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ABSTRACT The features of generation and properties of surface Bessel Plasmon-polaritons (SBPPs) in optical
anisotropic hyperbolic metamaterials formed by a periodic lattice of metal nanowires made of gold and silver
embedded into pores of aluminum oxide is studied. We investigate the influence of the thickness of the porous
material matrix on the generated plasmon-polaritons. Calculation of energy flows in the structure is made.
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1. Introduction

In recent years, surface plasmon-polaritons (SPPs) that arise at the interface between a dielectric and a conducting
medium have been actively studied. Surface plasmon-polaritons are coupled oscillations of the electromagnetic wave
and the density of free oscillations of the electron gas [1]. SPPs propagate along the interface between dielectric and
metal. The metal in this system is necessary for the existence of electronic plasma, and the dielectric is necessary to
bind the electronic plasma to the electromagnetic field [2]. Surface plasmon-polaritons are two-dimensional objects: they
propagate along the interface and decay on the both sides of it [3–6]. This leads to unique properties of SPPs: high
spatial localization and the ability to significantly enhance the intensity of the field near the boundary [7–9]. Due to
these properties, it is promising to use surface plasmon-polaritons for creation of photonic and electronic devices of the
nanometer scale, plasmonic modulators and switches, and for transmitting information over metallic wires in plasmonic
microcircuits [10–13].

Currently, interest in the study of nanostructures that excite surface plasmon-polaritons is associated with the need
of creation a new class of devices characterized by small dimension and a significantly lower resolution threshold that
meets the challenges of nanotechnology. The use of metamaterials (MM), new artificial materials with electromagnetic
properties that do not occur in nature, is one of the approaches to this problem [14–20].

Among anisotropic metamaterials, the most simple in technological implementation are uniaxial hyperbolic metama-
terials (HMMs), which have isofrequency surfaces in the space of wave vectors in the form of a hyperboloid [21]. These
metamaterials are of significant interest due to their ability to be used for obtaining an image with sub-wavelength (up
to 15 nm or less) resolution, amplifying spontaneous emission, and increasing the density of photon states. A number of
important practical applications of HMMs are associated with the possibility of ex-citing plasmon-polaritons (PP), which
represent coupled oscillations of an electro-magnetic wave and the density of free oscillations of the electron gas. Tasks
related to the study of the excitation and localization of plasmon-polaritons at the boundary (in the layer) of HMMs are of
interest for optical manipulation of micro- and nano-particles, quantum informatics, photonics, and astrophysics [21–23].
The use of plasmon-polariton light fields in HMMs is one of the ways to solve the problem of creating new optical devices
characterized by significantly lower resolution thresholds and smaller sizes.

At present, the attention of many researchers is turned to quasi-nondiffracting light fields. Among them, the Bessel
light beams (BLBs) occupy a special place, having a divergence in the axial region significantly smaller than that of
traditional (e.g., Gaussian) beams, as well as the ability to self-reconstruct the wavefront [24–29]. However, the evanescent
BLBs investigated in works [24–29] have a significant disadvantage: they are weak. This leads to the need for strong laser
fields to generate them. One of the possibilities of using BSPs for microscopy is to form Bessel plasmon-polaritons
(BPPs) – quasi-nondiffracting light fields formed at the boundary of media with different dielectric permittivities.

This paper investigates the interaction of Bessel light beams with hyperbolic metamaterials and studies the possibility
of generating quasi-nondiffracting SBPPs in hyperbolic metamaterial.
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2. Conditions for the formation of Bessel plasmon-polariton in hyperbolic metamaterials

Let’s consider a structure created using nanoporous aluminum oxide with pores filled with metal (Fig. 1). Thus, we
obtain a medium that represents a set of periodically arranged metallic nanorods in a dielectric matrix. The controlled
parameters are the radius of the metallic nanocylinders, the dielectric permittivity of the metal, and the average distance
between the centers of two adjacent nanocylinders .

FIG. 1. Matrix of nanoporous aluminum oxide with pores filled with metal

In the effective medium approximation, the structure shown in Fig. 1 can be regarded as a uniaxial medium with
effective dielectric parameters [30].

εx = εy = εo =
βεmN + εd(1−N)

βN + (1−N)
,

εe = εmN + εd(1−N),

(1)

where N = πr2/D2 is the filling ratio, β = 2εd/(εm + εd), εd is the dielectric permittivity of the dielectric. It is
assumed that N � 1 and D, r � λ0, λ0 is the wavelength of radiation incident on the structure. As known, the dielectric
permittivity of gold and silver within the Drude model can be described by the following formulas:

εAum (ω) ≈ εAu∞ −
(
ωAup

)2
ω2
(

1 + iΓAu

ω

) ,
εAgm (ω) ≈ εAg∞ −

(
ωAgp

)2
ω2

+ i

(
ωAgp

)2
ΓAg

ω3
,

(2)

with parameters εAu∞ = 9; ωAup = 13.8 · 1015 Hz; ΓAu = 0.11 · 1015s−1, εAg∞ = 5; ωAgp = 14 · 1015s−1;
ΓAg = 0.032 · 1015 s−1 [30].

From Eqs. (1) and (2), we can obtain the spectral dependences of the permittivities of metamaterials samples. Fig. 2
shows our calculated results for the dependence of the real parts of transverse and longitudinal permittivities of Al2O3/Au
and Al2O3/Ag on the wavelength. From Fig. 2, we can see that, at a wavelength of λ = 633 nm, for the fillling ratio
f = 0.3 the real part of the transverse permittivity has a positive value and longitudinal permittivity has a negative
value, then metamaterial structure Al2O3/Au displays the properties of the hyperbolic metamaterial. Similarly, for the
metamaterial sample Al2O3/Ag properties of hyperbolic metamaterial are achieved when the wavelength is 589.3 nm.

Let’s assume that the hyperbolic metamaterial with thickness h, depicted in Fig. 1, separates a dielectric substrate
with dielectric permittivity ε0 and an external dielectric medium with permittivity ε1. We will use a cylindrical coordinate
system, choosing it such that its origin is located at the boundary between the substrate and hyperbolic metamaterial.

Let’s first consider the case when a TM-polarized m-order Bessel light beam falls on the interface between two
semi-infinite media: an isotropic medium and an anisotropic uniaxial medium with its optical axis perpendicular to the
interface. The electric ~E(R) and magnetic ~H(R) vectors of the Bessel light beam propagating along the z-axis in a
medium with refractive index ni can be represented as:

~E(R) = A~ETM(ρ) exp i(kziz +mϕ),

~H(R) = A~HTM(ρ) exp i(kziz +mϕ),
(3)

where kzi is the z-component of the wave vector, A is a complex constant, the common factor exp[i(qx−ωt)] is omitted,

and q =
√
k2

0n
2
i − k2

zi is the transverse component of the wave vector.
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(a) (b)

FIG. 2. Spectral dependences of the real parts of transverse εo and longitudinal εe permittivities of
metamaterials made of gold (a) and silver (b) cylinders periodically with radius r = 30 nm embedded
into aluminum oxide matrix.

From the solution of the boundary value problem, it follows that the electric ~Et(R) and magnetic ~Ht(R) vectors of
the refracted Bessel beam can be represented as:

~Et(R) = ~Etrt (R) + ~Elt(R),

~Elt(R) = Ainct
TM
ij exp i [mϕ+ kzjz]

q

k0nj
Jm (qρ)~ez,

(4)

~Etrt (R) =
iAinc√

2
exp i[(m− 1)ϕ+ kzjz]t

TM
ij [Jm−1(qρ)~e+ − Jm+1(qρ) exp(2iϕ)~e−] ,

~Ht(R) =
njAinc√

2
exp i[(m− 1)ϕ+ kzjz]t

TM
ij [Jm−1(qρ)~e+ + Jm+1(qρ) exp(2iϕ)~e−] .

(5)

Here cos γj = kzj/k0nj , k0 = ω/c, ω is the frequency of the BLB; the symbols “tr” and “l” denote the trans-
verse and longitudinal components of the electric (magnetic) vector, respectively; ATM

t is the amplitude coefficient;
~e± = (~e1 ± i~e2)/

√
2.

Similarly for the reflected field, we obtain:

~Er(R) = ~Etrr (R) + ~Elr(R),

~Elr(R) = Aincr
TM
ij exp i [mϕ− kziz] sin γiJm (qρ)~ez,

~Etrr (R) = − iAinc√
2

exp i[(m− 1)ϕ− kziz]rTM
ij cos γi [Jm−1(qρ)~e+ − Jm+1(qρ) exp(2iϕ)~e−] ,

(6)

~Hr(R) =
niAinc√

2
exp i[(m− 1)ϕ− kziz]rTM

ij [Jm−1(qρ)~e+ + Jm+1(qρ) exp(2iϕ)~e−] . (7)

Here rTM
ij = ATM

r /Ainc is the reflection coefficient; ATM
r is the amplitude coefficient.

In this case, for the refractive and reflective coefficients of Bessel light beams at the boundary between an isotropic
medium and a hyperbolic metamaterial, we have the following expressions:
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2
√
ε0εe

√
1− q2

k20ε0

√
ε0εe

√
1− q2

k20εe
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,
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εo
√

1− q2
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√
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εo
√
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+
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ε0

√
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.

(8)
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For the refractive and reflective coefficients of the Bessel light beams at the boundary between the hyperbolic meta-
material and the isotropic medium, we obtain:

tTEci =
2εo
√

1− q2

k20εe(q)

√
ε1

√
εe − εoq2/k2

0εe + εo
√

1− q2

k20ε1

,

reci = −
εo
√

1− q2

k20ε1
−√ε1

√
εe − εoq2/k2

0εe

εo
√

1− q2
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+
√
ε1

√
εe − εoq2/k2

0εe
.

(9)

Taking into account the limited thickness of the metamaterial structure, we obtain for the electric field vector inside
the hyperbolic metamaterial (HMM) and outside it:

~E0(R) = ~Etr0 (R) + ~El0(R),

~El0(R) = Ainc
q

k0
√
ε0

exp i [mϕ− kz0z] Jm (qρ)~ez,

~Etr0 (R) = − iAinc√
2

exp i[(m− 1)ϕ− kz0z]

√
1− q2

k2
0ε0

[Jm−1(qρ)~e+ − Jm+1(qρ) exp(2iϕ)~e−] ,

~E1(R) = ~Etr1 (R) + ~El1(R),

~El1(R) = Ainc
q

k0
√
ε1
t exp i [mϕ+ kz1(z − h)] Jm (qρ)~ez,

~Etr1 (R) =
iAinc√

2
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√
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k2
0ε1
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(10)

~EHMM(R) = ~EtrHMM(R) + ~ElHMM(R),

~ElHMM(R) = ( ~ElHMM)f + ( ~ElHMM)b,

~EtrHMM(R) = ( ~EtrHMM)f + ( ~EtrHMM)b,

( ~ElHMM)f,b = Ainc
q

k0

√
εe(q)

sf,b exp i[mϕ± kzHMMz]Jm (qρ)~ez,

( ~EtrHMM(R))f,b = ± iAinc√
2
sf,b exp i[(m− 1)ϕ± kzHMMz]×

×

√
1− q2

k2
0εe(q)

[Jm−1(qρ)~e+ − Jm+1(qρ) exp(2iϕ)~e−] .

(11)

Here sf = Af/Ainc, sb = Ab/Ainc are the amplitude coefficients for the BLB propagating in the forward (along the z
axis) and counter-direction to it, and t is the transmittance of the metamaterial layer. Similarly, we can obtain expressions
for the magnetic field vector.

In this case, it follows from the boundary conditions that:

t =
teict

TM
ci exp(ikzHMMh)

1 + rTM
ic reci exp(2ikzHMMh)

, (12)

sf =
teic

1 + rTM
ic reci exp(2ikzHMMh)

, sb =
teicr

TM
ci exp(2ikzHMMh)

1 + rTM
ic reci exp(2ikzHMMh)

. (13)

In addition, the boundary conditions allow us to determine the form of the dispersion equation, which defines the
condition for generating Bessel plasmon-polaritons:

F = 1 + rTM
ic reci exp 2i(kzHMMh) = 0. (14)

3. Features of the generation and energetic characteristics of surface Bessel plasmon-polaritons in metamaterial
structure.

The determination of roots for equation (14) (with the parameter of conicity q) is rather complex task, as this equation
is complex. The method of reflection coefficient poles allows one to solve this problem. The essence of the method can
be summarized as follows: The function F can be represented as F = |F | exp(if), where f is the phase of this function.
It is evident that f = f(q) corresponds to the maximum change in the phase of the function. Therefore, to determine the
roots, it is necessary to construct dependencies f(q) (more precisely, f(Re q)). The peaks of this dependency correspond
to the real part of the roots, and the full width at half maximum of each peak corresponds to the imaginary part of the
corresponding root.



50 Nguyen Van Vinh, Nguyen Pham Quynh Anh

Let’s consider a practically important scenario where the environment of the hyperbolic metamaterial is the same
medium. Suppose the hyperbolic metamaterial separates semi-infinite identical dielectric media with a dielectric permit-
tivity ε0 = ε2 = (1.723)2 (SF10 glass). The thickness of the porous structure filled with gold is 500 nm.

The derivative of the phase of function f(Re q) versus the real part of the Bessel plasmon mode effective index is
shown in Fig. 3.

FIG. 3. Dependency of the function k0df(Re q)/d(Re q) on the dimensionless parameter Re q/k0: 1 –
N = 0.3; 2 – N = 0.35; 3 – N = 0.4. The wavelength of the incident light is 633 nm. The case of
surrounding a nanoporous structure with gold nanorods by SF10 glass.

From Fig. 2, we find that: q = (1.030 + 0.538i) · 107 m−1 for N = 0.3; q = (1.187 + 0.614i) · 107 m−1 for
N = 0.35; q = (1.325 + 0.658i) · 107 m−1 for N = 0.4. It follows that, the Bessel plasmon-polaritons are generated
when a Bessel light beam with cone angles of 37◦, 44◦, and 51◦ falls on a hyperbolic metamaterial based on aluminum
oxide with gold-filled pores. As can be seen, the cone angle of the BLB for excitation of the surface Bessel plasmon
exhibits high sensitivity to the filling ratio.

Let us now consider the dependence of the excitation conditions of plasmon polaritons on the thickness of the hyper-
bolic metamaterial (see Fig. 4). As can be seen from Fig. 4, q/k0 = 1.037+0.542i for h = 500 nm; q/k0 = 1.04+0.563i
for h = 250 nm; q/k0 = 1.128+0.804i for h = 100 nm and q/k0 = 1.357+0.837i for h = 70 nm. Thus, as the thickness
of the nanoporous structure decreases, the cone angle of the BLB for excitation of the surface Bessel plasmon-polariton
increases.

Let’s consider the case when a hyperbolic metamaterial is created using porous aluminum oxide with silver metallic
nanowires. At a wavelength of λ = 589.3 nm and filling ratio N=0.3 one has εm = −11.8736 + i1.376. The calculation
shows that q/k0 = 0.908 + 0.1i for h = 200 nm; q/k0 = 1.084 + 0.605i for h = 100 nm; q/k0 = 1.1253 + 0.566i
for h = 70 nm. Thus, as the thickness of the nanoporous structure decreases, the parameter of the cone-shaped surface
plasmon (Bessel surface plasmon) for exciting the surface Bessel plasmon-polaritons increases. Consequently, the overall
nature of the established dependencies remains unchanged. However, it should be noted that the low absorption of silver,
described by the imaginary part of the dielectric permittivity, leads to a reduction in the damping of Bessel plasmon-
polaritons in the transverse direction.

Let us now consider the distribution of energy flows (the behavior of the Poynting vector ~S =
c

8π
Re[ ~E ~H∗]). In

this case, we will neglect the finiteness of the thickness of the metamaterial film. As estimated, this assumption is valid
as h ≥ 500 nm, which fully corresponds to the conditions for obtaining a hyperbolic metamaterial based on nanoporous
aluminum oxide with pores filled with metal. Consider a transverse magnetic TM-polarized Bessel light beam incident on
the hyperbolic metamaterial. Then, using expressions (4) and (5), where we set tTM

ij = teic, we obtain the following result
for the longitudinal and radial components of the Poynting vector within the metamaterial:

Sz = Sρ = 0. (15)

The azimuthal component of this vector is determined by the expression:

Sϕ =
cq

8πk0
|Ainc|2 |teic|

2
F2 (ρ) exp (−2χHMMz) , (16)
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FIG. 4. Dependence k0df(Re q)/d(Re q) on the dimensionless parameter Re q/k0: 1 — h = 500 nm;
2 – h = 250 nm; 3 – h = 100 nm; 4 – h = 70 nm. The wavelength of the incident light is 633 nm.
Filling ratio 0.3. The case of symmetric environment of the hyperbolic metamaterial.

where χHMM = Re
[
k0

√
εeff
e (q)[q2/(k2

0ε
eff
e (q))− 1]1/2

]
, F2 (ρ) =

m

|q|ρ
(Jm(|q|ρ))2.

Thus, in the metamaterial, only the azimuthal energy flow is presented.
Figures 5 and 6 illustrate the 2D and 3D distribution for energy flow of the azimuthal component of the Bessel

plasmon inside the hyperbolic metamaterial based on nanoporous aluminum oxide with pores filled with metal (gold
and silver) at the distance z = λ/3 from the boundary with metamaterial layer. Figs. 4 and 5 show that the central
peak of the distribution for energy flow of the azimuthal component of the Bessel plasmon generated in the structure
decays exponentially when the cone angle of the BLB for excitation of the Bessel plasmon-polariton increases. The
low absorption of silver leads to the reduction in the damping for azimuthal energy flow of the Bessel plasmon-polaritons.
Besides it the field for azimuthal energy flow is characterized by more narrow near axial maxima and essential suppression
of lateral maxima while moving off the field axis to its periphery.

4. Conclusion

In this paper, we have found the dispersion equation that determines the condition for exciting the Bessel plasmon-
polaritons in a confined hyperbolic metamaterial based on dielectric with periodically embedded metallic nanowires. A
method for solving this dispersion equation has been developed. Values for the cone-shaped parameters of the Bessel
plasmons generated within the matrix of nanoporous aluminum oxide, with pores filled with gold and silver, have been
obtained. Remarkably, there is a super-sensitivity of the plasmon generation conditions in this structure to the filling
factor.

We have also examined the energy flows formed in the hyperbolic metamaterial when the surface Bessel plasmons
are excited within it. It is demonstrated that the sole non-zero energy flow is the azimuthal flow, whose magnitude expo-
nentially decreases as one moves away from the boundary between the isotropic medium and the hyperbolic metamaterial.
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(a)

(b)

(c)

FIG. 5. 2D- and 3D- distribution for energy flow of azimuthal component of the Bessel plasmon field
formed inside the hyperbolic metamaterial based on nanoporous aluminum oxide with pores filled with
gold when (a) q = (1.030 + 0.538i) · 107 m−1, (b) q = (1.187 + 0.614i) · 107 m−1, (c) q = (1.325 +
0.658i) · 107 m−1 and the wavelength λ = 633 µm. The distance from the boundary with metamaterial
layer is z = λ/3.
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(a)

(b)

(c)

FIG. 6. 2D- and 3D- distribution for energy flow of azimuthal component of the Bessel plasmon field
formed inside the hyperbolic metamaterial based on nanoporous aluminum oxide with pores filled with
silver when (a) q/k0 = 0.908 + 0.1i, (b) q/k0 = 1.084 + 0.605i, (c) q/k0 = 1.1253 + 0.566i and the
wavelength λ = 589.3 nm. The distancefrom the boundary with metamaterial layer z = λ/3.
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