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In this paper, we investigate the interaction of ultrashort pulses with anisotropic optical media with carbon nanotubes in the presence of a magnetic
field. Based on Maxwell’s equations, taking into account the second polarization of the light wave, an effective equation for the vector potential of
the electromagnetic field is obtained. The dependence of the pulse shape on the magnetic field is revealed, and the Fourier spectra of the pulse are
analyzed.
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1.

Introduction

To solve many practical problems, it is necessary to form a powerful electromagnetic pulse with specified characteristics. In this case, an important issue is the study of the pulse’s behavior in a medium under the action of the
strong external fields [1]. Note that the magnetic field can be used to control the properties of optical pulses, which
is confirmed by the Faraday effect and the magneto-optical Kerr effect [2]. In this context, media containing carbon
nanotubes with their stabilizing effect have a high potential for application in the development of optoelectronic devices [3]. We have studied the effect of external constant magnetic and alternating electric fields on the ultrashort
pulse propagation in CNTs [4, 5], but without taking into account the anisotropy of the medium, which can have a
significant effect on the character of pulse propagation. Therefore, the problem of the correct accounting the optically
anisotropic properties of a nonlinear medium naturally arises. These properties can lead to various interesting effects,
for example, the Zakharov–Benny resonance [6].
Since the works [7, 8], the stable propagation of optical pulses in the CNT array has been shown repeatedly. As
an example, we cite recent papers on this topic [9, 10]. In previous studies, we took into account only one (linear)
polarization of light, when the nanotube axis was parallel to the electric field vector. Here, we take into account the
second polarization, as well as different values of the velocity components. In this work, we study the dynamics of a
three-dimensional ultrashort optical pulse in a dielectric anisotropic crystal with CNTs under the action of a constant
magnetic field.
2.

Model and basic equations

We consider an array of carbon nanotubes immersed in an anisotropic dielectric medium (crystal). The OX, OY
and OZ axes are aligned with the crystal axes. The CNT axis lies in the XOY plane and makes an angle α with the
OX axis (Fig. 1). We investigate the propagation of three-dimensional ultrashort electromagnetic pulses in the array
of zigzag carbon nanotubes. We consider only semiconductor carbon nanotubes to avoid the effects associated with
intraband absorption. The magnetic field H is directed along the CNT axis. Under the action of the electric field E
directed along the OX axis, a current begins to flow in the CNTs and a field appears along the other axis, the OY axis.
Note, in this paper, we consider a positive crystal [11]. There are several ways to obtain well-oriented nanotubes in a
dielectric matrix. It is important that the distance between CNTs is much greater than the distances between atoms.
For example, one of the methods is induced anisotropy using external fields due to the Kerr effect. Moreover, we
consider the pulse field to be much larger than the external field responsible for the anisotropy. Another method is
media of polar molecules. It should be noted that our approach is a generalization, but it is also suitable for an isotropic
medium.
The vector potential has the form: A = (Ax (x, y, z, t), Ay (x, y, z, t), 0), the electric current density is:
j = (jx (x, y, z, t), jy (x, y, z, t), 0).
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We write the three-dimensional wave equation for the electric field component directed at an angle to the CNT
axis (taking into account the calibration: E = −∂A/c∂t):
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where c is the light velocity.
Next, we go over to a cylindrical coordinate system and rewrite equation (1) into two components of the vector
potential:
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r, z, ϕ are the cylindrical coordinates; nx , ny are the refractive indices for x polarization and for y polarization
respectively, v0 is the velocity of an ordinary ray, ve is the velocity of an extraordinary ray. Earlier in [12,13], we have
shown that there is a damping of azimuthal harmonics during the propagation of an electromagnetic wave in an array
of CNTs. Therefore, we neglect the derivative with respect to the angle.
The standard expression for the current density along the CNTs axis can be written as [14]:
m Z
X
j = 2e
vs (p) · f (p, s) dp,
(3)
s=1

where e is the electron charge, hereinafter ~ = 1, the integration is carried out over the first Brillouin zone, p is the
projection of the quasi-momentum of the conduction electron along the axis of the nanotube, vs (p) = ∂εs (p)/∂p is
the electron velocity, f (p, s) is the Fermi distribution, εs (p) is the dispersion law, which describes the properties of
electrons of CNTs and takes into account a magnetic field [15]:
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where s = 1, 2 . . . , n, CNTs type is (n, 0), γ0 ≈ 2.7 eV, a = 3b/2~, b is the distance between adjacent carbon
atoms, Φ is the magnetic flux through the cross section of CNT, Φ0 = h/e ≈ 2.068 · 10−15 Wb is the magnetic flux
quantum [16]. Because the magnetic field is codirectional to the nanotube axis, then Φ = B · S, where S is the CNT
cross-sectional area, B is the modulus of the magnetic induction vector.
Based on calculations in [14], we assume that the derivative with respect to the angle is zero. In this case, we
obtain a system of the effective equations for the components of the vector potential, taking into account the transition
to the cylindrical coordinate system:
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n0 is the electron concentration:
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kB is the Boltzmann constant, T is the temperature, asq is the coefficients in the expansion of the electron dispersion
law (4) as a Fourier series:
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Note, due to a decrease in the coefficients bq (6), with an increase in q, we can restrict ourselves to the first 15
nonvanishing terms [17].
The system of equations (5) is solved numerically. We use an explicit finite-difference three-layer scheme of the
“cross” type with the following initial conditions:
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where Q is the initial amplitude of the electromagnetic pulse, lz , lr determine the pulse width along the z and r
directions, respectively, z0 is the initial coordinate of the pulse center along the axis z.
3.

Results and discussion

Further, we make numerical calculations at the following system parameters: CNT of type is (80, 0), coefficients
bq , are calculated at the temperature T = 293 K [18]. It should be noted some points of our model. The substrate
field is not taken into account. Distances between adjacent carbon nanotubes are much larger than their diameter. The
magnetic field is directed strictly along the axis of the nanotubes. We consider pulses from the near-IR, with a duration
of 1 period, and a width of 2 wavelengths. Examples of the pulse producing, see in [19, 20].
The evolution of the electromagnetic field during its propagation over the sample in the presence of a constant
magnetic field is shown in Fig. 2. We presented the field intensity I, which is determined according to the formula:
2

1 ∂Ax
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c
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F IG . 1. The geometry of the problem
Figure 2 shows that dispersive spreading of the pulse is observed. Despite this, the pulse is localized in the
propagation direction. The dispersion spreading of the pulse is essential here and it is associated with the fact that both
field components (Ex and Ey ) are taken into account in the problem. This is the most important difference between
this problem and the problems considered earlier.
The dependence of the pulse width lz (which is defined as the distance at which its intensity drops by half of the
intensity at the center) is shown in Fig. 3.
The essential point here is that the pulse component that was initially excited is broadened least of all. It can be
associated with the fact that nonlinear effects act there from the very beginning, which compensate for the spreading.
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F IG . 2. Evolution of the pulse: a) t = 6.5; b) t = 9.5. The nondimensional unit along the r and z
axes corresponds to 2 · 10−5 m, in time 10−14 s. I0 is the field intensity at t = 0.

F IG . 3. Dependence of the pulse width on time: a) for the component Ey ; b) for the component Ex .
The nondimensional unit along the vertical axis corresponds to 2 · 10−5 m, in time 10−14 s.
At the same time, this dependence explain us why the broadening is much stronger than in previous works, for example [9, 12]. This is due to the presence of the second component of the electric field vector, which makes its own
contribution.
The influence of the angle between the electric field Ex with the carbon nanotubes axis on the dynamics of the
pulse propagation is shown in Fig. 4.
It can be seen, that the greater the magnetic field, the higher the field intensity for different angles of inclination
of the CNT to the crystal axis.
The influence of the magnetic field on the pulse dynamics is presented in Fig. 5.
It follows from Figs. 4 and 5 that the amplitude and shape of the pulse can be controlled both by the angle at
which the CNT array is located in the dielectric matrix, and by the magnitude of the magnetic field. It can be seen,
that by choosing in a certain way the angle α and the magnitude of the magnetic field, we can control the longitudinal
dispersion of the pulse.
Let us analyze the shape of the Fourier spectrum (ω is the angular frequency) of the pulse at a fixed time (Fig. 6).
Figure 6 shows, that for sharp angles, α, between the nanotube axis and the crystal axis, additional peaks appear
in the Fourier spectrum. It indicates the generation of additional harmonics. Note, when the magnitude of the constant
magnetic field increases, the number of these peaks also increases. By varying the magnitude of the external magnetic
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F IG . 4. Dependence of the electric field intensity Ex on the z coordinate for the time instant t = 9.5
(slices at r = 0): (a) α = 0.75 rad; (b) α = 1.05 rad. For the dashed line, the magnetic field is
2 times greater than for the solid one. The nondimensional unit along the z axis corresponds to
2 · 10−5 m, the dimensionless unit on time is 10−14 s. Imax is the maximum value of field intensity
at t = 9.5.

F IG . 5. Dependence of the electric field intensity Ex on the z coordinate for the time instant 9.5
(slices at r = 0). For the Fig. (b) the magnetic field is 2 times greater than for (a). The solid line
corresponds to α = 0.75 rad, the dashed line – α = 1.05 rad. The nondimensional unit along the
z-axis corresponds to 2 · 10−5 m, the dimensionless unit on time is 10−14 s. Imax is the maximum
value of field intensity at t = 9.5 (at the following parameters: α = 0.75 rad, Φ/Φ0 = n/2).

F IG . 6. Absolute values of Fourier spectra at time t = 9.5 · 10−14 s for several values of α and the
magnetic field. For the Fig. (b) the magnetic field is 2 times greater than for (a). The dashed line
corresponds to α = 1.05 rad, the solid line corresponds to α = 0.75 rad. The unit on the ω axis
corresponds to 1013 s−1 , on the axis |E| = 107 V/m.

Influence of a magnetic field on the propagation of ultrashort optical pulses...

435

field (as well as the angle α), it is possible to achieve the effective generation of the second harmonic, or vice versa,
to suppress this generation and make the generation of the third harmonic more efficient. It is also possible to control
the generation of higher harmonics and harmonics at intermediate frequencies. This is undoubtedly important for
practical applications, since it allows one to make a device on a single crystal for generating harmonics controlled by a
magnetic field. We note another application. The value of the magnetic field applied to the sample can be determined
from the harmonic output. That is this effect can be useful for optical magnetism sensors.
4.

Conclusion
This study reports three key results, which have some practical applications in the harmonic generation:
(1) A model of propagation of ultrashort optical pulses in an anisotropic optical media with carbon nanotubes in
the presence of a magnetic field is proposed.
(2) The magnitude of the magnetic field makes it possible to change both the amplitude and the shape of the pulse
during its propagation over the sample.
(3) The magnitude of the magnetic field effectively controls the output of optical harmonics.
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