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In this paper, the statistical and dynamical equivalence between rectangular cell and lower symmetry cell is presented. The achievement of this
equivalence will improve theoretical investigations of nanostructures as thin film or quantum rods.
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1. Introduction

Nanotechnology has had much progress recently and produces different rectangular and cylindrical structures [1,
2]. The main problem of theoretical investigations of nanostructures is correct inclusion of boundary conditions into
physical behavior of nanostructures. The importance of studying nanostructures is that their properties and behavior
are different in comparison with the bulk structures.

The geometrical form of produced nanostructures is rectangular (thin films, quantum rods and quantum paral-
lelepiped) or cylindrical (cylinders with nanocross-section and macroscopic height and cylinders having nanoheight
and nanocross-section). Mentioned geometrical forms enable correct inclusion of boundary conditions into evalua-
tions [3–10].

Taking into account of boundary conditions for the structure of lower symmetry (monoclinic, triclinic, tetragonal
and others), we will try, in the first part of this paper, to achieve statistical equivalence between rectangular cell and
lower symmetry cell. The statistical equivalence means equating of momentum volumes for the mentioned cells since
statistical averages are usually calculated in momentum space.

In the second part, the rectangular cell will be reduced to simple cubic one which has the same momentum volume
as lower symmetry one. After this, we can try to achieve the dynamical equivalence, too. In the nearest neighbors
approximation, the dynamics of simple cubic cell is defined by six nearest neighbors. For lower symmetry cell the
dynamics is defined by six or more neighbors. The last is dependent on angles between vectors of lower symmetry cell.
If some of angles are less than 90◦, then the interactions between ends of corresponding vectors have to be included
into total interactions of atoms of lower symmetry cells. The achievement of described equivalence will noticeably
accelerate theoretical investigations of nanostructures.

2. Preliminaries: Statistical equivalence

An elementary cell of triclinic crystal structure [11–13] has lattice constants: A, B and C. The lengths of these
lattice constants are different and the angles between vectors ~A, ~B and ~C are different: ∠( ~A, ~B) = α, ∠( ~B, ~C) = β

and ∠(~C, ~A) = γ. The notations used are: | ~A| = A, | ~B| = B and |~C| = C.
The lattice constant of rectangular structure will be denoted with a, b and c. Their lengths are different in general

case. The angles between vectors ~a,~b and ~c are 90◦. The notations used are |~a| = a, |~b| = b and |~c| = c.
The elementary cells introduced are presented on Fig. 1 and Fig. 2.
The phase volume Φ is the product of configuration volume V and momentum volume W and, for crystals with

simple lattice is equal to h3 [14], where h is Planck’s constant.
If configurationally, the volume of triclinic cell is denoted with VT and the momentum cell volume with WT , that

results in the following:
VTWT = ΦT = h3. (1)

For rectangular structure we have the relation:

VCWC = ΦC = h3, (2)

where VC is configurationally volume and WC is momentum cell volume.
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FIG. 1. Elementary cell of triclinic structure FIG. 2. Elementary cell of rectangular structure

In order to achieve equality:
VC = VT , (3)

the rectangular vector ~c is chosen in the direction of vector ~C of triclinic cell and both of them, into direction of z-axis:

~C = C~k; ~c = c~k. (4)

Vectors ~a and ~b of rectangular cell will be put in directions of x-axis and y-axis, respectively. In this way for
rectangular structure can be written as:

~a = a~i; ~b = b~j; ~c = c~k, (5)

where~i, ~j and ~k are vectors of Descartes coordinate system. Therefore, the expression for configurationally volume
of rectangular structure is:

VC = ~a
(
~b× ~c

)
=

∣∣∣∣∣∣∣∣∣
a 0 0

0 b 0

0 0 c

∣∣∣∣∣∣∣∣∣ = abc. (6)

On the basis of (4), the configurational volume of the triclinic structure is given by:

VT = ~A
(
~B × ~C

)
=

∣∣∣∣∣∣∣∣∣
Ax Ay Az

Bx By Bz

0 0 C

∣∣∣∣∣∣∣∣∣ = C (AxBy −AyBx) . (7)

Using (6) and (7) the equality (3) becomes:

abc = (AxBy −AyBx)C. (8)

From Fig. 3, in spherical coordinates, the projectors from (8) are:

Ax = A sin γ cosϕA; Bx = B sinβ cosϕB ;

Ay = A sin γ sinϕA; By = B sinβ sinϕB ;

Az = A cos γ; Bz = B cosβ

(9)

and obtain:
AxBy −AyBx = AB sinβ sin γ sin (ϕB − ϕA) . (10)

Since
~A ◦ ~B = AxBx +AyBy +AzBz (11)

the substitution of (9) leads to:

AB cosα = AB sinβ sin γ cos (ϕB − ϕA) +AB cosβ cos γ. (12)

Combining (12) and (10) results in the following:

cos (ϕB − ϕA) =
cosα− cosβ cos γ

sinβ sin γ
. (13)
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FIG. 3. Triclinic rectangular lattice vectors in spherical coordinates

Substituting (10) and (13) into (8), we finally obtain the connection between configurationally volumes of triclinic
and rectangular cell:

abc = XABC, (14)

where
X =

√
1 + 2 cosα cosβ cos γ − cos2 α− cos2 β − cos2 γ. (15)

The formula (14) can be applied only if X > 0. In some cases the equivalence cannot be achieved. As an
illustration if α = 90◦, β = 60◦ and γ = 30◦, in accordance with (15), one obtains X = 0. For α = 150◦, β = 90◦

and γ = 30◦ it follows from (15) that X = −0.5. In both cases the equivalence cannot be achieved. The cases when
the exposed procedure gives satisfactory result are for example α = β = γ = 1◦ with X = 6.9 · 10−8, α = 70◦,
β = 50◦ and γ = 30◦ with X = 0.312, α = 110◦, β = 100◦ and γ = 80◦ with X = 0.843 etc. For α = 125.9◦,
β = 115.3◦ and γ = 115.1◦ results X = 0.081, i.e. this has equivalent cubic cell.

It should be pointed out that transition to statistically equivalent cell is possible for all monoclinic structures [15].
In these structures, two angles are equal 90◦ and in accordance with (14) it follows X = 1− cos2 β, where β 6= 90◦,
i.e. we always have that X > 0.

It is clear, also, that the equivalence conditions are not uniquely defined.
Momentum cell volume is defined as product of reciprocal configurationally cell and factor (h/2π)3. The vectors

~ka, ~kb and ~kc are defined as follows:

~ka = 2π
~a× ~c

~a ·
(
~b× ~c

) =
2π

a
~i; ~kb = 2π

~c× ~a
~b · (~c× ~a)

=
2π

b
~j; ~kc = 2π

~a×~b

~c ·
(
~a×~b

) =
2π

c
~k. (16)

Taking into account formula (6) we easily conclude on the basis of (16) that the volume of reciprocal cell is:

R =
(2π)

3

abc
. (17)

Multiplying (17) with we obtain volume of momentum cell for rectangular structure:

WC =
h3

abc
= WT . (18)

The last equality sign follows from the fact that equality of configurationally cells VC and VT has been achieved.
If one considers:

a = XpA; b = XqB; c = XrC, (19)

where p, q and k are arbitrary constants, (14) gives

p+ q + r =
1

2
. (20)
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In order to obtain equivalent simple cubic cell, one takes

a

b
= Xp−qA

B
= 1. (21)

a

c
= Xp−rA

C
= 1. (22)

Combining (20), (21) and (22) we find

p =
1

6
− 2 lnA− lnB − lnC

3 lnX
. (23)

Taking
b

a
= Xq−pB

A
,
b

c
= Xq−rB

C
, we have:

q =
1

6
− 2 lnB − lnA− lnC

3 lnX
. (24)

Finally taking
c

a
= Xr−pC

A
,
c

b
= Xr−qC

B
, we get:

r =
1

6
− 2 lnC − lnA− lnB

3 lnX
. (25)

Substituting (23), (24) and (25) into (14) it obtain the constant of simple cubic lattice which is statistically equiv-
alent to triclinic one with lattice constants A, B and C.

d = XpA = XqB = XrC. (26)

For the angles α = 125.9◦, β = 115.3◦ and γ = 115.1◦, while the lattice constants are A = 0.942, B = 1.264
and C = 0.573 nm the value of d, is calculated by means of (23), (24) and (25) is d = 0.839 nm.

3. Results: Dynamical equivalence of triclinic cell and simple cubic cell

The achievement of this equivalence requires knowing of interactions between atoms (molecules) of triclinic cell.
Using Landau’s estimate [16] of intermolecular interactions, i.e. we assume that interaction between two atoms is of
the form:

I (l) =


ϕ

lη
; l > 1 nm;
ϕ

l−η
; l < 1 nm;

η > 0, (27)

where ϕ is interaction constant expressed in J×
(
10−9 m

)±η
, while l is distance between nearest neighbors expressed

in 10−9 m.
The total interaction energy of triclinic cell is given as:

JT = 2ϕ

(
1

A−η
+

1

B−η
+

1

C−η
+

1

(AB)
−η +

1

(AC)
−η +

1

(BC)
−η

)
, (28)

since all lengths are less than 1 nm. The formula is valid if A ≥ B, C, AB, AC, BC. If some of lengths AB, AC
and BC is higher than A, this term has to be omitted from (28).

The total interaction energy of the equivalent simple cubic cell is given by:

JSC =
6Φ

d−η
, d < 1 nm, (29)

where Φ is interaction constant of equivalent simple cubic cell.
It is obvious that the structures will be dynamically equivalent if

Φ =
ϕ

3
dη
(

1

A−η
+

1

B−η
+

1

C−η
+

1

(AB)
−η +

1

(AC)
−η +

1

(BC)
−η

)
. (30)

For calculation of some physical characteristics of simple cubic lattice, the interaction between two neighbors is

most often used. This interaction is jCE =
Φ

d−η
, i.e. in accordance with (30):

jCE =
ϕ

3

(
1

A−η
+

1

B−η
+

1

C−η
+

1

(AB)
−η +

1

(AC)
−η +

1

(BC)
−η

)
. (31)
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An illustrative example is the ideal Heisenberg ferromagnet with spin S = 1/2 in Bloch’s approximation. The
exchange interactions are, in accordance with general opinion, of exponential type [14]. It means that in formula (31)
every of terms have to be prescribed in following way

1

L−η
= eln

1

L−eta = eη lnL (l < 1).

The Hamiltonian of this system in nearest neighbour’s approximation [8] is:

H = 3jCE
∑

nx,ny,nz

B+
nx,ny,nzBnx,ny,nz −

1

2
jCE

∑
nx,ny,nz

B+
nx,ny,nz

(
Bnx+1,ny,nz +Bnx−1,ny,nz+

Bnx,ny+1,nz +Bnx,ny−1,nz +Bnx,ny,nz+1 +Bnx,ny,nz−1

)
(32)

with Bnx,ny,nz Bose operators.
The dispersion law of spin waves is:

Ekx,ky,kz = (3− cos kxd− cos kyd− cos kzd) jCE ≈
1

2
jCEk

2d2. (33)

The ordering parameter in Bloch’s approximation is given by:

σ = 1− 2〈B+B〉 = 1− 2ζ3/2τ
3/2, (34)

where

ζ3/2 =

∞∑
n=1

1

n3/2
(35)

is Riemann’s function [14], while:

τ =
kBT

2π

1

jCE
. (36)

As it is seen, the value jCE is expressed in parameters of triclinic structure (see formula (31) and, consequently,
the result (34) with τ expressed by (36) represents ordering parameter of ferromagnet with triclinic lattice which is
evaluated by means of equivalent simple cubic lattice.

The given example demonstrates the advantages of translation the lower symmetry structure into equivalent simple
cubic one. The statistical averages can be evaluated without mathematical complication and by means of standard and
well developed approaches.

The more complicated problem is determining of ordering parameter of thin film cut off from triclinic crystal. In
this case we immediately go over to thin film of statistically and dynamically equivalent simple cubic structure. The
interactions jCE are given by (31).

The Hamiltonian of equivalent film in nearest neighbor’s approximation [5] is given by:

H =
1

2

∑
nx,ny,nz

(
jnx+1,ny,nz ;nx,ny,nz + jnx−1,ny,nz ;nx,ny,nz + jnx,ny+1,nz ;nx,ny,nz + jnx,ny−1,nz ;nx,ny,nz+

jnz,ny,nz+1;nx,ny,nz + jnx,ny,nz−1;nx,ny,nz

)
B+
nx,ny,nzBnx,ny,nz − jnx,ny,nz−1;nx,ny,nzB

+
nx,ny,nzBnx,ny,nz−

1

2

∑
nx,ny,nz

B+
nx,ny,nz

(
jnx+1,ny,nz ;nx,ny,nzB

+
nx+1,ny,nz

+ jnx−1,ny,nz ;nx,ny,nzB
+
nx−1,ny,nz+

jnx,ny+1,nz ;nx,ny,nzB
+
nx,ny+1,nz

+ jnx,ny,nz+1;nx,ny,nzB
+
nx,ny,nz+1 + jnx,ny,nz−1;nx,ny,nzB

+
nx,ny,nz−1

)
. (37)

For functions j the following is valid:

jnx±1,ny,nz ;nx,ny,nz = jnx,ny±,nz+1;nx,ny,nz = jnx,ny,nz±1;nx,ny,nz = jCE . (38)

The cut off in z direction leads to the following boundary conditions:

jnx,ny,−1;nx,ny,0 = jnx,ny,Nz+1;nx,ny,Nz = 0. (39)

The film will be analysed by means of Green’s function:

Gnx,ny,nz ;mx,my,mz (t) =
〈〈
Bnx,ny,nz (t)

∣∣∣B+
nx,ny,nz (0)

〉〉
= Θ (t)

〈[
Bnx,ny,nz (t) , B+

nx,ny,nz (0)
]〉

; (40)
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where Θ (t) =

{
1, t > 0;

0, t < 0;
is the Heaviside step function.

Fourier transformations are:

Gnx,ny,nz ;mx,my,mz (t) =

+∞∫
−∞

dωe−iωtGnx,ny,nz ;mx,my,mz (ω) ; δ (t) =
1

2π

+∞∫
−∞

dωe−iωt. (41)

In order to use translational invariance in x, y planes the following transformation is used [17, 18]

Gnx,ny,nz ;mx,my,mz (ω) =
1

NxNy

∑
kx,ky

eidkx(nx−mx)+idky(ny−my)Γ (kx, ky, ω) . (42)

The quoted procedure gives the system of three different equations:
1

2
jCE (Γnz+1,mz + Γnz−1,mz ) + ρΓnz,mz =

i~
2π
δnz,mz ; 1 ≤ nz ≤ Nz − 1, (43)

1

2
jCEΓ1,mz +

(
ρ+

1

2
jCE

)
Γ0,mz =

i~
2π
δ0,mz , (44)

1

2
jCEΓNz−1,mz +

(
ρ+

1

2
jCE

)
ΓNz,mz =

i~
2π
δNz,mz ; nz = Nz, (45)

where
ρ = E − 3jCE + jCE (cos dkx + cos dky) . (46)

It can be easily shown that by the substitution:

Γnz ;mz (ω) =

Nz∑
λ=1

g (kx, ky, λ;ω) Ωλ (mz)Fλ (nz) , (47)

where Ω are undetermined functions and F is given by:

Fλ (nz) = sin (nz + 1)
πλ

Nz + 1
− sinnz

πλ

Nz + 1
; λ = 1, 2, 3, ..., Nz, (48)

the system of equations (43), (44) and (45) reduces into one equation of the form
Nz∑
λ=1

g (kx, ky, λ;ω)

(
jCEcos

πλ

Nz + 1
+ ρ

)
Ωλ (mz)Fλ (nz) =

i~
2π
δnz,mz ; nz = 0, 1, 2, ..., Nz. (49)

Kronecker symbol will be taken in the form

δnz,mz =

Nz∑
λ=1

Ωλ (mz)Fλ (nz) . (50)

Using the properties of Kronecker symbol δnz,nz = 1 and δnz,mz = 0, nz 6= mz , we obtain the system of n2z
algebraic equations determining unknown functions Ω.

g (kx, ky, λ;ω) =
i~
2π

1

jCEcos πλ
Nz+1 + ρ

=
i~
2π

1

E − Ekx,ky
, (51)

where

Ekx,ky,λ = 3jCE − jCE
(

cos kxd+ cos kyd+ cos
πλ

Nz + 1

)
. (52)

Substituting (51) into (47) and including obtained result into (42) we get final result for Green’s function:

Gnx,ny,nz ;mx,my,mz (ω) =
i

2π

1

NxNy

∑
kx,ky

eidkx(nx−mx)+idky(ny−my)
Nz∑
λ=1

Ωλ (mz)Fλ (nz)

ω − ωkx,ky,λ
, (53)

where

ω =
E

~
, ωkx,ky,λ =

Ekx,ky,λ

~
. (54)

The expression for concentration is:〈
B+
nx,ny,nz (0)Bnx,ny,nz (t)

〉
=

1

NxNy

∑
kx,ky

Nz∑
λ=1

Ωλ (mz)Fλ (nz)

ω − ωkx,ky,λ
. (55)
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It is very important to note that the transformation from configurational space to momentum space is not isomor-
phic one. It is transition of the type n→ n− 1 [8]. It is seen that for Nz + 1 values of index nz the momentum index
λ takes Nz values. It practically means that in one of layers of the film there are not spin waves. In further we shall
consider three layer films. Due to the mentioned reduction it goes over to three subfilms containing two layers.

For subfilm 0–1 from Fig. 4, the solutions of the equation:

δmz,nz =

2∑
λ=1

Ωλ (mz)Fλ (mz) ; nz,mz ∈ (0, 1) , (56)

are

Ω1 (0) = 2

√
3

3
; Ω2 (0) = 0; Ω1 (1) =

√
3

3
; Ω2 (1) = −

√
3

3
. (57)

FIG. 4. The Autoreduction in three layer film

Substituting (57) into (55) it obtain concentrations:

〈B+B〉nz=0 =
1

4
√
π

θ

jCE

∞∑
n=1

1

n
e−

jCE
2θ n; 〈B+B〉nz=1 =

1

4
√
π

θ

jCE

∞∑
n=1

1

n
e−

3jCE
2θ n, (58)

where θ = kBT .
It is seen that concentration of the layers 0 and 1 differ. It is the consequence of broken symmetry. The corre-

sponding ordering parameters are:

σnz=0 = 1− 1

2
√
π

θ

jCE

∞∑
n=1

1

n
e−

jCE
2θ n; σnz=1 = 1− 1

2
√
π

θ

jCE

∞∑
n=1

1

n
e−

3jCE
2θ n. (59)

The last result shows that the layer nz = 1 is better ordered. It is physically understandable since to spin in layer
nz = 1 act exchange forces from two sides, while to spins of layer nz = 0 act exchange forces from one side, only. In
the same way for subfilm 1–2 we have:

〈B+B〉nz=2 =
1

4
√
π

θ

jCE

∞∑
n=1

1

n
e−

jCE
2θ n; 〈B+B〉nz=1 =

1

4
√
π

θ

jCE

∞∑
n=1

1

n
e−

3jCE
2θ n, (60)

σnz=2 = 1− 1

2
√
π

θ

jCE

∞∑
n=1

1

n
e−

jCE
2θ n; σnz=1 = 1− 1

2
√
π

θ

jCE

∞∑
n=1

1

n
e−

3jCE
2θ n. (61)

Finally for subfilm 0–2 we have:

〈B+B〉nz=0 = 〈B+B〉nz=2 =
1

8
√
π

θ

jCE

( ∞∑
n=1

1

n
e−

jCE
2θ n +

∞∑
n=1

1

n
e−

3jCE
2θ n

)
; (62)

σnz=0 = σnz=2 = 1− 1

4
√
π

θ

jCE

( ∞∑
n=1

1

n
e−

jCE
2θ n +

∞∑
n=1

1

n
e−

3jCE
2θ n

)
. (63)

The obtained results are in full accordance with symmetry of structure.
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4. Conclusions

The recovery of equivalence between rectangular structures and the structures of lower symmetry (triclinic, mon-
oclinic, etc.) is one of the most important necessities the theory of nanostructures. The theoretical analysis of nanos-
tructures is developed for rectangular and cylindrical ones. In this work, the concept of statistical and dynamical
equivalence between structures of higher and lower symmetry was introduced.

The proposed method is not universal, unfortunately. As it was seen for some triclinic structures the equivalent
rectangular one does not exist. Nevertheless, in many actual cases method of equivalence can be applied. Concerning
the monoclinic structure this method is always successful.
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