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Resonance asymptotics for a pair quantum waveguides with common
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A nanostructure model,which is represented as a pair of coupled two-dimensional quantum waveguides with common semitransparent wall, is
considered. That wall has small window which induces a resonance state localized near the window. Semitransparency is the reason for the
asymptotics difference in comparison with the non-transparent case. Using the matching of asymptotic expansions method, we obtain formulas for

resonances and resonance states.
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1. Introduction

There is a large class of mathematical and physical problems concerning “systems with small coupling windows”,
actually this means systems of connected quantum waveguides, Helmholtz resonators, and other structures with pertur-
bation caused by small coupling windows. Such systems have long been of interest to physicists and mathematicians.
Tthe transport properties of waveguides and other additional phenomena caused by resonators are widely used in
electrodynamics, radiophysics and theories of acoustic and electromagnetic waves.

The development of nanoelectronics led to the creation of a new class of objects used inside devices — quantum
threads (nanowhiskers), quantum dots, antidots and so on. Of course, “quantum” is the keyword here because studying
mesoscopic systems (systems where the coherence of the phases of the electrons is preserved on a scale much larger
than atomic) is absolutely impossible if we don’t respect quantum properties of electron. Obviously, taking into
account the quantum behavior of an electron requires the development of fundamentally new physical, and, most
importantly, also mathematical approaches.

When we consider mesoscopic systems, we actually mean studying wave propagation in waveguides and other
structures. Properties of this propagation are related to spectral properties of the corresponding mathematical operator.
This is usually the Schrodinger operator which coincides with the Laplace operator for the ballistic regime. Resonance
phenomena are widely used for development of new nanoelectronic devices. Knowledge about the quasi-eigenvalue
asymptotics allows one to ensure a proper control of the electron transmission through the device.

Such problems have a long history. They became interesting for mathematicians and theoretical physics after
Rayleigh’s work in 1916 [1]. Probably he was the first who successfully considered the Helmholtz resonator from
a mathematical point of view. He calculated the real part of the smallest quasi-eigenvalue. Although it was not
very significant physical result, that work used a real mathematical approach so it was the beginning of the story.
Rayleigh’s result was not significant, because the imaginary part of quasi-eigenvalue is much more important — it
actually represents time of resonance states existing and it is really important physical metric. Half a century later
imaginary part was calculated by Morse and Feshbach [2] using the Rayleigh’s method.

Such problems are popular today as well, as they became after first mathematical approaches. Currently, we
use term “asymptotic analysis” for big class of problem including resonance phenomena. Great variety of electronic
device caused great variety of systems in resonance problems. Firstly, a system can contain different units like quantum
waveguides, Helmholtz resonators, angles and so on. Also it can contain combination of such units. There are several
examples, such as two connected resonators [3], a single resonator opened to space [4], a pair of waveguides with
A common boundary [5] or even A system of waveguides with resonators [6]. System geometry is also changeable
factor, so we can vary shape of resonator (like square, circle, arbitrary domain) [7], number of dimensions (plane is
not less actual than three-dimensional case) [8], window position and numbers (both are explicit physical factors, but
they can lead us to quite different results) [9, 10]. Changing of the boundary conditions in the problem was studied by
Gadylshin and Borisov [11].

The core of mathematical approach in this work is “Matching asymptotic expansions of solutions of boundary
problems”. This method was described in prior literature [12]. Let’s consider a global problem, the solution of which
necessitates a similar tool. This method is intended for boundary problems of equations containing naturally occurring
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small parameter. This is very typical for mathematical physics problems, in particular for problems with Helmholtz
resonator and quantum waveguides where the small parameter characterizes the window size. The most interesting
problem is that solution in such problems almost alway can’t be decomposed into some simple functions. For example,
in the Helmholtz resonator with the small perturbation we can’t express the above exact decision so we only can use
asymptotic expansions.

We will consider a couple of waveguides in which the common wall is semitransparent. Such a system was
studied by Exner and Kreicirik in [13, 14] but in terms of spectral and scattering properties. Resonance asymptotics
for a single waveguide with semitransparent barrier were considered in [15]. Semitransparency is also related to
previous paragraph because, in our case, specific boundary conditions on the common wall are required.

2. Preliminaries

Let us describe the system and prepare common formulas, which are required to construct our case-specific
asymptotics.

There is a pair of quantum waveguides in two-dimensional Cartesian coordinates with widths d_ and d.. We will
consider d_ < d4 < 2d_, which is a very important assumption, as we will see later.

X5

N

“>2a

FI1G. 1. waveguides with common semitransparent wall

Wall semitransparency is described by the parameter . Generally a € (0; 4+00), where zero value means no
barrier and infinity means absolutely nontransparent barrier. Zero value is not included because actually it is not a case
of considered problem.

As mentioned previously, boundary conditions on the walls are very important. On non-common walls, we choose
the Dirichlet conditions, but common wall conditions are more complicated. When a wave passes through the barrier,
a jump occurs in the derivative of the considered function u(x1, 2 ), so we will set specific boundary conditions:

Uy = U,

/ /A
u, —ul = au,

ey

where v/, _ are vertical derivatives at the top and bottom of the wall. The conditions of such type appear if one
considers singular potential supported on hypersurface. These potentials are intensively investigated during last two
decades (see, e.g., [16-22]).

We construct asymptotics in window size, so one of the most important parameters is a — we will consider it as
half of the window size.

As mentioned previously, the most important point is selected threshold. In similar problems, resonances are
considered near “threshold” values. Threshold is such value of \,,, that there are no summands with imaginary part
exponent in Green’s function series which are lower than \,,. Imaginary exponent corresponds to periodic summands
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which mean propagating waves. We will seek terms of asymptotic expansions close to the first threshold A\] =

2 2 2
) . Choiceof [ =) butnot [ ) isalso key point as we will see later.
d_ d_ dy

“Perturbed” eigenvalue k2. also known as quasi-eigenfrequency will be denoted as k,. The difference between
k2 and \] is actually small value. We will use convenient expansion for its asymptotics:

oo [1/2]-1
( ) k2= Y k;ﬂajln — )

j=2 =0

Finally, we can write down system of equations for eigenfunctions in perturbed case:

2
s x .
Yo(r) = — (d) — k- ZO @’ Pji (Duvln aO) G+($ Y, k) 0’ x e Q-f—\Sao(a/ao)l/Q’
- 1= y=
[G—-1)/2] T\ .. a
valo) = 2% o (T) @ 0 € Spuggaganye 3)
2
us X a
Pa(x) = (d) —k2- 3 @l P <Dy,ln a) G (z,y, k) ;€ Q7\S,(a/a0) /2
— j=0 0 y=0

3. Asymptotics construction
3.1. Eigenfunctions for semitransparent wall
Eigenfunctions and corresponding eigenvalues for case without semitransparency and perturbing are well-known:

2 . Tnxs
sin
dy dy '

m 2
AE= =) .
: di)
But we should match conditions (1), so let’s consider eigenfunction in such form:

(z) = Apsin((xg —dy)v), xe >0,
Xl =Y Busin((as +d_)v), 2 < 0.

“

So we obtain then following equations:

{ —A, sin(dyv) = By sin(d_v),

=
Apvcos(dyv) — Bprcos(d_v) = aB, sin(d_v).
An _ sin(d-v)
B,  sin(dyv)’
-B, Mucos(d v) — Byvcos(d_v) = aB, sin(d_v) -
sin(dv) + o -

A, sin(d_v)

B,  sin(div)’
—vetg(div) — vetg(d_v) = a.

—Cpsin(d_v)sin((zq — d4)v), x2 >0,
Cypsin(dyv)sin((ze +d_)v), z2 <O0.
C,, is normalizing coefficient. Actually it means that v can be found as solution of equation
—veot(dyv) —veot(d_v) = a

but we won’t consider corresponding formulas in details.
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3.2. Green’s function

Matching of asymptotic expansions corresponding to (3) requires Green’s function calculating. Its common for-
mula for a waveguide is well known [23]:

Xn(T2) X yz) ot (-

2
where p;- = (T) — k2.
+

For our expressions, it takes the form:

[e’e) 2 2 . _ ) B
Gt(z,y, k) = Zl C2sin*(d_v) 51n((x22pf+)y) sin((ys — dy )v)
G (x,y,k) = 21 C2 sin*(d, v) sin((x2 2—;—;1)1/) sin((yz + d_)v)

The differential operator P,, from formula (3) can be described as follows:

€ (0) € (1) »y1 n o"
Pyl D, In— | = I P|D,,In— | = D D' = —
0 ( v nsg) %10 % ! ( v ng()) a10 Hy> v onp’

+
T (z—
e Pn (@1-41)

e Pn (@1—y1),

[(¢—1)/2] i
P, ( ) Z Z (m) < ) D;L*qul, m>o.

Actually, operator D, should be just a comblnatlon of n tangent or normal derivatives in dot y. Here, we choose always
normal derivatives. Finally, we obtain the following representation for Dy G:

C? sin?(d+v) (sin(v2v) cos(d+v) F cos(zov) sin(d+ v))DJ sin((y2 F d+)v)
2y

+
. e~ T1P]

j (vt _
D} G*(x,0,k) =

y=0

sin(j — 2i)9>.

k)l ) )i = 20)0 & ——
®j(z, )n*+gj (@, )‘1'2 tE 'y (COb(J— i) 20 =20

®)
where (r,6) are polar coordinates. Terms bl(.j ), D, (z, k), gji(a:7 k) are analytic in respect to 7 some vicinity of the
point Aq:
- = (-1 )[(J+1)/2( H/m, b3 :]‘i:i ®1,,(0 k):_i:_i
00— 07 o — g2 T o 242

Sines and cosines in last summand are selected in such way because Dy G should satisfy conditions (1).

Let’s notice that the first summand has imaginary part and no k-singularity for G* and has no imaginary part but
k-singularity for G™.

3.3. Calculating
Boundary problems for v; (E) from (3) can be obtained by the following manner. We substitute the series (3)
a
and (2) into the Helmholtz equation (for k& = k,) and then change variables £ = f. The coefficients in the terms with
a

the same powers of ¢ and In 2 should be equal. Hence, we obtain the following problems:

ao
i—3[p/2] )
Agvji == 30 X Apgvj—p-2,i—q, § € R\, ©
p=0 ¢g=0
vji =0, £€v,

where v = {{|§2 = 0N & € (—o0; —1] U [1; +00)} and Ay, are the coefficients of the series:
a
k2 = ApoaP In? —

We can notice for future that (6) gives us the homogeneous Laplace equation for v1¢ and veg but for v3y we get the
inhomogeneous Laplace equation (Poisson equation) and it looks like Agvsg = fk(z)vlo because of corresponding Agg
value.
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As a next step, we need to introduce operator M, (U) — it changes variables in expressions U ({ = —,Inr =
€

In p + Ine) and filters summand with £? In? %g@(f ). Also My, = >~ M, it is used to get all summand with €?.
q

4. Calculating of kj

Let’s find summand of order a' from (3) using this operator.

[x2 1
a M, ( ;LQ k2. PG (x,0, k:a)> = Zkypall) (cose T %sin 9) : %)
_ ™

a%) C? sin?(d, v)v? cos?(d_v)

d? 2

2 1
a~'M; ( LB— PlG(x,O,ka)> = ——kagalgp~! (cos6 - %Sin@) + psing -
®)
To find v, we use the following lemma:
There exist harmonic functions Yq1(€), Yy2(€) in R2\(R\(—~1;1)), Yos|p (1) = 0, Ygs € Wy, (R?), which

have the following differentiable asymptotics by p, p — oo:

.S .
-3 p*Ja(j'J» cosjl, & >0,
Yo = =1 o
plahcosqd + Y p~lag;cosjb, & <O,
j=1
o0 .
-3 p_]b;j sinj@, & >0,
Yo = =1 o
pib)singd + > p~Ibysingl, & <O0.
j=1

Each harmonic in R?\(R\(—1; 1)) function V that is 0 on R\(—1; 1) and has the order O(p?) is a linear combination
of Y;1(§), ¥;2(). Yj1 (&%), Yja(&x) for j < g, where &x = (&1, —&).
To match terms increasing on p — oo in according to (8) we shall select v1¢(§) in such way:

B a%)C% sin?(dyv)v? cos?(d_v)
v10(§) = o
1

YlQ(f)'

Hence, matching terms of order p~'sin @ in (7), (8) with Y can be used as follows:

a%) C%sin®(d v)v?cos?(d_v)b;, « (1)
269 = gy 00
by = —bj;.

And finally:
7CF sin?(dyv)v? cos®(d_v)by,

k =
20 b(l)a

5. Calculating of k3

Process of calculating for next coefficient is not much different.
Positive powers of p appear from summands of order a? in Py, P», so:

2
1
a~2M, (—, /3—2 k2. PG (x,0, ka)> = ;k:goa%)p’l (coso n %sin 9) , ©)
2 1
a2My ([T — K2 PG (2,0, k) | = ——ksoaltp ! (cos0 — 5 sing) +
d2 ™ 2 (10)

a%) C?% sin?(dyv)v® cos(d_v) sin(d_v)
8 I

[ 2
1
a2 M, (— ;T—Q —k2.a- P,GT(x,0, ka)> = fk:goa%)p_Q (cos 20 + %sin 29) , (11
_ s

+p? cos 26 -
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a2 M, % — k2 a- PG (z,0, k:a)) = —%kgoa%)p’Q (cos 20 — %sin 20) + 12
4 psing - —a%)C'l2 sinz(d+u)u23 cos(d_v)sin(d_v) . (2
In (9)-(12) we consider only summands with deg p € {—1} U N, actually right side in (11) is not 0 of course.
Because of given positive degrees of p we shall select voo(€) in such way:
B a%) C%sin®(dv)v® cos(d_v)sin(d_v) a%) C? sin’(dv)v® cos(d_v) sin(d_v) Yar ().

v90(§) = 200 12(8) + S8

Hence matching terms of order p~! sin 6 and p~! cos @ in (7), (8) with Y can be used as follows:

_a%)ClQ sin?(dy v)v? cos(d_v) sin(d_v) (—at) = lk (1)
26 21) = F30li0

_a%)ClQ sin?(dy v)v? cos(d_v) sin(d_v) (—ady) = lk ()
26 22) = R30li10

a%)Cf sin®(dyv)v® cos(d_v)sin(d_v) , « (1)
8a8 (_bll) = _%ki’aoalo ,

a%)Cf sin®(dyv)v® cos(d_v)sin(d_v) , « (2)
8a8 (_b12) = _Ekiioalo ,

a3y = ag,

agy = ag,

bf2 = —bpy.

Finally:
ma3,C% sin?(d o v)v? cos(d_v) sin(d_v)
200 ’

k3o =

Using other equations we can obtain relations for coefficients.

6. Calculating of k49, kg
As we noticed previously, equation (6) is homogeneous for v1g(€), v20(£) but becomes more complicated for
2

next step. So we need to solve Poisson equation: Agvsg = —%vm, v30(§) =0, €y, 7y ={& =0A¢& €

(—o0; =1 U [1; 4+00)}.
Solution of this boundary problem can be presented as:

v30(§) = U30(&) + U30(&),

where U30(€) is solution of homogeneous Laplace equation satisfying the boundary conditions (as we seek for previous
steps) and U3 () is particular solution of inhomogeneous Laplace equation satisfying the boundary conditions.

Let’s separate summands of order a>. To get all positive degrees of p it’s enough to consider P;, P;, P3. Analo-
gously to (9)—(12), we won’t get profit (except coefficients relations) considering any negative degrees except —1, so
we will consider only —1 from negative p degrees:

_ w2 41 a . 1
a=3Msg (—1 /E —k2- P1G+(a:,07k:a)> =p 1; (0059 + 551116‘) ~a§0)k40+

_C%sin? (d,u)a%) koov?d_d, cos®(dyv) (13)

tpsing - | —alDkaogt +1i -
2my/d% — d?%

_peost C%sin®(d_ V)a%) koo cos(d4v) sin(d4v)
2 )
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2 1
a"3 My < ;T—Q — k2 PLG™ (z,0, ka)> = —p*1; <cost9 — %sin 0) ago)k:é;o—}—

C? sin?(d. V)aglo) kaov cos(d_v) sin(d_v) N
2

+psinf - a(l)kgogf — pcost

C? sin (d+u)a10)y4 cos?(d_v)

48 ’

[ -2
a_3M30 (— ZZTQ k‘2 a - P2G+(37 0 k )) ,

+p>sin 30

2 2 qin2 d (2), 4 d
a3 Msg (\/ﬂ.a . PQG(IL’,O,ka)> — 2 cos29C1 sin”( +1/)aé0 v*sin?(d_v)
2
@ Mso (T/ﬁ a* P3G+(%0aka)> =-p (cos9+ %sin&) : { (b8 o + 34l (5

2

a3 Ms ( 2—2 — k2 a?- PyG(x,0, ka)> -

_Cl sin (d+u)a10) koov®* cos?(d_v) 012 sinz(d+y)aé%) koov® cos(d_v) sin(d_v)

o
psin 5 5

o (cos0+ 5 . sinf) - [afyb{ kao + 30306 ko]

Separating summands with positive p degrees we can obtain the following representation for vz (&):

30(€) = Br1Y11(€) + B12Y12(E) + Ba1Yar (€) + Bs2Yao(€) + Br1Yi1 (6%) + BraYia(Ex),

where:
C? sin2(d+u)a§10) koovsin(d_v) cos(d_v)
511 = - 2(1(1) )
ajy k2095 sin®(dyv)aiy v* cos?(d_v sin?(dy v)asy v° sin(d_v) cos(d_v
gy Ol o i) _ Gt snld_) st
T ) 200 200
Boy = — C? Sin2(d+u)a§0) vt sin?(d_v)
21 — 8(1 ’
Bay = C? sinz(d+u)a(o)u4 cos?(d_v)
327 4869 ’
B = C’1 sin?(d_ u)ago)kzgoysin(dy/) cos(dyv)
2a9 ’

~ alt kaogt B iClZ sin?(d_v)alt) kagv? cos?(dyv)d_d..

Biz =
bO
1 200\ /d3 — diw

Particular solution of inhomogeneous equation can be obtained using integrating:

- 772a(1 C? sin?(dyv)v? cos?(d_v)
U30(§) = — 2b(%+d2_ x
1 + . ]- b—li‘_j 2§ .+ .
—fbuplnpsmﬂ—l—fb sin 26 + Z 15— 1 )p Jsinjf, & >0,

1 1 o by ,
gb p3sinf + blplnp51n9 b251n29 Z L p? I sinjh, & <O0.

j=3 4(;7 - 1)
Finally, we obtain the full solution:
v30(&) = ﬁnam cos  — B1obYpsin O+

4T aw)C1 sin?(dyv)v? cos?(d_ v)
200d? 4 =4 - 1)

+

M8

j=1 j=1

1 x by o,
fbllplnpsm9 —bj,sin20 — 3 — p= I sinjl| —

(ﬂllalj Enal_j + 521%‘})[77’ cos jb — Z (512@} + Elel_j + 53217;]-),07j sin j6

625

(14)

5)

(16)

a7

(18)
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for &, > 0 and

v30(€) = Br1alpcos b + B12b7 psm 6 + Ba1a3p? COS 20 + B52bYp® sin 30—

fbo 3sind fb In psin 60—
_WQa(IB)Cf sin?(dyv)v? cos?(d_v) g 1P s * g 1P pEI

0 12 1. . > by e ™
2b7d* —me sin 260 — Jgg Z1(].77J1)P2 7 sin j0
+ 3 (Buay; — Bual; + Barag))pI cos j6+ 3 (Braby; + Buabl; + Beaby;)p 7 sin j6
j=1 =1

for &5 < 0.

Matching terms of order p~*

sin 0 gives us:

LT a10)01 sin?(d, v)v? cos?(d_v) 3bys

o 1 1
3 (ﬂa&)km a§o)b( ki — 3a§0)b81)k20> = —Br2bi;— 512b11 Ba2b3; W 3
a l g ~ 3bm2alt 02 sin®(dyv)v?cos?(d_v) o, (3,3 3). (3
5 . ;ago)kél() = _512bi‘r1 _612()11 _ﬂBZbLj;l - 13 10 71 16b0d§ +§(a§0)b50) ( )b( )>k20 ~
10—
o2 -~ 3620V 02 sin?(dyv)v? cos2(d_v)
b = o | ~Buably = Prabi, — by — A LSRR O 4 D 4 30

alba 1660 d*
Imaginary part can be obtained from summand with 512:
—27C{ sin’(dyv) sin®(d_v)v* cos?(dyv) cos?(d_v)d_d (b];)?

a-4(b9)2y/d2 — d2

Im k40 =

7. Conclusion

The suggested procedure can be continued to obtain terms of the asymptotic expansion of any order. The results
pertaining to the real part of the resonance, gives one an estimation of the shift of resonance with respect to the thresh-
old. These results can be useful for the description of “quantum waveguide — quantum dot — quantum waveguide”
systems. One can find such systems in different nanotechnological applications.
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