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ABSTRACT Based on the symmetry related concept of the group theory we predict two structures with enan-
tiomorphic space groups PI43 and PI41. These phases arise as a result of spin ordering on 16d Wyckoff
position in crystals with space group Fd3m. It is shown that PI43 and PI41 hypothetical magnetic structures
are multiferroics of type II. The ferroelectric polarization emerges through a mechanism of the hybrid improper
ferroelectricity allowing trilinear coupling of polarization and two other antiferromagnetic order parameters. In
addition to improper ferroelectricity, the symmetry analysis proves the possible coexistence of other improper
ferroic orders including orbital, ferroelastic, ferroelastoelectric, ferrobielastic, optical, ferroaxial, ferrotoroidic,
gyrotropic and other crystal freedom degrees.
KEYWORDS spin order, multiferroics, improper ferroelectrics, trilinear coupling, multi-order state, secondary
ferroics.
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1. Introduction

Magnetoelectric multiferroics demonstrate both magnetic and ferroelectric order with the mutual influence of the cor-
responding properties on each other. Thus, the electric field control of magnetization or vice versa magnetic field tunable
electric polarization are possible that opens up a wide range of practical applications including magnetic field sensors,
electrically tunable microwave resonators, random access multi-state memories and many others [1]. The classification
by Khomskii distinguishes two types of multiferroics [2]. In a type-I multiferroics, ferroelectricity and magnetism appear
independently and, most often, different subsystems and ions are responsible for them. Classical examples are oxides with
the perovskite structure BiFeO3 and BiMnO3, in which ferroelectricity is due to Bi3+ ions with a lone pair of electrons
in the A sublattice, and magnetism is associated with ions with a partially filled d shell in the B sublattice [3–5]. The
magnetic and ferroelectric degrees of freedom in these systems are coupled, but the magnetoelectric coefficients are rather
low that hinders many applications. In a type-II multiferroics, ferroelectric polarization arises due to magnetic ordering,
which usually leads to a stronger magnetoelectric interaction. Typical examples are TbMnO3 [6], Tb2Mn2O5 [7] and
many other structures, where spin order induces electrical polarization [8].

Approaches to the design of magnetoelectric materials and corresponding nanosystems differ significantly for type
-I and type-II multiferroics. For a long time, it was believed that magnetism and ferroelectricity in one substance should
not coexist due to the so-called “dn–d0 separation” [9]. The meaning of this rule is very simple: substances containing
partially filled d-shells are magnetic, while substances with an unfilled d0-configuration will be non-magnetic but may turn
out to be ferroelectric as a result of the pseudo Jahn-Teller effect (similar to BaTiO3) [10]. Thus, there is a contradictory
requirement for the electronic structure of the single ions responsible for ferroelectricity and magnetism.

One of the main directions in solving the problem of “dn–d0 separation” was the design of materials in which different
sublattices were “responsible” for magnetic or ferroelectric properties. Such materials are type-I multiferroics or ferro-
magnetics [11]. In addition to the already mentioned BiFeO3 and BiMnO3, type-I multiferroics include PbFe2/3W1/3O3,
PbFe1/2Nb1/2O3, various solid solutions based on them, as well as many other complex perovskites of the Pb(B’B”)O3

type. In these cases, magnetic and ferroactive ions occupy different sublattices of the perovskite structure and/or are
randomly mixed in one of the sublattices [3–5].

Another approach to the creation of magnetoelectric materials are composites (two-phase multiferroics) based on
piezoelectric and magnetostrictive components, which often belong to different structural types, as, for example, in the
case of widely studied nano- and bulk composites based on PbZr0.5Ti0.5O3 (perovskite) and NiFe2O4 (spinel) and many
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others [12]. Under the action of a magnetic field, the ferrite is deformed due to magnetostriction. This deformation, in
turn, induces the appearance of an electric charge at the boundaries of the ferroelectric phase as a result of the direct
piezoelectric effect. Thus, the magnetoelectric interaction is carried out due to the magnetic subsystem, which has been
confirmed in various forms of connectivity of the mechanical and ferroelectric components of composites: mixed, layered,
etc. [12].

In recent years, a new line of research has appeared in the field of creating the multiferroics. This line is associated
with the discovery of a hybrid mechanism of improper ferroelectricity in the superlattices of various perovskites, for
example, PbTiO3/SrTiO3 [13–16]. The polarization is possible due to the interaction of several nonferroelectric order
parameters (in the case of the above superlattices, these are different types of oxygen octahedra tilts), which are described
by a trilinear term of the η1η2P form (where η1, η2 are nonpolar distortions, and P is polarization) in the thermodynamic
potential [17]. Later, hybrid improper ferroelectricity was also discovered in single-phase materials, including ordered
perovskites [17–20], Ruddlesden–Popper phases [16, 19–27], molecular perovskites [28, 29], metal-organic frameworks
[23] and other materials, including multiferroics (for example, [16,30]). Thus, the problem of “dn–d0 separation” can also
be solved by creating artificial nanosystems - superlattices consisting of magnetic nonpolar layers, in which polarization
occurs as an integral effect.

In the case of type-II multiferroics, the occurrence of ferroelectric polarization is due to magnetic ordering, which
leads to the loss of the inversion center. In this case, the problem of “dn–d0 separation” is not relevant. To date, the
main microscopic mechanisms of violation of the inversion center because of the specific geometry of both collinear and
noncollinear spin-ordered structures have been identified [3,31]. Thus, in collinear magnetic structures with different types
of magnetic ions (for example, chains of nonequivalent spins directed alternately downward - upward), the occurrence
of polarization is caused by the mechanism of exchange striction [33]. In noncollinear magnets, magnetically induced
ferroelectricity is possible due to the spin-current mechanism or reverse Dzyaloshinsky-Moriya model for canted spins or
spiral magnetic structures [34] including cycloid and transverse conical ones [32].

One of the promising atomic architectures for the implementation of various magnetic orders and, as a result, mag-
netically induced ferroelectricity is the pyrochlore lattice [35,36], which is a part of the structures of pyrochlores, spinels,
and C15 Laves phases (Fig. 1).

FIG. 1. Main structural types of materials with pyrochlore sublattice. Pyrochlore sublattice in Laves
phases (C15) AB2 (a), normal spinel AB2X4 (c), A2B2X6Y pyrochlore (c). In all figures, this sublattice
is shown in red

To date, a huge number of various magnetic materials with a pyrochlore lattice are known, which are characterized
by a diversity of spin-ordered structures [32, 35]. This lattice is a platform for the implementation of various types of
competing and coexisting interactions, which is due to strong geometric frustration. Materials with pyrochlore lattices tend
to exhibit a very complex relationship of interacting structural, orbital, charge, and spin degrees of freedom. The nature
of such multi-order determining the unique physical properties of this class of materials cannot be understood without
profound knowledge of group-theoretical symmetry principles. The aim of this work is to make a group-theoretical
prediction of some types of the complex multi-orders, similar to improper ferroelectricity in type II multiferroics, and
generated by ordering the spins of magnetic cations on the pyrochlore lattice.

2. Methods

We will consider the case of the formation of spin-ordered structures that is not accompanied by the splitting of the 16d
Wyckoff positions of the Fd3m space group. If we take this limitation, within the framework of Landau phase transition
theory, it is sufficient only to consider the magnetic order parameters (OPs) with two propagation vectors k = (0, 0, 0) and
k = (0, 0, 1). For irreducible representations (irreps) of these wave vectors, the magnetic representations are as follow:

Tmag =
(
mΓ+

2

)
⊕
(
mΓ+

3

)
⊕
(
mΓ+

5

)
⊕ 2(mΓ+

4 ) for k = (0, 0, 0), (1)
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TABLE 1. Theoretically predicted structures of the type-II multiferroics derived from cubic pyrochlore
lattice without splitting of the initial 16d Wyckoff crystallographic positions of Fd3m space group

Primary OPs Secondary OPs Magnetic space group Basis vectors Origin Size

Γ+
1 (a)

Γ−1 (a) P143

mX3 (0, 0; 0, 0; a, 0) Γ−3 (0, a) (No. 78.24) (1/2,1/2,0)

mX4 (0, 0; 0, 0; a, 0) Γ−4 (0, 0, a) UNI: (-1/2,1/2,0) (-3/8,3/8,0) 2

Γ+
3 (a, 0) P43.1

′
I [I41] (0,0,1)

Γ+
4 (0, 0, a)

Γ+
1 (a)

Γ−1 (a) P141

mX3 (0, 0; 0, 0; 0, a) Γ−3 (0, a) (No. 76.12) (1/2,1/2,0)

mX4 (0, 0; 0, 0; 0, a) Γ−4 (0, 0, a) UNI: (-1/2,1/2,0) (-1/8,1/8,0) 2

Γ+
3 (a, 0) P41.1

′
I [I41] (0,0,1)

Γ+
4 (0, 0, a)

FIG. 2. Symmetric ways of formation of enantiomorphic structures with space groups PI43 and PI41

from the initial symmetry group Fd3m. The OPs that generate transformations of structures are marked
in red. Enantiomorphic pairs of structures are connected by green dotted arrows
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FIG. 3. Mechanism of the spin-induced polarization formation via trilinear coupling on the examples
of an improper ferroelectric phases with space groups PI43 (No. 78.24) and PI41 (No. 76.12)

Tmag = (mX3)⊕ 2 (mX4)⊕ (mX1)⊕ 2(mX2) for k = (0, 0, 1), (2)
The compositions of the magnetic representations (1 and 2) determine the variety of magnetically ordered phases,

possible types of phase diagrams and physical properties.
At present, some group-theoretical tasks of the magnetic phase transitions theory can be solved using computer

programs (ISOTROPY Software Suite [37] and Bilbao Crystallographic Server [38]). In our work, we used ISODISTORT
[37], k-Subgroupsmag/Get mirreps [38], MAGMODELIZE programs [38]. Magnetic structure visualization was made
by VESTA [39].

3. Results and discussion

According to our calculations, the magnetic representations (1 and 2) determine the possibility of the existence of 25
phases [32]. In the context of possible multiferroic phases, we underline two structures PI43 (No. 78.24) and PI41 (No.
76.12) which are induced by two OPs transformed by irreps mX3 and mX4 (with different OPs direction for these
phases). Table 1 shows the sets of OPs that determine the magnetic structure, magnetic space group (Belov–Neronova–
Smirnova [40] and new unified (UNI) [41] designation), secondary OPs, basis vectors of the primitive cell and the change
in the volume of a primitive cell (column “size”). Note that the sets of secondary OPs in the formation of PI43 and
PI41 structures are the same. Symmetry analysis makes it possible to establish the physical realization of the secondary
OPs: ferroelastic (irrep Γ+

3 ) and nonferroelastic (irreps Γ−3 and Γ−4 ) displacements of atoms [36, 42], as well as ordering
(irreps Γ+

3 and Γ+
4 ) of d-orbitals [43].

The symmetry of predicted spin-ordered structures allows physical properties described by tensors of different orders
(secondary ferroics) [32]. Table 2 lists some of these simple tensor properties, the irreducible representations by which
they are converted, as well as the secondary order parameters from Table 1. Therefore, the predicted crystals are improper
ferroics or type-II multiferroic materials. The analysis of the secondary OP (Table 1 and Table 2) shows that the improper
ferroelectrics with the PI43 and PI41 structure can also be ferroelastic, ferroelastoelectric, ferrobielastic, ferrotoroidic
and gyrotropic phases [44–47].

Spin ordering led to the formation of enantiomorphic (chiral) structures with PI43 – and PI41 – symmetries. They
form an enantiomorphic pair. We see (Fig. 2) that the final PI43 – and PI41 – phases can be obtained in various symmetry
ways from the initial phase. This conclusion corresponds to the so-called variable principle, which was first established
in work [48]. From the initial structure with the Fd3m space group, this enantiomorphic pair is obtained through inter-
mediate structures (Fig. 2). The intermediate structures, in turn, form two enantiomorphic pairs: P4122 – P4322 and
P41212 – P43212. Enantiomorphic crystals modify one into another in mirror reflection. One of these modifications is
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TABLE 2. Predicted improper physical properties of the crystals with PI43 and PI41 space group

Examples of physical
properties or phenomena

Macro-
parameters

Decomposition
of reducible presentation

Secondary OPs
from Table 1

Ferroelectric, polarization Γ−4 Γ−4 Γ−4 (0, 0, a)

Ferroelastic, strain, stress,
[(

Γ−4
)2]

Γ+
1 + Γ+

3 + Γ+
5 Γ+

3 (a, 0)

permitivity

Longitudinal piezoelectric
[(

Γ−4
)3]

Γ−2 + 2Γ−4 + Γ−5 Γ−4 (0, 0, a)

effect tensor

Symmetric in all indices

fourth-rank tensor, cubic
[(

Γ−4
)4]

2Γ+
1 + 2Γ+

3 + 2Γ+
5 + Γ+

4 Γ+
3 (a, 0)

susceptibility tensor Γ+
4 (0, 0, a)

neglecting dispersion

Ferroelastoelectric, Γ−3 (0, a)

piezoelectric tensor,
[(

Γ−4
)2] (

Γ−4
)

Γ−2 + Γ−3 + 3Γ−4 + 2Γ−5 Γ−4 (0, 0, a)

electro-optic coefficient

Ferrobielastic, Γ+
3 (a, 0)

electrostriction, elastooptic
[(

Γ−4
)2]2

3Γ+
1 + Γ+

2 + 4Γ+
3 + 3Γ+

4 + 5Γ+
5 Γ+

4 (0, 0, a)

or piezooptic tensor

Axial crystal A Γ+
4 Γ+

4 (0, 0, a)

Ferrotoroidic A
(
Γ+

4

)
Γ+

4 Γ+
4 (0, 0, a)

Optical activity, gyration ε
[(

Γ−4
)2]

Γ−1 + Γ−3 + Γ−5 Γ−1 (a)

tensor Γ−3 (0, a)

Enanthiomorphism, ε Γ−1 Γ−1 (a)

Pure gyrotropic phase

Gyrotropic ferroelastic Γ−3 Γ−3 Γ−3 (0, a)

Gyrotropic ferroelectric Γ−4 Γ−4 Γ−4 (0, 0, a)

Explanations for Table 2. Γ−
4 – the vector representation of the Fd3m symmetry group, A – the axial

representation of the Fd3m symmetry group, ε– pseudo scalar. Secondary OPs from Table 1 for primary OPs:

mX3(0, 0; 0, 0; a, 0) + mX4(0, 0; 0, 0; a, 0) and mX3(0, 0; 0, 0; 0, a) +mX4(0, 0; 0, 0; 0, a) are the same.

conventionally called “right”, and the other - “left”. Enanthiomorphic objects are described by a point symmetry group
containing only symmetry axes. Both forms of enantiomorphic crystals have optical activity (gyrotropes), but the crystal
rotates the plane of polarization of light propagating along the optical axis, either along the left screw for one modification
or the right screw for the other modification to the same angle.

However, the conditions for the existence of enaniomorphism do not completely coincide with the those for the
existence of the optical activity. A novel functionality of enantiomorphic (chiral) materials is discovered in spintronics,
which is known as “Chirality Induced Spin Selectivity” effect [49–52]. In our study, we established the opposite effect -
the emergence of enantiomorphic (chiral) structures as a result of spin ordering associated with the lattice deformations
and orbital ordering.

The symmetry allows trilinear coupling through mixed invariant γMmX3
MmX4PΓ−

4
in the thermodynamic potential,

where γ is a coefficient characterizing the strength of the magnetoelectric coupling (by this invariant); MmX3
, MmX4

and
PΓ−

4
are antiferromagnetic (MmX3

and MmX4
) and ferroelectric (PΓ−

4
) OPs transformed according irreps mX3, mX4
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and Γ−4 , respectively. Thus, space-inversion symmetry breaking the emergence of the spontaneous polarization results
from the interaction between two antiferromagnetic orders, which do not separately lead to the ferroelectric distortion
(Fig. 3). From the symmetry consideration, the emergence of spin-induced polarization in these phases is similar to
the mechanism of the hybrid improper ferroelectricity in artificial superlattices (PbTiO3/SrTiO3 [13]) and Ruddlesden–
Popper perovskite-like phases (Ca3Mn2O7 [16]). But in these examples the linear polarization is the product of interaction
between two types of the octahedron rotational modes (instead of the two types of antiferromagnetic OPs) through trilinear
coupling term in the Landau thermodynamic potential. Thus, these theoretically predicted phases can be attributed to the
multiferroics of type-II according to the Khomskii classification [2].

Considering a variety of spin-ordered pyrochlore-like compounds, we expect that they may be a potential arena for
ferroaxial materials. Ferroaxial order is discussed as a new class of ferroic states in recent years [46, 53–55]. The so-
called ferroaxial transitions (a transition from nonferroaxial to ferroaxial phases) are characterized by rotational structural
distortions that break the mirror symmetry. Among the 32 crystallographic point groups, there are 13 ferroaxial (or
pyroaxial) groups (1, 1, 2, m, 2/m, 3, 3, 4, 4, 4/m, 6, 6, and 6/m [56], among which there is a point group 4. In the
ferroaxial state, clockwise and counterclockwise rotational distortions are energetically equivalent and form domain states
whose spatial distributions have been reported recently [54–59]. However, transition m3m → 4 is not pure ferroaxial
species because it accompanies ferroelectric, ferroelastic, gyrotropic transitions. Only a few ferroaxial materials that show
a pure ferroaxial transition are reported to date [e.g., RbFe(MoO4)2 (3m → 3 at 190 K [60]) and NiTiO3 (3m → 3 at
1560 K [61])].

We consider also gyrotropic phase transitions in which the initial phase is optically inactive or non-gyrotropic; There-
fore, the ferroic optically active phase will be called the gyrotropic phase. The appearance of a spontaneous gyrotropic
phase, which is not accompanied by either ferroelectricity or ferroelasticity, corresponds to the formation of so-called
pure gyrotropic phase [47]. If the formation of a gyrotropic phase is accompanied by the appearance of polarization
or deformation in the ferroic phase, then the optically active phase will be called gyrotropic ferroelectric or gyrotropic
ferroelastic, respectively.

Thus, the predicted pyrochlore-like phases with PI43 and PI41 space symmetry are characterized by a complex
and multi-order, including the structural, orbital, spin, optical, ferroaxial, ferrotoroidic, ferroelastoelectric, ferrobielastic,
gyrotropic, electrical and other crystal freedom degrees.

4. Conclusions

In our work, we predict the possibility of the existence of two enantiomorphic multiferroics of type II with PI43- and
PI41- symmetries, whose ferroelectrical properties appear as a result of magnetic ordering on the 16d Wyckoff positions
in the initial Fd3m phase with pyrochlore sublattice(s). These multiferroics are objects to be searched and studied, since
they can have not only magnetic and electrical properties, but, at the same time, they can have other above mentioned
physical properties. This complex multi-order may result in unusual physical properties of the above materials.

References
[1] Vopson M.M. Fundamentals of Multiferroic Materials and Their Possible Applications. Critical Reviews in Solid State and Materials Sciences,

2014, 201, P. 1–28.
[2] Khomskii D. Classifying multiferroics: Mechanisms and effects. Physics, 2009, 2(20), P. 1-8.
[3] Selbach S.M., Tybell T., et al. The Ferroic Phase Transitions of BiFeO3. Adv. Mater., 2008, 20, P. 3692–3696.
[4] Kimura T., Kawamoto S., et al. Magnetocapacitance effect in multiferroic BiMnO3. Phys. Rev. B, 2003, 67, P. 180401(1-4) (R).
[5] Seshadri R., Hill N. A. Visualizing the role of Bi 6s “lone pairs” in the off-center distortion in ferromagnetic BiMnO3. Chem. Mater., 2001, 13,

P. 2892–2899.
[6] Kimura T., Goto T., et al. Magnetic control of ferroelectic polarization. Nature, 2003, 426, P. 55–58.
[7] Hur N., Park S., et al. Electric polarization reversal and memory in a multiferroic material induced by magnetic fields. Nature, 2004, 429, P. 392–

395.
[8] Cheong S.W., Mostovoy M. Multiferroics: a magnetic twist for ferroelectricity. Nature Mater, 2007, 6, P. 13–20.
[9] Hill N. A. Why there are so few multiferroics with the perovskites structure? J. Phys. Chem. B, 2000, 104(29), P. 6694–6709.

[10] Polinger V., Garcia-Fernandez P., et al. Pseudo Jahn–Teller origin of ferroelectric instability in BaTiO3 type perovskites: The Green’s function
approach and beyond. Physica B: Condensed Matter, 2015, 457, P. 296–309.

[11] Smolenskii G. A., Chupis I. E. Ferroelectromagnets. Physics–Uspekhi, 1982, 25, P. 475–493.
[12] Nan C.-W. Multiferroic magnetoelectric composites: Historical perspective, status, and future directions. J. Appl. Phys., 2008, 103, P. 031101(1-

35).
[13] Bousquet E., Dawber M., et al. Improper ferroelectricity in perovskite oxide artificial superlattices. Nature, 2008, 452, P. 732–736.
[14] Sim H., Cheong S.W., et al. Octahedral tilting-induced ferroelectricity in ASnO3/A‘SnO3 superlattices (A, A‘=Ca, Sr, and Ba). Phys. Rev. B, 2013,

88, P. 014101(1-7).
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