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Feaftures of the double photoionization spectra of two-electron impurity centers
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The zero-range potential method has been generalized to the case of two-electron impurity centers with an effective nuclear charge equal to zero in
a spherically symmetric quantum dot (QD), and on the basis of this method the first ionization potential has been calculated by variational method.
It is shown that as the radius of QD decreases, the threshold value of the second ionization potential also decreases, beginning with which the
existence of the two-electron bound state is possible due to an increase in the size-quantization energy accompanied by suppression of mutual
electron repulsion. The light impurity absorption coefficient has been calculated using the dipole approximation for double ionization of the two-
electron impurity center by a single photon in a quasi-zero-dimensional structure, which is the transparent dielectric matrix with semiconductor
QDs synthesized in it. It is shown that characteristic feature of the double photoionization spectrum is a two-humped profile of the spectral curve
due to electron correlations.
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1. Introduction

A large number of impurities in semiconductors in the bound state can possess not only one, but also two electrons,
i.e. these impurities are the helium-like impurity centers [1-14]. Difficulties in the theoretical study of the two-electron
impurity states are due to the complex character of the interaction between electrons from the outer shell of the impurity
center with valence electrons of the nearest lattice atoms [1]. As a result, it turns out to be impossible to predict not
only the position of the multiply charged centers levels, but also their possible charge states. In [1], a variational
method has been used to calculate the ground state of the two-electron impurity center. Simulation of the two-electron
impurity was based on generalization to the case of two electrons for the Lukovsky model [2]. As is known within
the framework of this model, it is assumed that there is a short-range potential of zero radius which determines the
ionization energy of a singly ionized impurity, i.e. the second ionization potential, Es. The authors [1] succeeded in
calculating of the first ionization potential F; as a function of the nucleus charge Z for the impurity center, with the
second ionization potential being taken as the empirical parameter. The process of double photoionization for two-
electron impurity centers by a single photon is of special interest. This reaction is one of the fundamental reactions
involving several particles. The present paper is devoted to calculation of the first ionization potential for the two-
electron impurity center in QD by the variational method, as well as the theoretical study of features of the double
photoionization spectra of two-electron impurity centers in a quasi-zero-dimensional structure.

2. Relationship between the first and second ionization potentials of the two-electron impurity center in
quantum dot. Comparison with the bulk semiconductor case

We use the semi-empirical model of two-electron impurity centers developed in [1]. The short-range potential in
this model is approximated by a potential well of depth 1}, radius of d which is much smaller than the radius of the
localized state. As an empirical parameter, we take the energy of a doubly ionized impurity, i.e. the second ionization
potential E5.

Thus, the task is to calculate the first ionization potential ;. The value E; can be found by the variational
method with wave functions taken in the form of the product of one-electron wave functions ¥ (p;) with a variational
parameter 1, which is associated with the variable energy of the one-electron state.

As units of length and energy, we choose, respectively aq = eh?/ (m*e2) — the effective Bohr radius and Eg =
n?/ (2m*a§) — the effective Bohr energy. In this case, we take into account that the power of the short-range potential
Vod? at d — 0 remains finite. The two-electron wave function satisfies the Schrodinger equation:

H(Pl»PZ) \I/(pl»PQ):E\IJ(P17P2)» (l)
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where

H (p1,p2) = H(p1) + H(p2) + 1/ (m*aj|p1 — p2) ,

H (pi) = —h*Ai/ (2m*ag) — B*V (pi) / (2m*a3) ,

pa=d/aq, V(pi)=

V*a ig ) *
{0 P pd7 Vo =VW/Eq, pi=ri/aaq,

07 Pi > Pd,

r; — electron coordinates at 1 = 1,2, m* — effective electron mass.

Usually, the simplest form of a two-electron wave function ¥ (p1, p2) leading to a satisfactory approximation in
problems of helium-like centers is the product of one-electron wave functions:

W (p1,p2) =V (p1) ¥ (p2). 2

Using the results of [5], where in the framework of the spherically symmetric potential well model (the “hard
wall” model), an expression is obtained for the wave function of an electron localized at a short-range potential in a
quantum dot, and for the one-electron wave function ¥ (p;) we have:

sinh (RSnfl - Pcmfl) sin (xo0p:) i < pa
E sinh (Rgn~') sin (xopa)’ o (3)
. | sinh (R* Y _1)
pi on~ = pin N
sinh (Rgn=1) ’ pi = pd;

W (pi) =

here, xo = Vi — 02, V5 = Vo/Ea, 1 =/ E4/ |Ea|, R§ = Ro/aq, Ro — the QD radius,

B= 2!
|\ tanh (Rgn=1) — Rgn~'esc (Rgn—t)’
Taking into account (3), the test two-electron wave function is written in the next form:

sinh? (Rgn’l - pdel) sin (xop1) sin (xop2)
372 sinh? (Rgm™h) sin” (x0pa)
pipa | sinh (Rin= — pip~") sinh (Rgn~" — pan™!)
sinh? (R&n—1)

y P < pa;

U (p1,p2) = @

, Pi 2 Pd-

The energy of a two-electron impurity center € (Rg;, 1) is determined by the minimum of the average value of the
Hamiltonian:

e(Rg.m) <‘I’(P1,p2) |H(P1,p2)|‘I’(P1,P2)> s
b (1 (. p)*) |

Expression (5), taking into account (4), can be represented in the form:
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e (Rg,n)

Eq

206p—272 sinh* (R(*m_l — pdr]_l)
sinh? (R&n=1) (tanh (Rin—1) — Rin—" csc (Rén—l))2 sin* (xopa)

-2 2 (4xopa — 2sin (2 —28i(2 i(4 ?
[n (s Gxapa) — 2ropa)” — (0P 20 2x0pa) = 251 (Brop) + 81 (hxopa)” |,

16x3 4xo

2
27 (207 (RS — pa) — sinh (207" (R5 — p2)) ) —
;{4’71 (R5 — pa) — 4~ pgIn (Z?) — sinh (4R§n*1) [Chi (43377*1) — Chi (4pcm’1) ] _

sinh (4n~" (R§ — pa)) — 2sinh (4" (R§ — pa)) In <]§O> + Q[Chi (4n~'Rg) — Chi (49~ ' pa) ] X
d

[sinh (2n7'R) + cosh (207 ' R) (Qn_lpd + sinh (20" (Rf — pa)) )} -
cosh (217*1R§) {Shi (27771RS) — Shi (anlpd) } + cosh (27flpd) X
[Shi (277_1R8) — Shi (Qn_lpd) } — cosh (277_1 (2R§ — pa)) {Shi (Qn_lRS) — Shi (20~ pa) } —

4577 pa sinh (2071 Ry) [ Shi (207" R5) — Shi (207 pa) |+

cosh (4n~ 'R x {Shi (4n~'Rg) — Shi (40 ' pa) } }}» (6)

where Chi («) and Shi (x) — integral hyperbolic cosine and sine, respectively.

To perform transition to the limit, it is necessary to study the behavior of the short-range potential power v = p2x2
at d — 0. For this purpose, we use the continuity of the derivative of the one-electron wave function (3) at p; = pq.
Elementary calculations lead to the following:

cos (paxo) = 0. (7N
In the limit d — 0, we have:
- 2
"Y:(P?ng)dﬁoz[E(Qn‘Fl)} , n=0,1,2.... ®)

Thus, the value ~y can take only discrete values defined by the expression (8).
Condition (8) allows one to obtain the limiting values of some trigonometric and integral functions that are nec-
essary for the transition to the limit:

sin (xopq) =0, sin(2xopa) =0, Si(2xopa) =0,

Si(4x0pa) =0, Chi(4pan') =1, Shi(2n 'p4) = 0. 9)
Having made the transition to the limit (d — 0) in (6), taking into account (9), for ¢ (R§, n) /E4 we obtain:
e(Rgn) _
Ey

-2
— 2% 2n%sinh™* (Rim™) (tanh (Rim™") — R~ ese (Rin™) ) X

{2_1 (277_1R3 — sinh (277_1R3))2 +n|—4n'R; — 8 cosh® (n_lRS) sinh (n_lRé) Chi (27]_1RS) +

20 'Ri 4+ 21n (2exp (1 + C) n~ ' R) sinh (2n™ ' Ry) + (Chi (40 'Rg) — In2) sinh (4n~ ' Ry) —

}, (10)

Shi (2n~'R§) (1 —2cosh (2p7 ' Rg) — cosh (49" Ry)) + cosh (4n~ ' Rg) Shi (40~ ' Ry)

here, C = 0.577 — the Euler constant.
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Minimization with respect to the parameter 7 leads to a transcendental equation for finding the extreme value 7:

Oe (Rg,m)
n

The explicit expression for (11) has the following:

=0. an

972752
X
sinh? (Rg—1) (tanh (RE7~—1) — R~ Lesc (R(*jffl))3

[R;;ﬁ*2 esc (207" Ry) — Ry~ ? cot (271 Ry) esc (277 ' Ry) — Ry~ * sech (277 ' Ry) } +

27273 — 28727~ coth (R§7 1)
sinh* (R5i7—) (tanh (Rgi=") — R~ cse (R )

—AR%i~ — 8 cosh® (277 Ry) Ci (277 Ry) sinh (7' Ry) +

1 e . a2 1o
{16(2R0n I _ sinh (277 1RO)) —i—gn

2In (77" Rge' ™) sinh (277 Rg) + (Ci (477 'R§) — In2) sinh (477" RE) — Si (277 ' R§) x

I

(1= 2cosh (27" Rg) — cosh (47" Ry) ) = Si (47" Rg) + cosh (477 R5) Si (47 Ry)

b

4R* 2 + 87 2Ry cosh® (' Ry) Ci (277 'Rg) + 4 2R cosh” (477 'R +

267T2n—2

X
sinh® (R57=1) (tanh (R57—1) — R~ esc (Rii—1))?

< (2R5772 = 277 cosh (277" Ry) ) (2R577" = sinh (27 Rg) )+

8
21In (7' Rje' ) sinh (277" RS) + (Ci (477 'RS) — In2) sinh (45 ' R) — Si (277" R) x

(1 — 2cosh (2777 ' Rg) — cosh (47 ' R}) ) — Si (477" Ry) + cosh (477" Ry) Si (477 'Ry | |+

4R* 1 SCOSh3 (277—1R8> i (277—1]{8) sinh (ﬁ_lRS) X

8
(Ci (277" Ry) — n2) — 47 2Ry In (77 Rye' ™) cosh (2077 Rg) + 877" cosh® (771 Ry)
cosh (27~ RO) sinh (7 1R0) + 2477 R} cosh? (7 1RO) Ci (27~ 1R0) sinh® (7 1R0)
27~ ! sinh (277 1R0) — 77! sinh (277 1R0) (1 — 2cosh (27] 1R0) — cosh (477 1R0))
7" sinh (457" Ry) — 277" cosh (477 ' R§) sinh (477 ' R) — 477" R§ Si (27 ' Ry) x

(‘sinh (47 R5) + sinh (457" Rg) ) — 47" R sinh (457 Rg) Si (47" R;)

} =0. (12)

Taking into account that the minimum value of the functional € (R(;,7) /E,4 achieved with the extreme value of
the parameter = 7 is the sum:
e(Byn) _ B B 03
Eq Eq Eg
one can find the first ionization potential F; as a function of the second ionization potential F5 taken from the experi-

ment:
Ey e(R5,m) B

Nt S (L P 14
Eq Eq Eq (1

Figure 1 shows relationship between the first and second ionization potentials of the two-electron impurity center
with the nucleus zero charge (Z = 0) in a semiconductor QD in the Bohr energy units, obtained by numerical

calculations (curves 1, 2, 3), and also in the bulk semiconductor case (curves 4, 5, 6) [1].
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F1G. 1. Connection between the first and second ionization potentials of the two-electron impurity
center with the nucleus zero charge (Z = 0) (curves 1, 2, 3) in a semiconductor QD and for the bulk
semiconductor case [1] (curves 4, 5, 6), for different values of R;:

I: Ry = 0.5; 2: Ry = 1; 3: Ry = 3 and for different values of the nucleus charges Z for the
two-electron impurity center: 4: Z = 1;5: Z =2;6: Z =3

It can be seen that as the QD radius Rj increases, the threshold energy E2/E,4, beginning with which the existence
of the two-electron bound state is possible, also increases. This is due to the fact that energy of the electrons’ mutual
repulsion is not compensated for by the corresponding Coulomb attraction to the nucleus, since Z = 0. Indeed, the
action of the short-range potential is sharply attenuated due to an increase in the electrons’ localization effective radius
because of their repulsion. With decreasing Rg, the size quantization energy increases, which is accompanied by a
suppression of the electrons’ mutual repulsion and accordingly by decrease in the threshold value of E5/E,. Thus, in
QD with R < 1, the condition for emergence of the two-electron bound state is much more favorable in comparison
with the bulk semiconductor case (compare curves 3 and 4 in Fig. 1).

3. Coefficient of the light absorption under photoionization of the two-electron impurity centers in a
quasi-zero-dimensional structure

Atoms of helium and helium-like ions in the ground state are the simplest systems in which double photoionization
by a single photon can be observed. The double photoionization process under consideration is an optical transition
of two electrons from bound states to the dimensionally — quantized QD states due to absorption of a photon by an
impurity atom. The fundamental role of this process consists in the possibility of the theoretical study of an electron’s
correlations in the double photoionization spectra. Study of such reaction in semiconductive nanostructures is of
particular interest in connection with the new physical situation due to dimensional quantization. In this section, the
photoionization process of the two-electron impurity center, located in the semiconductive QD ground state, has been
considered [5].

In this section, we consider the process of photoionization of a two-electron impurity center in the ground state in
a semiconductor QD [5]:

222 sinh (Rgn~" — p1n~1) sinh (R§n~" — pan™!)

; (15)
(tanh (Rn=1) — Rin—! csc (R(’gn_l))2 P12 sinh? (Rgm™1)

U (p1,p2) =

The wave function of the final state will be determined by the product of the wave functions of electrons in a
spherical QD:

(b (Ph PQ) - \Iln,l,m (Ph (blv 91) \Ij’n,l,m (PQ; ¢27 92) 9 (16)
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where

V2 Jigrye (kpi)
Rov/pi 14372 (§nt)
here i = 1,2; Y} ,,, — normalized ball functions; [, m — orbital and magnetic quantum numbers; J,, (z) — the first-kind

Bessel function of the v-th order; k,,; = &1/ Ro; &u — n-th root of the Bessel function with {-th order.
The energy of one-electron states, unperturbed by impurities in a spherical QD, will have the form:

Vo 1m (Pis ¢35 6i) = Yim (¢4, 6:), 17

2¢2
hnl

E,; = .
nyt 2m*R3

(18)

The effective interaction Hamiltonian with the light wave field with a unit polarization vector e, and a wave
vector q is determined by the expression

2rhZat

1/2
Io> exp (iqr) (exVy), 19)
ewm*

H;,: = —i\oh (
where A — the local field coefficient taking into account the difference between the amplitudes of the local and average
macroscopic fields; I — the light intensity; w — the absorbed light frequency; e — the static dielectric permeability of
the QD material; o* — the fine structure constant taking into account dielectric permeability.

The matrix element that determines the magnitude of the oscillator strength for the dipole optical transitions of
electrons from the ground state of the two-electron impurity center (15) to the states ¥, ; ., (p, ¢, 0) of the discrete
spectrum of quantum dots, is written as follows:

2 *
— iy 2

IO (ETLJ,’"L - El) <\P:L7Z7TVL (p17 017 ¢1) w* (pQ) |e)\a I‘1| v (p17 p2) >+

(En,l,m - EQ) <\I/:L,l,m (pla Hla (bl) w* (p2) |e/\a I'2| v (pl, P2) >] . (20)

Taking into account (15) — (18), the expression (20) for the square of the matrix element can be written as:

|MJ* =
o 2ma® E? 2 23y73
Ao S (Rin1) 2 ; . . 3%
w sinh (Rgn 3332 |Jl+3/2 §nl)| (tanh (Rgn=") — Rgn~t esc (Rgn~1))
. |E1| | |Ex -2
<2572Ll (R3) ™2+ Eitli + Ez k AR
‘ [\/knl + i1 (knl — i277_1) cosh (Rgn_l) S (\/ R} (kny —in~ ) +
ivknt — in~ (kn 4 207 ") cosh (Rin~") Si (\/iR kpy +in~1 > +
Vi + i~ (ky — i29~ ") sinh (Rin ™) Ci <\/72TR0 il — ) +
Vknt — ™" (k49207 ") sinh (Rgn~") Ci <\/ Ry (kpy 4 in~ )) x
2 — - — — * * — * s *
pe (n 24 kiz) ! {77 ! [ (n e kil) R{ cos (knRg) — (n 2 4 2%k + kZl) R sin (kn RY) ] +

2

(072 (ki — 1) 4+ k2; (kni + 1)) sinh (Rgn —1)} . (2D

here Ci(z) and Si(x) — integral cosine and sine, respectively.
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We assume that the size dispersion of QDs u arises during the phase decay of a supersaturated solid solution and
is satisfactorily described by the Lifshitz—Slezov formula:

3teuexp -1/ (1 — 2u/3)] w <32

P(u) =4 25/3 (u+3)3(3/2 —u)''/*’ (22)
0, u > 3/2,

where u = Ry /Ry, Ry and Ry — the QD radius and its mean value, correspondingly; e — base of the natural logarithm.
The light impurity absorption coefficient K (w), taking into account dispersion of the QD size, is determined by

the expression:
3/2
21 N
K (@)= 2205 [ duP @) M5 (Buos + Bi] + |2l - ), @)
hly
"o

where Ny — the QD concentration in dielectric matrix; d(x) — the Dirac Delta function.
Taking into account (21) and performing integration in (23), the light impurity absorption coefficient K (w) can
be written in the next form:

K(X)=
_ _ —6
ﬁ: P (uy) 23 \3ra* Eq (7772 + &2 (RS) ’ U:LQ)
Uy, X - —= — X
= X a2 (Ry)?u2 sinh® (Ryuun=1) wép (R) ™ un [Jisya ()|
2377_3 3 _3

_ 2 o
(vanh (Rjunn—) — Ryunn—" csc (—Riu 7771))3 (2521 (Rs) “uy? + | By /EBa+ |E2|/Ed> & (R T u?x
0™n - oYn —LyUn

_ _ _ 2 _ _
A/ EuRE +in~! (£anf§ — i2n_1) cosh (Rgunn_l) Si (\/ﬂ_Réun (§nl (RS) ! uptl — inl)> +
i\/{m (1?3)71 T (ﬁnl (1?3)71 u b+ i277_1) cosh (R(*junn_l) X
: 2 % PEAN — S —
e
\/fnz (}?3)71 upt —in~! <§nl (R3)71 u b — i2n*1> sinh (Rgunnfl) X
s 2 D* Dx\ — L
Ci (\/WROH" (&zl (RO) ! unt —in 1)) +
Veu (Rs) ™t — i (6 (R5) ™ it +i207") sinh (Rgunn™) x
2
. 2 o, s
e
2 2

! [(772 + €2 (Ry) ™ us®) Ryun c0s (&) — R sin (&) (172 + 26 (R5) ™ uy? + €21 (Ry) %)
2
e

X

+

<77_2 (fnl (RS)_l u b — 1) + k2 (gnl (Rf;)_l u b+ 1) ) sinh (Rju,n~")

where u,, = £2,/ ((RS)Q (X — |EL| /Eq — | E2| /Ed)>; N = [n] —is an integral part of the solution for a transcen-

dental equation of the form: £2;, = 3 (RS)Q (X — |EL| /Eq — |E2| /Eq) /2.

Figures 2(a and b) show the calculated double photoionization spectra, the characteristic feature of which (see
curve 1 in Fig. 2(a) and curves 1 — 3 in Fig. 2(b)) is the two-humped profile due to electron correlations. Distance
between the spectral curve maxima is determined by modulus of the difference between the first and second ionization
potentials of the two-electron impurity center. Fig. 2(a) shows that as the second ionization potential increases, the
impurity absorption edge shifts to the spectrum short-wavelength region and the right-hand peak transforms at first to
the step (curve 2 in Fig. 2(a)), and then completely disappears on the spectral curve (see curve 3 in Fig. 2(a)). Fig. 2(b)
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FIG. 2. Spectral dependence of the light absorption coefficient for double photoionization of the
two-electron impurity centers in a quasi-zero-dimensional structure: a) for different values of the
second ionization potential Fo:
1: B3 =0.04eV;2: E5 =0.05eV;3: E5 =0.08 ¢V,
b) for different values of Rj: 1 -3;2—1;3-0.5, with E3 = 0.04 eV

shows transformation of the right peak on the spectral curve with a decrease in the QD mean radius R}, as a result we
can see, that this peak disappears. This is due to the fact that the dimensionally — quantization energy increases with
decreasing of Ry, as a result of which the electronic correlation is suppressed.

4. Conclusions

Generalization of the zero-range potential method to the case of two-electron impurity centers in a QD has been
carried out. The first ionization potential has been calculated by the variational method, within the semiempirical
model of a two-electron impurity center in the spherically symmetric QD. It is shown, that, unlike the case of a bulk
semiconductor in QD, formation of the two-electron bound states is possible at sufficiently low ionization potential
values, as well as for the nucleus zero charge of an impurity center. Diamagnetic susceptibility of the two-electron and
one-electron impurity centers has been calculated for the semiconductive QD. It is shown that an increase in the QD
radius leads to an increase in the diamagnetic susceptibility value, which is associated with an increase in the localized
state radius. A comparison of the diamagnetic susceptibility for quasi-zero-dimensional two-electron impurity centers
and for D™ -centers shows that in case of the two-electron impurity centers, the diamagnetic susceptibility is several
times larger. In the dipole approximation, in the framework of the effective-mass method, the light impurity absorption
coefficient has been calculated for a double ionization of the two-electron impurity center by a single photon. It
is shown that a characteristic feature of the double photoionization spectrum is the spectral curve’s “two-humped”
profile. The distance between the spectral curve maxima is determined by the difference between the first and second
ionization potentials of the two-electron impurity center.
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