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In the field of chemical graph theory, a topological index is a real number which is correlated with the various physical properties, biological
activities and chemical reactivities of molecular graphs. In recent trends, M-polynomials are used to compute numerous degree-based topological
indices. Hex-derived networks have a wide range of applications in pharmaceutical sciences, electronics and communication networks. In this
paper, we would like to determine a general form of M-polynomial for the third type of hex-derived network of dimension n and hence generate the
related degree-based topological indices. Additionally, we plot the M-polynomial and all the related degree-based topological indices for several n.
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1. Introduction

Let G = (V,E) be a simple connected graph, where V = V (G) and E = E(G) respectively denote the vertex
set and the edge set which contains unordered pairs of vertices. The degree of a vertex u ∈ V (G) in G is the number
of vertices that are adjacent to u and is denoted by d(u) [1].

1.1. A brief review on topological indices and M-polynomials

Mathematical aspects of chemical compounds and their behaviors are being investigated in the area of Chemical
Graph Theory (CGT). For a given chemical compound, each atom is represented by a vertex and each chemical
bond between the atoms is represented by an edge to form a graph. Several chemical applications of graphs and the
connection between graph theory and chemistry have been reported in [2–5]. In the graph-theoretical representation of
a molecule, we can study various biological activities, physical properties, chemical reactivities and other properties of
chemical compounds. In the area of CGT, a topological index (also known as a graph-theoretic index or connectivity
index) specifies the properties of a molecular structure. Generally, it is a numerical representation of a molecule,
which is used in the development of Quantitative Structure Activity Relationships (QSARs) and Quantitative Structure
Property Relationships (QSPRs). For more details please refer to [6, 7].

The topological indices are usually partitioned into degree-based topological indices [8], distance-based topo-
logical indices [9], degree and distance-based topological indices [10] and counting related topological indices [11].
These indices describe the physical, biological, chemical and other properties of various structures. Generally, by the
definitions of the respective topological indices, we can calculate their numeric values. Instead, a general method can
be found to directly produce the different topological indices of a particular class. Keeping this idea in mind, the
concept of polynomials [12] is introduced in graph theory. By constructing a general polynomial corresponding to a
given structure, one can derive several topological indices by differentiating or integrating (or a different combination
of both) the corresponding polynomial.

In literature, several such polynomials are proposed. Some of which are the matching polynomial [13], the
Clar covering polynomial (also known as the Zhang-Zhang polynomial) [14], the Schultz polynomial [15], the Tutte
polynomial [16], the Hosoya polynomial [17], etc. Among all of these polynomials, the Hosoya polynomial is used
for finding the distance-based topological indices such as the Wiener index [18].

The degree-based topological indices play a major role to understand various properties of a molecular structure.
In the recent studies, the idea of M-polynomial is proposed by Deutsch and Klavz̆ar [19] and determined how to eval-
uate several degree-based topological indices. Please refer to the papers [20–24], in each of which the M-polynomial
corresponding to a chemical network is derived and henceforth their related degree-based topological indices are
evaluated.
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Definition 1 ([19]). For a simple connected graph G, the expression

M(G;x, y) =
∑

δ≤i≤j≤∆

mi,j(G) xiyj

is known as the M-polynomial of a graph G, where δ = min{d(u)|u ∈ V (G)}, ∆ = max{d(u)|u ∈ V (G)}
and mi,j(G) is the number of edges uv ∈ E(G) such that d(u) = i, d(v) = j (i, j ≥ 1).

A degree-based topological index of a graph G is one of a kind of graph invariants, which is denoted as I(G) and
as discussed in [25], it can be written as:

I(G) =
∑
i≤j

mi,j(G)f(i, j).

Theorem 2 ( [19], Theorems 2.1, 2.2). Let G be a simple connected graph.

(1) If I(G) =
∑

e=uv∈E(G)

f(d(u), d(v)), where f(x, y) is a polynomial in x and y, then

I(G) = f(Dx, Dy)(M(G;x, y))|x=y=1.

(2) If I(G) =
∑

e=uv∈E(G)

f(d(u), d(v)), where f(x, y) =
∑
i,j∈Z

αi,jx
iyj , then I(G) can be obtained from

M(G;x, y) using the operators Dx, Dy, Sx, and Sy.

(3) If I(G) =
∑

e=uv∈E(G)

f(d(u), d(v)), where f(x, y) =
xrys

(x+ y + α)t
, where r, s ≥ 0, t ≥ 1 and α ∈ Z, then

I(G) = StxQαJD
r
xD

s
y(M(G;x, y))|x=1.

1.2. Associated degree-based topological indices

In this section, we discuss a brief about certain degree-based topological indices that can be derived from the
M-polynomial of our considered network. Gutman and Trinajstić [26] proposed the Zagreb indices in 1972. These
indices help in determining the total π-electron energy which is related to the thermodynamic stability of a molecule.
The Zagreb indices give higher weightage to the inner edges and vertices rather than the outer edges and vertices. With
the opposite intuition, the definitions of modified Zagreb indices are proposed in [27].

TABLE 1. Formula for degree-based topological indices of a graph G

Sl.
No.

Topological Index Notation Formula of Topological Indices

1. First Zagreb In-
dex [26]

M1(G) M1(G) =
∑

uv∈E(G)

(d(u) + d(v))

2. Second Zagreb In-
dex [26]

M2(G) M2(G) =
∑

uv∈E(G)

(d(u)d(v))

3. Modified Second Za-
greb Index [27]

mM2(G) mM2(G) =
∑

uv∈E(G)

1
d(u)d(v)

4. General Randić In-
dex [28]

Rα(G) Rα(G) =
∑

uv∈E(G)

(d(u)d(v))
α

5. Inverse Randić In-
dex [29]

RRα(G) RRα(G) =
∑

uv∈E(G)

1
(d(u)d(v))α

6. Symmetric Division
(Deg) Index [30]

SDD(G) SDD(G) =
∑

uv∈E(G)

{
min(d(u),d(v))
max(d(u),d(v)) + max(d(u),d(v))

min(d(u),d(v))

}
7. Harmonic Index [31] H(G) H(G) =

∑
uv∈E(G)

2
d(u)+d(v)

8. Inverse Sum (Indeg)
Index [30]

ISI(G) ISI(G) =
∑

uv∈E(G)

d(u)d(v)
d(u)+d(v)

9. Augmented Zagreb
Index [32]

AZ(G) AZ(G) =
∑

uv∈E(G)

{
d(u)d(v)

d(u)+d(v)−2

}3
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Another very well-known degree-based topological index is the Randić index. It is introduced by Milan Randić [33]
in 1975. It is also known as a connectivity index or branching index. This index has wide applications in the field
of drug design. Two decades later, observing the advancement of Randić index, the mathematicians Bollobás and
Erdős [28], and Amić et al. [29] introduced the generalized version of the Randić index (for an arbitrary real num-

ber α) in 1998, which is known as general Randić index. For α = −1

2
, Rα becomes a Randić index [33]; for α = 1,

Rα becomes a second Zagreb index; and for α = −1, Rα turns out to be a modified second Zagreb index. Around
2010, the symmetric division (deg) index is proposed in [30] to determine the total surface area of polychlorobiphenyls.
Whereas, the inverse sum (indeg) index [30, 34] predicts the total surface area of octane isomers. For the study of the
heat of formation of alkanes, the augmented Zagreb index [32] is beneficial. Table 1 lists the formulas of the different
degree-based topological indices (of a graph G) which are associated with M-polynomial.

1.3. The hex-derived network of type 3 of dimension n

The Hexagonal network of dimension n is introduced in [35] and is denoted by HX[n]. It has several applications
in the image processing to model the benzenoid hydrocarbons in the field of chemistry, wireless sensor networks
and computer graphics. Later in 2008, the hex-derived network of type 1 (HDN1) and hex-derived network of type
2 (HDN2) of dimension n (where n denotes the number of vertices in a side of the HDN structure) are constructed from
the HX[n] [36]. Again in 2017, based on the structure of the HX[n], Raj and George [37] have derived a new network
called hex-derived network of type 3 of dimension n (denoted as HDN3[n]). Fig. 1 depicts the pictorial representation
of the third type of hex-derived network of dimension 4 (that is, HDN3[4]). The metric dimension of HDN3[n] has a
wide range of applications in robotics, networking etc.

 

FIG. 1. Type 3 hex-derived network of dimension 4 (HDN3[4])

1.4. Our contribution and roadmap

Recently, Wei et. al. [38] computed several degree-based topological indices of HDN3[n]. The indices are cal-
culated separately as well as directly by using their degree-based formulas mentioned in Table 1. As an alternative
of the above, we derive a closed-form of M-polynomial for the HDN3[n] in Section 2. Henceforward, we calculate
the related degree-based topological indices of the network (for different values of n) via using the M-polynomial.
Moreover, the graphical representation of the M-polynomial and related topological indices for different dimensions
of the network are plotted in Section 3.

2. Deriving a M-polynomial for HDN3[n] network

Theorem 3. Let HDN3[n] be the third type of hex-derived network of dimension n (≥ 4). Then a M-polynomial of
HDN3[n] is
M(HDN3[n];x, y) = (18n2−36n+18)x4y4 +24x4y7 +(36n−72)x4y10 +(36n2−108n+84)x4y18 +12x7y10 +
6x7y18 + (6n− 18)x10y10 + (12n− 24)x10y18 + (9n2 − 33n+ 30)x18y18.
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Proof. Let us first enumerate the cardinality of the vertex set and the edge set of the HDN3[n] by observing the Fig. 1
of HDN3[4].

|V (HDN3[n])| = 21n2 − 39n+ 19, and
|E(HDN3[n])| = 63n2 − 123n+ 60.

Observe that, based on the degree of vertices of HDN3[n], the network consists of 4, 7, 10 and 18 degrees vertices
only, and each of whose cardinality is 18(n − 1)2, 6, 6(n − 2) and 3n2 − 9n + 7, respectively. Also, we partition
the edge set E(HDN3[n]) of HDN3[n] into nine disjoint sub-classes depending on the degrees of the end vertices of
each edge, as: E{i,j} = {e = uv ∈ E(HDN3[n]) : d(u) = i, d(v) = j} where {i, j} = {4, 4}, {4, 7}, {4, 10},
{4, 18}, {7, 10}, {7, 18}, {10, 10}, {10, 18}, {18, 18}. And the cardinality of each of the above edge sets is given by
|E{4,4}| = 18n2 − 36n+ 18, |E{4,7}| = 24, |E{4,10}| = 36n− 72, |E{4,18}| = 36n2 − 108n+ 84, |E{7,10}| = 12,
|E{7,18}| = 6, |E{10,10}| = 6n − 18, |E{10,18}| = 12n − 24, |E{18,18}| = 9n2 − 33n + 30. Observe that the hex-
derive network structure does not have any edge uv such that d(u) = 7 = d(v) and as a consequence |E{7,7}| = 0.
Therefore, by the basic definition of M-polynomial, the M-polynomial of HDN3[n] is

M(HDN3[n];x, y)

=
∑
i≤j

mi,jx
iyj , where i, j ∈ {4, 7, 10, 18}

= |E{4,4}| x4y4 + |E{4,7}| x4y7 + |E{4,10}| x4y10 + |E{4,18}| x4y18 + |E{7,10}| x7y10

+ |E{7,18}| x7y18 + |E{10,10}| x10y10 + |E{10,18}| x10y18 + |E{18,18}| x18y18

= (18n2 − 36n+ 18) x4y4 + 24 x4y7 + (36n− 72) x4y10 + (36n2 − 108n+ 84) x4y18

+ 12 x7y10 + 6 x7y18 + (6n− 18) x10y10 + (12n− 24) x10y18 + (9n2 − 33n+ 30) x18y18.

�

TABLE 2. Formulas for degree-based topological indices derived from the M-polynomial of a graph G

Sl.
No.

Topological Index Notation f(x,y) Derivation from (M(G;x, y))

1. First Zagreb Index M1(G) x+ y (Dx +Dy)(M(G;x, y))|x=y=1

2. Second Zagreb Index M2(G) xy (DxDy)(M(G;x, y))|x=y=1

3. Modified Second Za-
greb Index

mM2(G) 1
xy (SxSy)(M(G;x, y))|x=y=1

4. General Randić In-
dex

Rα(G) (xy)α (Dα
xD

α
y )(M(G;x, y))|x=y=1

5. Inverse Randić Index RRα(G) 1
(xy)α (SαxS

α
y )(M(G;x, y))|x=y=1

6. Symmetric Division
(Deg) Index

SDD(G) x2+y2

xy (DxSy +DySx)(M(G;x, y))|x=y=1

7. Harmonic Index H(G) 2
x+y 2SxJ(M(G;x, y))|x=1

8. Inverse Sum (Indeg)
Index

ISI(G) xy
x+y SxJDxDy(M(G;x, y))|x=1

9. Augmented Zagreb
Index

AZ(G)
(

xy
x+y−2

)3
S3
xQ−2JD

3
xD

3
y(M(G;x, y))|x=1

To calculate the concerned topological indices (as mentioned in Table 1) of a given graph G from the M(G;x, y),
the formulas of derivations in terms of integral or derivative (or both integral and derivative) are listed in Table 2 [19],

where Dx = x
∂(f(x, y))

∂x
, Dy = y

∂(f(x, y))

∂y
, Sx =

∫ x
0
f(t,y)
t dt, Sy =

∫ y
0
f(x,t)
t dt, J(f(x, y)) = f(x, x), and

Qα(f(x, y)) = xαf(x, y), α 6= 0.
The following theorem determines the values of the related degree-based topological indices of the HDN3[n] from

the above proposed M-polynomial M(HDN3[n];x, y).

Theorem 4. Let HDN3[n] be the third type of hex-derived network of dimension n (≥ 4). Then
(1) M1(HDN3[n]) = 6(210n2 − 482n+ 275).
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(2) M2(HDN3[n]) = 12(483n2 − 1237n+ 777).

(3) mM2(HDN3[n]) =
1

16
(18n2 − 36n+ 18) +

24

28
+

1

40
(36n− 72) +

1

72
(36n2 − 108n+ 84) +

12

70
+

6

126
+

1

100
(6n− 18) +

1

180
(12n− 24) +

1

324
(9n2 − 33n+ 30) =

119

72
n2 − 1907

675
n+

50921

37800
.

(4) Rα(HDN3[n]) = 42α(18n2 − 36n+ 18) + 24× 28α + 40α(36n− 72) + 72α(36n2 − 108n+ 84) + 12×
70α + 6× 126α + 102α(6n− 18) + 180α(12n− 24) + 182α(9n2 − 33n+ 30).

(5) RRα(HDN3[n]) =
(18n2 − 36n+ 18)

42α
+

24

28α
+

(36n− 72)

40α
+

(36n2 − 108n+ 84)

72α
+

12

70α
+

6

126α
+

(6n− 18)

102α +
(12n− 24)

180α
+

(9n2 − 33n+ 30)

182α .

(6) SDD(HDN3[n]) = 224n2 − 1510

3
n+

30487

105
.

(7) H(HDN3[n]) = 2×
[1
8

(18n2 − 36n+ 18) +
24

11
+

1

14
(36n− 72) +

1

22
(36n2 − 108n+ 84) +

12

17
+

6

25
+

1

20
(6n− 18) +

1

28
(12n− 24) +

1

36
(9n2 − 33n+ 30)

]
=

91

11
n2 − 4637

330
n+

15959

2550
.

(8) ISI(HDN3[n]) = 2(18n2 − 36n + 18) +
672

11
+

40

14
(36n − 72) +

72

22
(36n2 − 108n + 84) +

840

17
+

756

25
+

5(6n− 18) +
180

28
(12n− 24) +

324

36
(9n2 − 33n+ 30) =

2583

11
n2 − 5637

11
n+

115452

425
.

(9) AZ(HDN3[n]) =
46

63
(18n2−36n+18)+

24× 283

93
+

403

123 (36n−72)+
723

203 (36n2−108n+84)+
12× 703

153 +

6× 1263

233 +
106

183 (6n− 18) +
1803

263 (12n− 24) +
186

343 (9n2 − 33n+ 30).

Proof. One can directly derive the above topological indices by applying the respective derivation formulas over the
proposed M-polynomial M(HDN3[n];x, y) as directed in the fifth column of Table 2. These calculations are trivial
and hence they are left to the ambitious reader. �

Remark 5. In the paper [38], the general Randić index is calculated for the HDN3[n] for different values of α. Instead
of calculating this index individually, we can simply put these values of α in the above formula of Rα(HDN3[n]) to
generate the respective values of the general Randić index.

FIG. 2. The plot of the M-polynomial of HDN3[4] in region −0.5 ≤ x, y ≤ 0.5
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FIG. 3. A plot of first Zagreb, second Zagreb, general Randić (α = 1/2), symmetric division (deg),
inverse sum (indeg) and augmented Zagreb indices of HDN3[n] for different values of n (4 ≤ n ≤ 8)
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FIG. 4. A plot of only symmetric division (deg) and inverse sum (indeg) indices of HDN3[n] for
different values of n (4 ≤ n ≤ 8)

3. Experimental results related to the M-polynomial

Fig. 2 pictorially models the M-polynomial M(HDN3[4];x, y) of the hex-derived network of type 3 of dimen-
sion 4 (HDN3[4]) in the domain −0.5 ≤ x, y ≤ 0.5, by using MapleTM 13 software.

Additionally, by observing the broad range of values of the degree-based topological indices of HDN3[n] for
different dimensional values of n (4 ≤ n ≤ 8), we plot the values of the first Zagreb, second Zagreb, general Randić
(α = 1/2), symmetric division (deg), inverse sum (indeg) and augmented Zagreb indices in Fig. 3, and the values
of the modified second Zagreb, inverse Randić (α = 1/2) and Harmonic indices in Fig. 5. The curves plotted in the
Fig. 3 for the symmetric division (deg) and inverse sum (indeg) indices are almost overlapping and hence separately
redrawn in Fig. 4. It is evident from the figures that the values of each of the topological indices are increasing when
the dimensions are in increasing order.
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FIG. 5. A plot of modified second Zagreb, inverse Randić (α = 1/2) and Harmonic indices of
HDN3[n] for different values of n (4 ≤ n ≤ 8)

4. Conclusion

In this paper, we have considered the third type of hex-derived network of dimension n (HDN3[n]) which has
several applications in pharmaceutical sciences, electronics and communication networks. Instead of calculating the
various degree-based topological indices separately, we have determined a general and closed-form of M-polynomial
and thus directly derived the related degree-based topological indices of HDN3[n]. Also, we have graphically repre-
sented the M-polynomial, and all the associated topological indices for different dimensions.
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