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The subject of this paper is the stochastic molecular modelling of the transport coefficients for rarefied gases and gas nanosuspensions. The
proposed method is an alternative one to the molecular dynamics method. However, unlike the latter, the phase trajectories of the molecular system
are simulated stochastically. Adequate integral characteristics of the studied system are obtained by averaging the calculated data over independent
phase trajectories. The efficiency of the proposed algorithm is demonstrated by calculation of the diffusion and viscosity coefficients of several
noble and polyatomic gases and rarefied gas nanosuspensions. The modeling accuracy increases when a greater number of molecules and phase
trajectories are employed.
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1. Introduction

Transport processes determine characteristics of all natural and industrial flows of liquids and gases. The descrip-
tion of these processes requires knowledge of the corresponding transport coefficients: diffusivity, viscosity, thermal
conductivity, etc. Of course, there are fairly reliable experimental methods for measuring them, however, the necessity
of their theoretical calculations or simulations is also understandable. In rarefied gases, this problem is solved using
kinetic theory of gases (see, for example, [1]). However, calculation of these coefficients is generally a non-trivial
task. It is necessary to solve complex integral equations. The solution of these equations is a rather cumbersome
and complicated procedure [2, 3]. In addition, so-called Ω-integrals have to be calculated. There are the sufficiently
detailed tables of the values of these integrals for the Lennard-Jones potential only.

Molecular modeling is single alternative of the experimental determination of the transport coefficients of liquid
and gases. Practically, the molecular dynamics (MD) method is the only consistent method for such modeling. How-
ever this method is not applicable to simulation of the rarefied gases because the corresponding simulation cell should
have a characteristic linear dimension much larger than the mean free path of molecules and it is therefore necessary to
use a huge number of molecules. On the other hand, systematic studies of the MD method have shown that it does not
provide true phase trajectories of molecular systems (see [4–6]). Adequate results of MD simulations can be obtained
only by averaging the corresponding dynamical variables over an ensemble of independent phase trajectories.

In our papers [7, 8], a stochastic algorithm to model the transport coefficients of the rarefied gases has been
developed. In this algorithm the phase trajectories of the molecular system are simulated stochastically. In the present
paper, the given algorithm is generalized for modeling the transport coefficients of rarefied polyatomic gases and
rarefied gas nanosuspensions.

2. Simulation of the molecules phase trajectories

In rarefied gases, only binary collisions of molecules take place and the molecules themselves are material points.
The spatiotemporal scales of the order of the time of the molecules interaction and their size are indistinguishable.
This implies that the intermolecular interactions do not contribute to the transport coefficients and the equation of
state. Such contributions appear only in the next approximation for density (for moderately dense gas) [9,10]. For this
reason, the transport coefficients of a rarefied gas are only functions of the velocities of molecules [1–3,10]. Therefore,
to model the transport coefficients of the rarefied gas, it is sufficient to study its evolution in the space of velocities.

Let us consider the system of gas molecules with numerical density n. At the initial time, the velocities of the
molecules are distributed according to the Maxwell distribution function at a given temperature T . Simulation of
the gas dynamics starts with generating a list of velocities of the molecules at the initial time t. Thus, at time t, the
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molecules have velocities (v1,v2, ...vN ). It is necessary to obtain the values of the molecules velocities at successive
times in the simulation interval (t, ts).

The dynamics of the molecules are determined by their interactions. Below these interactions are described by
the Lennard-Jones potential:

U (r) = 4ε

[(σ
r

)12
−
(σ
r

)6]
. (1)

Here, σ is the effective radius of the molecule and ε is the maximum value of the attraction energy. In this paper,
the gas mixtures are considered; therefore, in addition to the interaction of their molecules, which are described by
the potential parameters (1), σii, εii (i =1,2), it is necessary to determine the parameters of the cross-interactions
of molecules of type i with molecules of type j: σij , εij . These parameters were determined using the simplest
combination relations: εij =

√
εiiεjj , σij = (σii + σjj)/2. Since the potentials have an infinite radius of action, they

should be truncated in the course of simulation. The truncation radii are equal to 2.5σ for potential (1).
As the first step of the algorithm constructing the time interval τ1 = σ/vmax is determined. Here, vmax is the

maximum magnitude of the velocity of the molecules in the system at the given time. The generation of a list of
the molecules velocities at the time (t + τ1) starts with a consideration of molecule 1. For a one-component system,
to determine whether a molecule 1 collides with any other molecule during time τ1, a random number P uniformly
distributed in the interval (0, 1) is generated. If, in time τ1, it is less than the average probability of molecule collision
Pτ1 = 4τ1nr

2
c

√
πkT/m (see [1]), then molecule with which molecule 1 collides is randomly selected from the

remaining (N − 1) molecules (here rc is the potential cut-off radius of the potential (1), m is the mass of molecule
and k is the Boltzmann constant). As a result, the velocities of the colliding molecules change according to the laws
of elastic collision:

v′1 = v1 + (v1j · e1j) e1j , v′j = vj − (v1j · e1j) e1j , (2)
where v1j = (v1 − vj) is the vector of relative velocity and e1j is the unit vector from center of molecule j to
molecule 1. The actual mechanisms of the molecules interaction is described in detailed in paper [8].

If the generated number P is greater than the average probability of collision, molecule 1 does not collide in
this time interval and its velocity does not change. If it collides, the velocities of molecules 1 and j in the initial
list change. The remaining molecules are treated similarly. As a result, a new list of the velocities of the molecules
(v′1,v

′
2, ...v

′
N ) is generated.

After the generation of the list for the time (t + τ1), the next time interval is selected as τ2 = σ/vmax, where
vmax is the maximum magnitude of the velocity of the molecules of the system at the time (t+ τ1) and the procedure
is repeated. This procedure is repeated until the given simulation time ts equal to ts = τ1 + τ2 + ... + τk is reached.
The calculation result is the full set of the velocities of all the molecules of the simulated system at successive times.

For mixer of the gases this algorithm is slightly modified. Consider, for example, the binary mixer. In this case,
the time step τ1 is determined by the following relation τ1 = σmin/vmax, where σmin = min (σ11, σ22). Now the
molecule of sort 1 can collide with molecule of the same type or molecule of sort 2. Let us consider for definiteness,
a particle of the first sort (for the second the formulas are similar). In this case, the collision probability is equal to:

Pτ1 = 4τ1n1r
2
c11

√
πkT

m1
+ 2τ1n2r

2
c22

√
2πkT

x1m2
= P11 + P12.

Here, rcii is the cut-off intermolecular radius of the potential (1) for molecules of sort i and x1 is the molar fraction of
the molecules of the first sort.

So, if the generated number P is smaller than Pτ1 , the collision will occur and for molecule 1 of sort 1, randomly
from the N − 1 remaining molecules, the particle j is selected with which this collision will be realized. Moreover, if
P < P11, a molecule of the first sort is selected, and if P11 < P then it is of the second sort molecule. In addition, the
velocities of the molecules after collision are determined by the following relation (compare with equation (2)):

v′1 = v1 + 2Mj (v1j · e1j) e1j , v′j = vj − 2M1 (v1j · e1j) e1j ,
where Mi = mi/(m1 +mj).

3. Diffusion and viscosity coefficients of rarefied gases

The described algorithm permits one to model transport processes in rarefied gases. In particular, using this
algorithm it may be used to calculate the transport coefficients. The transport coefficients of the molecular system
considered are calculated using fluctuation-dissipation theorems, which relate transport coefficients to the evolution
of the corresponding correlation functions. In the literature, these relations are called the Green-Kubo formulas [4,
10–12]. The identity of these formulas and relations of the kinetic theories [1–3] was studied and established in
paper [13, 14].
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According to the fluctuation-dissipation theorem the binary diffusion coefficient is described by the following
formulas [15]:

D =
1− x1
x1

L11 +
x1

1− x1
L22 − L12 − L21, (3)

where

Lαβ =
1

3N

∫ τp

0

dtχαβ (0, τ),

χαβ (0, t) =
∑Nα

k
[vkα(0)− v(0)] ·

∑Nβ

l
[vlβ(0)− v(0)],

v (t) =
x1
N1

∑Nα

k
vkα (t) +

1− x1
N2

∑Nβ

l
vlβ (t).

Here, tp is so named plateau time of the calculation of the integral (3) [16].
In the formulas (3), the integrand defines the correlation functions of the molecular velocities, the time integrals

of which give the value of the diffusion coefficient. The autocorrelation velocity function (ACVF) of the rarefied gas
should decay exponentially [4]. As an example in Fig. 1 (left), the evolution of the ACVF χ11 for the Kr-Ar mixture is
given. Here, t′ = t/τ , where τ is the mean free path time of Kr molecules. In actuality, ACVF decays exponentially.
Therefore, the plateau value of the diffusion coefficient is reached within 10–15 mean free path times (see Fig. 1 right).

FIG. 1. The evolution of ACVF (left) and diffusion coefficient of Kr-Ar mixer (right)

The accuracy of the simulation was evaluated by comparison with experimental data. Firstly, the diffusion coef-
ficients for mixtures of rarefied noble gases Kr-Ar, Xe-Ar, Xe-Kr at atmospheric pressure and temperature of 295 K
were analyzed. The following intermolecular potential parameters (see (1)) were used: σ = 0.311 nm, ε/k = 116 K
for argon, σ = 0.351 nm, ε/k = 190 K for krypton and σ = 0.386 nm, ε/k = 190 K for Xenon [2]. Calculation of each
phase trajectory was performed for 50 mean free paths time. The diffusion coefficient D was calculated by averaging
over 1000 independent phase trajectories. 3500 molecules were used in the calculations. Comparison of simulated and
experimental data for the three mixtures is presented in Table 1. Here the second line corresponds to the experimental
data De [17] and the relative error of the simulation is given in the last line.

TABLE 1. Comparison of simulated and experimental data of the diffusion coefficients

T Kr-Ar Xe-Ar Xe-Kr
De, sm2/s 13.58 11.1 7.43
D, sm2/s 13.22 11.42 7.19

∆, % 2.63 2.88 3.28

The simulation error of the diffusion coefficients was about 3% (see Table 1). It should be noted that the accuracy
of measuring the diffusion coefficient also usually lies in the range of 1–3%. So the accuracy of modeling, even with
the use of this relatively small number of molecules, is quite acceptable. However, the accuracy of the simulation
using the presented algorithm increases with the number of molecules used and/or the number of phase trajectories
used for averaging. It will be discussed later.

One of the main problems of the kinetic theory of gases is the modeling transport processes of polyatomic gases.
Different approaches are used here, including the use of various semi-classical or quantum methods (see, for example,
[2, 3, 18, 19]). Nevertheless, even in the simplest case of a single-component gas, the calculation of the transport
coefficients of a rarefied polyatomic gas has not completely solved. Therefore, it would be of utility to understand
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the applicability of the algorithm described above for modeling transport coefficients of polyatomic gases. Below this
problem is analyzed on example of modeling the viscosity coefficient both monatomic (Ar, Kr, Ne, Xe) and polyatomic
gases (CH4, CO, CO2, O2).

The calculation of the viscosity coefficient, as using MD method, is based on the fluctuation-dissipation theorem,
which has the form for the viscosity coefficient [4, 10–12]:

η =
1

3V KT

∫ tp

0

dtχη (0, t) =
1

3V KT

∫ tp

0

dt 〈σxy(0)σxy(t)〉, (4)

where V is the volume of the system. The components of the stress tensor for a rarefied gas are calculated as:

σxy(0, t) =
1

Nl

∑l

j

∑N

k
m [vxk(j∆t)vyk(t+ j∆t)].

Here ∆t is the time interval of the calculation of the velocities.
To simulate the viscosity of the gases the following intermolecular potential parameters were used: σ = 0.382 nm,

ε/k = 137 K for CH4, σ = 0.359 nm, ε/k = 110 K for CO, σ = 0.448 nm, ε/k = 189 K for CO2, σ = 0.343 nm,
ε/k = 113 K for O2, σ = 0.178 nm, ε/k = 35.7 K for Ne. The viscosity coefficients were calculated at a temperature
of 273 K and atmospheric pressure. In all cases 3200 molecules were used in the calculations, and the obtained data
were averaged over 1000 independent phase trajectories.

The correlation of the stress tensor χn(t) decays exponentially also. The obtained values of the viscosity coef-
ficient are presented in Table 2 (second line). The corresponding experimental values of ηe taken from the reference
book [20] are also shown here. The relative error of the simulation is given in the last line again.

TABLE 2. Comparison of simulated and experimental data of the viscosity coefficients of the rar-
efied gases

CH4 CO CO2 O2 Ar Kr Ne Xe
η · 106(Pa·s) 10.48 15.95 13.0 18.91 22.25 25.87 32.28 23.78
ηe·106(Pa·s) 10.37 16.6 13.8 19.3 22.7 25.5 31.7 23.3

∆, % 1.06 3.94 5.84 2.02 1.97 1.46 1.84 2.05

Comparison of simulation and experimental data shows that the simulation accuracy is within the accuracy of
obtaining experimental data for monoatomic gases and oxygen (about 2%). At the same time, the situation for poly-
atomic gases is more complicated. Good data are obtained for methane, whose molecules are spherically symmetric
and for oxygen. On the other hand, for non-spherical molecules, of course, more adequate potentials should be ap-
plied. Although here, the accuracy of modeling the viscosity coefficient is not bad. In addition, it can also be increased
by using a larger number of molecules (see the next section).

4. Accuracy of the modeling

The calculations presented in previous section showed that the proposed algorithm for modeling gas transport
coefficients allows one, using a relatively small number of molecules, to obtain data comparable in accuracy with
experimental results. However, the dependence of the simulation results on the molecules number used is a very im-
portant feature of the algorithm. The dependence of the accuracy of the number of particles was studied in modeling
different transport coefficients. Below, the obtained results will be shown for calculating the diffusion and viscos-
ity coefficients of a few rarefied gases. In all cases, the simulation results were compared with the corresponding
experimental ones.

Let us consider the diffusion of Ar-Kr mixture. The number of the used molecules N was varied from 850 to
6800. The obtained relative error ranges from 4.9% to 1.9%. These data indicate that the accuracy of the simulation
increases with an increasing number of molecules. One can show that the resulting relative errors ∆ are well described
by the dependence ∆ ∼ 1/

√
N .

A similar result is obtained when modelling the viscosity coefficient. As an example, the dependence of the
accuracy of the number of particles was studied in modeling the viscosity coefficient of argon. The data obtained in
simulations of 10, 100, 500, 1600, and 3200 molecules are analyzed. The obtained relative error is changed from 9.7%
to 0.8% and again, ∆ ∼ 1/

√
N .

Another important factor determining the simulation’s accuracy is the number of ensemble members over which
the averaging is performed. The ensemble of the phase trajectories for averaging is a typical Gibbs ensemble charac-
terized by different initial phase states of molecules with given mean values of macroscopic observables (temperature,
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pressure, density). To study the dependence of the simulation accuracy on the number of ensemble members L (the
number of independent phase trajectories) over which the averaging is performed, the diffusion of an Ar-Kr mixture
is again considered. The parameter L was changed from 125 to 1000, the number of the molecules was the same
and equal to 3200. The relative accuracy of the diffusion coefficient changed from 5.8% to 2.6%. These (and many
other) test calculations have shown that the simulation’s accuracy ∆s ∼ 1/

√
L. This estimate is expected, of course.

However, it is clear that the value ∆s ∼ 10−2 does not mean that accuracy of the order of one percent is achieved.
The accuracy also depends on the number of molecules in the computational cell.

Averaging the simulated observables over a sufficiently large number of the independent phase trajectories is
connected in particular with the nonmonotonic damping of the two-time correlation functions of the molecular systems
(see, for example, papers [21, 22], in which the quasi-periodic behavior of ACVF was predicted). In finite number
molecule system the amplitude of these fluctuations may be rather large. Therefore, a comparatively large number of
the used phase trajectories is required to achieve the high accuracy of the modelling.

On the other hand, one needs to repeat that the simulation accuracy, of course, depends on the number of molecules
used. For a very small number of particles, sufficiently accurate results were not obtained. The reason in the rarefied
gas is clear: in a rarefied gas, the collided molecules do not collide in future. The probability of such collisions
is negligible, and they are a characteristic feature of the dynamics of dense gases [9, 10]. On the other hand, in a
system of a small number of molecules, modeling the rarefied gas during the time τi there are a significant number of
repeated collisions involving the same molecules [23, 24]. The simulation’s accuracy can be substantially increased
by eliminating such collisions. In the Bird method [25] of direct statistical Monte-Carlo method, this was done in
paper [26]. Elimination of repeated collisions made it possible to achieve the same accuracy for ten particles as when
using the standard method for one thousand particles. A similar procedure was realized in the algorithm we describe
here. The procedure of eliminating repeated collisions is extremely simple. If, in the selection of the collision of
the i-th molecule, it is to collide with molecule k, and this collision has already occurred in the given time interval,
then a different pair for collision is selected. The example of the calculations of the viscosity coefficients of CH4 gas
with (second line) and without (third line) repeated collisions are presented in Table 3. In all presented calculations
the averaging of the data were fulfilled over thousand independent phase trajectories. The result is excellent, the
acceptable accuracy is obtained when using only ten molecules.

TABLE 3. Comparison of simulated data of the viscosity coefficients for methane

N 10 100 500 2500
∆0, % 11.06 5.89 4.83 4.24
∆1, % 2.18 1.76 1.43 1.27

Using the described algorithm for eliminating repeated collisions it is possible to reduce by one or even several
orders of magnitude the number of molecules used for modeling. Naturally, eliminating repeated collisions the sim-
ulation time may be considerably reduced. On the other hand, it is clear that the effectiveness of the procedure for
excluding repeated collisions decreases with an increasing the number of molecules used in the simulation.

5. Modeling the transport processes in rarefied gas nanosuspensions

A gas nanosuspension is a two-phase medium in which the carrier medium is a rarefied gas and dispersed particles
are nanoparticles having the size from 1 to 100 nm. For considering gas nanosuspensions, the mean free path of
the molecules is more than size of dispersed particles, as a rule. The key point for modeling the dynamics of gas
nanosuspensions is the interaction potentials of the nanoparticles with molecules of the carrier gas and nanoparticles
with each other. In MD modeling of transport processes of nanofluids, the nanoparticles are often simulated by the
clusters of different size (see review [27] and references therein). But molecular cluster is not nanoparticle because in
gas and liquid it may change (and change!) its size and shape. In addition, the atoms of such cluster can be replaced
by the base fluid molecules. On the other hand, in real physical experiment we have stable nanoparticles, these
particles have constant shape and size. In order to simulate the transport processes in such nanofluids, it is necessary to
determine correctly the interaction potentials of nanoparticles with base fluid molecules and between each other. Such
potentials were constructed early in papers [28, 29]. Later the use of this potential was experimentally checked [30].

The interaction of molecules of the carrier medium with a nanoparticle was determined by the Rudyak-Krasnolutskii
(RK) potential as follows [28, 29]:

Ψ (r) = Ψ9 (r)−Ψ3 (r) . (5)
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Ψi(r) = Ci
{[

(r −R)−i − (r +R)−i
]}
− air−1

[
(r −R)−i+1 − (r +R)−i+1

]
,

where i=9,3, a9=9/8, a3=3/2, C9 = (4πε12σ
12
12)/45Vp, C3 = (2ηε12σ

6
12)/3Vp, and V −1p = ρp/mp.

Here, ρp is the density of the nanoparticle material, mp is the molecular mass of the substance of the nanoparticle,
Ris the nanoparticle radius, σij and εij are the parameters of potential (1) of the interactions of a carried medium
molecule with a nanoparticle atom (or molecule).

As the interaction potential for nanoparticles, we are using the potential [31], which has the following form for
monodisperse particles:

U (r,R) = U7 (r,R)− U1(r,R) (6)

U7(r) =
π2ε̃σ̃12

315V 2
p

{
R2

r

[
1

(r − 2R)7
+

2

R7
+

1

(r + 2R)7
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− 1

(r + 2R)6
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−

− 1

30r

[
1

(r − 2R)5
− 2

R5
+

1

(r + 2R)5
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,

U7(r) =
2π2ε̃σ̃6

3V 2
p

[
ln

(
r2 − 4R2

r2

)
+ 2R2

(
1

r2 − 4R2
+

1

r2
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,

here ε̃ and σ̃ are the parameters of the Lennard-Jones interaction potential (1) of the nanoparticle atoms (molecules).
Potentials (5) and (6) were constructed on the assumption that the interaction of carrier fluid molecules with nanopar-
ticle atoms and nanoparticle atoms with each other is described by a potential of the form (1) with the parameters
σ12, ε12 and σ̃, ε̃, respectively. Since these potentials have an infinite radius of action, they should be truncated in the
course of simulation. The truncation radii are equal to R+ bσ12 for potentials (5) and (6). Factor b was selected such
that the force with which a nanoparticle acts on a molecule is equal to the force of interaction between two molecules
over the truncation radius for potential (5). This factor depends on the nanoparticle material and the properties of
carrier molecules.

In this paper, rarefied gas nanosuspensions are considered. It is a binary system. The algorithm to simulate such
system is described in section 2. The result of the calculations is a complete set of velocities of all molecules and
nanoparticles of the simulated system at successive times. Using this information, it is possible to calculate all the
observable characteristics of the system studied. The transport coefficients studied here were calculated again using
the fluctuation-dissipation theorems (3) and (4).

One of the goals of this paper was to study the possibilities of the proposed simulation algorithm for modeling the
diffusion of nanoparticles in gas. Previously, the diffusion of Cu2O nanoparticles in nitrogen at atmospheric pressure
and temperature 294.15 K was studied experimentally [30]. Therefore for testing the proposed algorithm, namely this
diffusion was modeled. The following parameters of the intermolecular interaction potential were used: σ= 0.3798 nm,
ε/k= 71.4 K for N2, σ = 0.4124 nm, ε/k= 2909 K for Cu2O [30]. The diameter of Cu2O particle was varied from
2.55 to 8.94 nm. The number of molecules in the calculations varied from 450 to 20,000, depending on the size of the
nanoparticle.

The comparison of simulationD and experimentalDe data of the diffusion coefficient of Cu2O particles is shown
in Table 4. Here, the first column is the diameter of the nanoparticle and the fourth is the relative error of the simulation.
In all cases, the simulation accuracy is quite high and practically does not depend on the size of the nanoparticles.

TABLE 4. Calculations of the diffusion coefficient of the nanoparticles

R, nm D, m2/s·10−7 De, m2/s·10−7 ∆, %
2.55 5.156 5.063 1.84
2.94 4.046 4.102 1.37
3.33 3.386 3.418 0.95
4.51 2.158 2.118 1.87
4.79 1.968 1.932 1.88
5.35 1.632 1.601 1.95
6.33 1.236 1.215 1.71
7.54 9.196 9.044 1.68
8.94 6.625 6.694 1.03

The rarefied gas nanosuspension is a special case of a nanofluid. Nanofluids with spherical nanoparticles and
carbon nanotubes have already been successfully used or are proposed for use in various applications (see for example
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[32–35]). The model of the viscosity of coarse dispersed fluid was developed by Einstein [36] and then generalized
by many authors (see [37–40] and references therein). It was established that viscosity of coarse dispersed fluid is
always larger than the viscosity of based fluid and this increase depends on volume concentration of the dispersed
particles. In nanofluids this tendency is conserved but their viscosity depends not only on the particles concentration
but also on size and material of nanoparticles [41,42]. However, in papers [43,44], it is shown using the kinetic theory
that the viscosity of the rarefied gas nanosuspensions can be either greater or less than the viscosity of the carrier gas.
One of the tasks of this paper is to test the possibility of describing this effect using the proposed stochastic molecular
modeling algorithm. The viscosity of the two different gas nanosuspensions (Zn-Ne U-H2) are studied. The following
parameters of the intermolecular interaction potential were used: σ = 0.2968 nm, ε/k= 33.3 K for H2, σ = 0.3343 nm,
ε/k= 2703.6 K for U, σ = 0.246 nm, ε/k= 1040 K for Zn [43, 44]. The transport coefficients are calculated using
fluctuation-dissipation theorems (4) generalized for binary mixer.

First consider the viscosity of the gas nanosuspension U-H2. The size of the particles is equal to 1 nm. The
dependence of the viscosity coefficients of this gas nanosuspension on the nanoparticle volume concentration φ, % at
different temperatures is presented in Fig. 2. Here, the different lines correspond to the kinetic theory data obtained in
[43] at 200, 300 and 500 K bottom-up respectively. In all cases, the volume concentration of the particle is very small
(from 0.02 to 0.08%), however the mass concentration is sufficiently large. In Fig. 2 different markers correspond to the
simulation data. These data are in good agreement with the kinetic theory ones. The viscosity of gas nanosuspension
increases with increasing particle concentration and it is more than the viscosity of carrier gas. The viscosity of gas
nanosuspension exceeds the viscosity of the carrier gas by about 90% at concentrations of the order of 0.02% and at
room temperature. This effect increases with increasing temperature. For example, at 1000 K, the relative viscosity
coefficient ηr = η/ηg ≈2.3 (here, η and ηg are the viscosity coefficients of the gas nanosuspension and carrier gas
respectively).

FIG. 2. The viscosity coefficients of U-H2 gas nanosuspension versus nanoparticles volume con-
centration φ, % at different temperature. The different markers correspond to the simulation data at
the temperature 200, 300 and 500 K bottom-up respectively. Different lines correspond to data of
the kinetic theory [43]

On the other hand, in [44], it is shown that in certain situations, gas nanosuspensions may have viscosity less than
in carrier gas. To check this conclusion, the viscosity of the Zn-Ne gas nanosuspension was calculated. The size of the
particles is equal to 1 nm again. The obtained data are presented in Fig. 3. The lines correspond to the kinetic theory
data [44] at the temperature 200, 300, 500 and 1000 K, bottom-up respectively. The different labels correspond to our
calculated data for appropriate temperature and particle volume concentrations.

The viscosity of the gas nanosuspensions considered at all temperatures is lower than the viscosity of the carrier
gas. At room temperature and particle volume concentration of 0.02%, the effective viscosity of this gas nanosuspen-
sion is about 15% lower than that of pure neon, and this effect increases with increasing temperature. The simulation
and kinetic theory data coincide with each other. Thus the proposed algorithm permits one to model the viscosity of
the gas nanosuspensions.
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FIG. 3. The viscosity coefficients of Ne-Zn gas nanosuspension versus nanoparticles volume con-
centration φ, % at different temperatures. The different labels on the lines corresponds to the simula-
tion data at the temperature 200, 300, 500 and 1000 K, bottom-up respectively. The lines correspond
to the data of the kinetic theory [44] for appropriate temperature and the particles volume concen-
trations

6. Conclusion

The proposed algorithms for calculating gas transport coefficients allow one, using a relatively small number of
molecules, to obtain data comparable in accuracy with experimental results. It is the stochastic algorithm because
all phase trajectories of the modelled system are built stochastically. However it is not the Monte-Carlo type algo-
rithm, because we do not build the stochastic process to solve any equation. The dynamics of the molecular gas in
corresponding phase space are modeled.

In this paper, the simulation of the transport coefficients of the rarefied gases are considered. All transport coeffi-
cients of such gases are dependent on the velocity of the particles of the system (see, for example (3) and (4)). There-
fore the dynamics of the molecules in the velocity space were studied. However, strictly speaking the determination
of the velocities of the particles after collision (see (2) requires knowledge of the vector eij = (rj − ri) / |rj − ri|.
There are two different ways to determine this vector during each time step. In the first case, at time t, all positions
of the molecules are defined (r1, r2, ..., rN ). Then. at selected time interval τ1, the coordinate of the molecule i is
changed as follows ri (t+ τ1) = r1 (t) + v1 (t) τ1. In this case, the calculation result is the full set of the coordi-
nates and velocities of all the molecules of the simulated system at successive times. In the second way to determine
the vectors eij the initial data of the molecules were used. It is clear that the second way is much more efficient.
Both described procedures were used in the developed algorithm. It was shown that the accuracy of the simulation is
practically identical.

In all cases, the accuracy of the simulation increases with both the number of particles used and the number of
phase trajectories for averaging the results. The relative error of the viscosity coeficient calculation is well described
by the following formula: ∆ ∼ 1/

√
NL. This means, in particular, that in order to achieve a given accuracy, the

number of molecules can be “exchanged” for the number of phase trajectories. It is very important for example to
model the gas nanosuspensions with large particles.

It is very interesting that the viscosity of gas nanosuspensions may be either larger or less than viscosity of
the carrier gas. The decrease in the viscosity can be quite significant, at normal temperatures it can reach 10–15%.
This effect increases with increasing the temperature. It should be emphasized that the volume concentrations of
nanoparticles are very low and do not exceed 0.02%. A decrease in the effective viscosity coefficient compared to the
corresponding value for the carrier gas should be expected if the sizes of the carrier gas molecules and nanoparticles
differ significantly. If the sizes of the nanoparticles are sufficiently small, then a decrease in the effective viscosity
coefficient can be expected if the ratio of the density of the nanoparticle material to the density of the carrier gas
molecules is small enough also, e.g., when light particles are added to a heavy gas. Physically, the decreasing the
effective viscosity of gas nanosuspension is due to a decrease in the frequency of molecule-molecule collisions due to
collisions of molecules with nanoparticles, as well as due to a decrease in the molar fraction of gas molecules.
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