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The Lagrange variety approach applied to frustrated classical wheels
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The Lagrange variety approach introduced by Schmidt and Luban [J. Phys. A: Math. Gen. 36, 6351 (2003)] is applied to geometrically frustrated
wheels (centered regular polygons). It is shown that the lowest energy configurations are planar or collinear. The latter one, characteristic for non-
frustrated classical systems, is also observed in the presence of competing interactions in a well-determined range (0, αc) of the energy function
parameter α. The ‘critical’ value αc = 1/4 is universal, i.e., it does not depend on a system size. In this domain, the geometric frustration is
present, but there is no non-trivial degeneracy.
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1. Introduction

Ring-shaped magnetic molecules play an important role due to possible realization of single molecule magnets
or molecular qubits [1–6]. Moreover, these, with an odd number of spins and dominant antiferromagnetic couplings,
are interesting subjects in the study of the spin frustration [7–14]. In this work, we focus on the classical counterparts
of rings with an extra spin placed at its center (see Fig. 1) [13–18]. In general, heterometallic systems may be
considered [19], but this short paper is limited to homogeneous ones. To avoid frustration in a peripheral ring only
centered polygons XY2q (corresponding to wheel graphs W2q+1 [20]) are investigated. The aim of this paper is
to determine the lowest energy configuration (LEC) for a system of classical spin vectors coupled by the isotropic
Heisenberg interactions with two exchange integrals J and J0 for the nearest-neighbor spins sj , 1 ≤ j ≤ N , in the
peripheral ring and for their couplings with the central spin s0, respectively; competing interactions are present for
antiferromagnetic couplings J , despite the value of J0.

(a) (b) (c)

0 1

2

3

4

5

6
7

8

α α

2α

FIG. 1. (a) A centered octagon (the wheel W9) and (b) a centred regular digon (the ‘wheel’ W3)
transformed to an isosceles triangle; the weight of the edge (1, 2) is doubled to mimic two pairs in the
original system. The edges correspond to couplings J and J0 (solid and dashed lines, respectively).

Such a system is another example of models in which the collinear LEC is ‘retained’ when competing interactions
are ‘turned on’ by a relatively weak antiferromagnetic coupling(s) [13, 14, 21]. This feature can be considered as the
classical counterpart of the third type frustration according to the classification scheme recently proposed [8]. To
clarify relations among the notions of ‘frustration’, ‘degeneracy’, and ‘competing interactions’, a short resume is
given in the next section.

To determine LECs one has to find the global local minimum of energy function, which is a real-valued function of
many variables. This is very challenging task and it is difficult to obtain some general results (cf. [22–24]). An efficient
method based on the Lagrange variety has been proposed [25] and extensively discussed in a series of papers [26].
This technique enables precise determination of the global minimum and the corresponding LEC considering a general
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form of the energy function for any system size [27]. Such approach has been successfully applied to heterometallic
wheels [19] and some of the results obtained are shortly presented below.

This work starts with a short discussion on the frustration and degeneracy. A model considered and solutions
obtained are presented in Sec. 3. In the last section the most important conclusions and some challenges are gathered.

2. Frustration and degeneracy

The term ‘frustration’ was introduced by Toulouse [28,29], though spin glasses and other systems with frustration
(competing interactions) had been investigated many years earlier [30, 31]. Toulouse considered the standard Ising
model, i.e., spins Sj = ±1 and exchange integrals J = ±1. He introduced the frustration function as a product of
exchange integrals over a contour c (J = 1 corresponds to antiferromagnetic couplings)

Φ(c) =
∏

contour c

(−Jj j′), (1)

where j and j′ are labels of neighbouring nodes in the contour considered – the frustration is present if Φ(c) = −1 [28].
Four obvious facts may be established:

• This property characterises a cycle (a system), not an individual spin.
• Antiferromagnetic couplings must be present. To be more precise – the considered cycle has to comprise an

odd number of them.
• The ground state (GS) of a system is degenerated.
• Competing interactions are present, i.e., not all bonds (terms in the energy function) are ‘satisfied’: The GS

energy is greater than a sum of the minimum energies of individual bonds (terms).
When more general cases of spin glasses have been considered (e.g., these with random values of Jj j′ ∈ R), another
characteristic has been introduced (cf., e.g., [32]):

P (c) = (−1)NAFM , (2)

whereNAFM denotes a number of antiferromagnetic couplings in the contour c. Its advantage is to give values restricted
to ±1, though, in general, |Jj j′ | 6= 1. However, it ‘predicts’ frustration (P (c) = −1) in the presence of competing
interactions but without the degeneracy (cf. [33]). It can be easily seen in the classical example of an antiferromagnetic
triangle (Sj = ±1) with the energy function

E = S2(S1 + S3) + αS1S3. (3)

According to the rule ‘The enemy of my enemy is my ally’, in the GS configuration there is S1 = S3 if 0 < α < 1,
though these spins are ‘enemies’ for positive α. Note, that this configuration is identical to that of the non-frustrated
system with α < 0 (when S1 and S3 are in fact ‘allies’). The GS degeneracy is present for α ≥ 1 only. Hence, in
the range 0 < α < 1 there are merely competing interactions (the term αS1S3 is not satisfied), but the degeneracy is
absent. This feature can be considered as a counterpart of the third type frustration [8, 13, 14] for the Ising model.

This phenomenon is absent in some systems. For example, considering the Ising antiferromagnetic pentagon with
the energy function (cf. Fig. 2):

E = S3(S2 + S4) + α(S1S2 + S4S5 + S1S5), (4)

one obtains that the GS configuration changes at α = 0 and α = 1 (cf. Fig. 2) and for all α > 0 the competing
interactions and the degeneracy are present simultaneously.

FIG. 2. The GS configurations for the energy functions given in Eq. (4). The exchange integrals
are J = 1 (dashed lines) or J = α (solid ones); S = ±1 are denoted by full and empty symbols,
respectively. The GS configurations for (a) α ≤ 0, (b) 0 ≤ α ≤ 1, and (c) α ≥ 1 are presented. Due
to lack of the reflection symmetry the two right-most configurations are doubly degenerate.
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3. Model and its solution

3.1. General remarks

When lengths of spin vectors are fixed (a constraint |sj | = 1 for 0 ≤ j ≤ N is assumed in this work), the energy
is a real-valued of angles determining positions of vectors sj in R3. The first two vectors (j = 0, 1) can be fixed to lie
in the xy plane, so it is assumed that

s0 = [1, 0, 0], s1 = [cosϕ1, sinϕ1, 0]. (5)

For the others (2 ≤ j ≤ N ) one may put

sj = [sinϑj cosϕj , sinϑj sinϕj , cosϑj ]. (6)

Hence, in a general case the energy depends on 2N − 1 variables.
The LEC is collinear for non-frustrated systems [34]. Hence, if the LEC is planar or even spatial then competing

interactions are certainly present [25, 34]. However, these statements do not exclude the special case when competing
interactions are present but there is no degeneracy and the LEC is collinear, what can be considered as an analog of
the third type frustration in quantum systems.

This possibility is realised in an isosceles antiferromagnetic triangle presented in Fig. 1(b) with the energy func-
tion:

E(ϕ1, ϕ2) = cosϕ1 + cosϕ2 + 2α cos(ϕ2 − ϕ1), (7)

where it is assumed that the LEC is planar (cf. [13, 14, 19, 34]). It is easy to show that:

• For α ≤ 1/4 the LEC is collinear with ϕ1 = ϕ2 = π and E1 = 2(α− 1);
• For α ≥ 1/4 the LEC is planar with ϕ2 = −ϕ1, cosϕ1 = −1/4α (so for increasing α the angle ϕ1 increases

from π to 3π/2 or decreases to π/2), and E2 = −(1 + 8α2)/(4α).

Therefore, in a range 0 < α < 1/4 the LEC is collinear in the presence of competing interactions (s1 = s2 despite
antiferromagnetic coupling).

3.2. The Lagrange variety approach

This approach has been extensively discussed in Schmidt’s works [26] and its application to heterogeneous sys-
tems have been recently presented [19], so only some important points are mentioned below. In a present version this
approach can be applied to isotropic bilinear interactions when a general form of the energy function is given as:

E =
1

2

∑
(j,k)

Jjksj ·sk, Jjj = 0. (8)

Exchange integrals Jjk, j 6= k, are considered as off-diagonal elements of the so-called ‘dressed matrix’ J(λ). Its
diagonal elements are determined by a gauge vector:

λ = [λ0, λ1, . . . , λN ], (9)

with the constraint
∑
j

λj = 0. To determine the LEC the least eigenvalue of J(λ) has to be found and expressed

as a function in N + 1 variables λj . At first glance it seems that this approach is even more difficult than standard
analytical methods. However, the gauge vector coefficients have to obey the symmetry of the original problem, so
a number of independent parameters is significantly reduced [19, 25, 26].

The lowest energy and the corresponding LEC (or LECs) of a given system are determined in three steps:

(1) Solve the eigenproblem for the matrix J.
(2) Determine the function jmin(λ): a dependence of the minimum eigenvalue with respect to the gauge vector λ.
(3) The maximum of this function, j̄ = max

λ
jmin(λ), determines the appropriate gauge vector λ̄, i.e., j̄ = jmin(λ̄).

This specific eigenvalue j̄ of J(λ) is used to calculate ELEC = (N + 1)j̄/2 [19, 25]. Some important notes have to be
made

• This solution is unique, i.e., there is only one global maximum of jmin, but the corresponding eigenvalue may
be degenerate.

• This degeneracy d determines a spatial dimension of the LEC: d = 1 means collinear one, if d = 2 then the
LEC is coplanar etc; with nonphysical solutions for d > 3 [26].

• In a simplified approach presented here eigenvectors of J are not necessary and the LECs can be determined
solving a system of linear equations [19].
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3.3. Classical wheels

The original energy function (cf. Fig. 1(a)) is given as: (N + 1 ≡ 1)

E = J

N∑
j=1

sj · sj+1 + J0s0 ·
N∑
j=1

sj , (10)

can be rewritten as:

E(α) =
E
|J0|

= α

N∑
j=1

sj · sj+1 + εs0 ·
N∑
j=1

sj , α =
J

|J0|
, ε =

J0
|J0|

= ±1. (11)

The cyclic symmetry demands λj = λ for 1 ≤ j ≤ N , so a traceless matrix is obtained if λ0 = −Nλ. Therefore, the
dressed matrix J is a regular arrow-bordered circulant one [27]:

J =



−Nλ ε ε · · · ε ε

ε λ α · · · 0 α

ε α λ · · · 0 0

· · · · · · · · · · · · · · · · · ·

ε α 0 · · · α λ


. (12)

Its eigenvalues do not depend on ε and are given as [27]:

j± =
(

2α− (N − 1)λ±
√

∆
)
/2, (13)

jk = λ+ 2α cos(kψ), k = 1, 2, ...., N − 1, (14)

where

∆ =
(
2α+ (N + 1)λ

)2
+ 4N, and ψ = 2π/N. (15)

The minimum function jmin(λ) is constructed from two of them: j−(λ) and jN/2(λ), which have the same value at

jcross(α) = jN/2(λcross) = −N(8α2 + 1)

4(N + 1)α
. (16)

Hence, one obtains that jmin(λ) = j−(λ) for λ ≤ λcross and jmin(λ) = jN/2(λ) otherwise. The maximum, max
λ

jmin(λ)

(and its abscissa) depends on relation between λcross and λmax, where j−(λ) reaches its maximum. It can be shown
that [27]:

λmax(α) = − (N − 1) + 2α

N + 1
= −1− 2(α− 1)

N + 1
, (17)

max
λ

j−(λ) =
2N

N + 1
(α− 1) = −N(λmax + 1). (18)

Simple algebra shows that λcross = λmax for α = 1/4, so the final result is

j̄ =


max
λ

j−(λ) =
2N

N + 1
(α− 1), for α ≤ 1/4,

jcross(α) = − 2N

N + 1

8α2 + 1

8α
, for α ≥ 1/4.

(19)

The corresponding abscissa is given as:

λ̄ =


λmax = −1− 2(α− 1)

N + 1
, for α ≤ 1/4,

λcross =
8α2 −N

4(N + 1)α
, for α ≥ 1/4.

(20)

It has to be emphasised that the ‘critical’ value αcrit = 1/4 is universal – it does not depend on the system size N and
a type of couplings with the central spin determined by the sign of J0, i.e., by the parameter ε.
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3.4. The lowest energy configurations

Since there are N bonds in the outer ring and the same number of couplings between the peripheral spins and
the central one (the first and the second term in Eq. (10) or (11), respectively), then it is convenient to divide ELEC
by N and to consider energy density. According to the relation between ELEC and the eigenvalue j̄ (see Sec. 3.2) one
obtains:

ELEC

N
=

α− 1, for α ≤ 1/4,

−
(
α+

1

8α

)
, for α ≥ 1/4.

(21)

The first formula immediately confirms that for α < 1/4 the peripheral spins are ordered ferromagnetically (despite
antiferromagnetic couplings for 0 < α < 1/4) and they are antiparallel (parallel) to the central spin s0 for ε =
±1, respectively. Therefore, the collinear LEC, characteristic for non-frustrated systems, retains for relatively weak
antiferromagnetic couplings which yield competing interaction, but without non-trivial degeneracy.

In the second range antiferromagnetic ordering of the peripheral spins is preferred: ELEC/(Nα) → −1 when
α → ∞. For finite α > 1/4 spin vectors with odd (even) indices are rotated by an angle ϕ (−ϕ, respectively) in the
same way as it has been given in Sec. 3.1 for N = 2, i.e., cosϕ = −ε/(4α). Exchange of spins with odd and even
indices (or, equivalently, reversing the sign of ϕ) yields another LEC for 0 < ϕ < π (see Fig. 3).
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FIG. 3. The LECs for the centred octagon (the wheel W9) for ε = −1 and (a) α < 1/4, (b)
α = 1/

√
8, and (c) α → ∞. If ϕ is not a multiplicty of π (the later two cases) another two LECs

are obtained changing sign of the angle ϕ. In the case (b) presented LEC corresponds to α = 1/
√

8
and ϕ = ±π/4, when the nearest neighbours are orthogonal.

4. Conclusions and challenges

The systems considered in this paper reveal the classical counterpart of the third type frustration defined for
quantum systems – in the well-determined range 0 < α < 1/4 the unique collinear LEC, characteristic for non-
frustrated systems, is observed. Therefore, there exists nontrivial range of the energy function parameter α, at which
competing interactions are not accompanied by degeneracy. Note that in some approaches frustration is present only
in systems with non-trivial degeneracy of the ground state.

The second important phenomenon is universality of the critical value αcrit = 1/4 (cf. [19]) and, moreover, it is
also valid in the case of quantum systems [14, 15, 35]. Above this value, the angle ϕ is a continuous function of the
parameter α.

It should be also emphasized that such general results can be obtained owing to the powerful and efficient approach
worked out by Schmidt and Luban. It is a challenging task to apply this method to heterogeneous and/or less symmetric
systems. Some initial considerations, including classical analogs of the Ising system with energy function (4), have
indicated two facts. At first, in some systems, there is an abrupt change in the LEC, when very weak competing
interactions are ‘turned on’. Secondly, in the case of rings with antiferromagnetic couplings of the second neighbors
the LEC does not change continuously for increasing α, but a series of abrupt changes is rather observed.
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