (b) – same
for the image of the micrograph of Fig. 1(b)

As can be seen, the variant of black and white binarization is associated with a significant loss of the
information richness of the analyzed structures as compared to their gray gradation in the gradient pixelation
method. The quality of the latter, if necessary, can be improved, for example, up to 256 shades (gradations) of
gray color due to the transition to the gray scale widely used in a usual computer representation using 8 bits
of information for each pixel of the image. More is possible when using the multibyte full color schemes of
16/24/30/36/48 bits and the transition to the full-color image. In this case, it becomes possible to add the program
“alpha channel”, which sets the transparency of the image for each pixel [33, 34].

For comparison, Fig. 3 shows an example of the gradient pixelation of the classical model image of the Sier-
pinski carpet as a planar analogue of the regular monofractal Cantor set constructed in the MATLAB-SIMULINK
simulation environment [39]. For its construction the method of random iterations was used with the number
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of repeated partitionings of 23 with exclusion of the middle thirds by removing the central squares from all the
fragments formed by successive division of the sides of the carpet and all its remaining fractions into 3 equal parts.

FIG. 3. The Sierpinski carpet (a), constructed by random iteration with exclusion of middle
thirds, and its grid partitionings by gradient cells with pixel sizes of 4p (b), 8p (c), 16p (g) and
32p (d)

The results of the fractal analysis of the aforementioned model nanostructures based on the developed approach
are shown in Fig. 4 in the form of the Dq(q) dependence. Thus, Fig. 4(a) shows the fractal dimension of the
Sierpinski square carpet model, obtained from its black and white binarized and gradient pixelized images in Fig. 3
and Fig. 4(b) shows the dependence Dq(q) obtained from micrographs of the surface chip of a nanocomposite
material samples synthesized by different methods on the basis of layered calcium cobaltite Ca3Co4O9 (see
Fig. 1). Fig. 4(c) shows the dependence of the function multifractal spectrum f(α) = qα− τ(q) on the synthesized
nanocomposite material from factor q and synthesis method. For calculations, we used a square fragment, maximum
in area, with initial resolution from (1024× 768) to (1920× 1080) pixels with different cell sizes of their “digital”
pixelation, graded by 10 shades of gray, examples of which were shown in Fig. 2.

FIG. 4. Comparison of the calculated fractal dimension from the factor q for the Sierpinski carpet
model (a) and for the nanocomposite material (b) synthesized by the co-precipitation method with
subsequent heat treatment (1) and the gas-flame combustion method of the glycine-nitrate gel
precursor (2) with their function of the multifractal spectrum (c)

As can be seen, the resulting fractal dimension of the Sierpinski carpet as a regular monofractal does not depend
on q and with sufficient accuracy coincides with the known analytical value D = ln 8/ ln 3 = 1.8928.... At the
same time, the obtained spectrum of the generalized fractal dimensions of the synthesized nanocomposite material
depends non-linearly on q, indicating the multifractal nature of its structural-phase nonuniformity depending on the
synthesis method.

5. Conclusion

Fractal self-organization is a characteristic feature of the nanostructured materials formation with significantly
different properties and composition from homogeneous model media for virtually all technologies and methods
of synthesis. This is manifested in the invariant metric-statistical self-similarity of multi-scale nanocomposite
structures with non-Euclidean (fractional) dependence between the rate of increase in the number of elements
under consideration and the increase in the scale of their consideration. The value of the fractal dimension of
such structures is potentially related to the resulting material properties. This is especially evident when there
is a high content of nanostructured non-autonomous phases in the material, that is, the phases that do not exist
thermodynamically in isolation from the macrovolumes of the substance and are formed on their surface or
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interfaces under conditions of spatial and mass restrictions. Energy-entropy characteristics and the correlation scale
of transfer phenomena in different-sized macro, micro and nanostructural blocks of the material, as well as the
boundary tolerance factor can be the key in establishing the relationship between the indicators of structural-phase
nonuniformity and the influence of the object’s fractal dimensionality on them during the development of new
materials with variable physicochemical properties.

Along with in situ measurements of fractal dimensions by invasive methods (mercury porosimetry, gas and
liquid pycnometry, low-temperature nitrogen adsorption, calorimetry, inversion gas chromatography) and methods of
radiation scattering (X-ray, neutron, light), the analysis of electron microscopic images of nanostructured materials
based on the transmission and scanning electron microscopy is very common. Since the fractal dimension is an
invariant property in the scale transformation, along with the standard technique of the “physical” changing the
overall scale of consideration of the object being analyzed, the method of the “digital” zooming of its non-detailed
elements (pixel size) forming a comprehensive raster image can be used. The paper proposes the gray-gradient
(if necessary expanded to full-color) pixel method of fractal characterization of nanostructured materials from
micrographs of their surface chips using high-resolution scanning (raster) electron microscopes without changing
the scale of the processed micrograph itself. Compared with the black and white binarization option, the gray
gradation improves the quality of multifractal analysis of nanostructured materials and expands its capabilities, in
particular, the selection of multi-scale composite inclusions in the structure of the material and nano-objects on
transparent or opaque basis. Obvious quality criteria for such digital “pixelation” are the ratio of the physical area
of the image being processed to the number of cells used by pixel partitioning, related to the dimensions of the
pixel itself, as well as the number of information units used to describe each pixel of the image.

The obtained results of using this method for characterizing the synthesized samples of new nanostructured
materials of chemical-catalytic and thermoelectric purposes with a high proportion of non-autonomous phases in
comparison with the classic example of Sierpinsky monofractal model of the carpet indicate the multifractal nature
of their structural-phase nonuniformity with a whole range of fractal dimensions according to the generalized Rényi
equation.
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