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ABSTRACT This article explores phase errors created by low-pass filter in interferometric signals which are
processed by In-Phase and quadrature demodulation algorithm (IQ-demodulation). These errors were calcu-
lated using the analytical method and were compared with mathematical modeling, which uses pre-calculated
parameters: phase, sampling period, infinitesimal parameters. In this paper, we show that phase errors calcu-
lated with analytical method clearly correlate with mathematical modeling errors. This work made it possible to
calculate corrections to the demodulated phase, which, in turn, made it possible to refine the phase calculation
step in IQ demodulation algorithm using the arctangent function. The resulting formulas describing the correc-
tion to the demodulated phase will increase the accuracy of the quadrature method, which is used to process
signals from interferometric devices of various types, such as: reflectometers, geophysical seismic systems,
interferometric radiometry, etc.
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1. Introduction

Fiber-optical interferometric sensors based on phase difference measurement in signal and control interferometer
arms, which is created by the interaction of the fiber and environment. Mach–Zehnder, Michelson, Sagnac and Fabry–
Perot interferometers are often used as sensors. It can also be “moving” interferometers, where interfering beams are
Rayleigh scattering waves which were excited by a light pulse propagating in the fiber, as it happens, for example, in
coherent reflectometry schemes. Optical circuits, which are used to measure phase shifts, implement three classical phase
demodulation methods: Phase Generated Carrier (PGC) demodulation method, 3 × 3 coupler demodulation method,
and In-phase and Quadrature (IQ) demodulation method [1]. Phase demodulation is used in many interferometric de-
vices such as temperature and pressure sensors, fiber accelerometers and hydrophones, which are used in seismoacoustic
streamers [2, 3].

Signal Sin (t) taken from detector, value of the intensity of interfering waves, consists of two terms:

Sin (t) = F +G · cos (ωt+ ϕ (t)) . (1)

The first term, F , is the total intensity of the interfering waves, the second term is the interfering term which changes
periodically with the modulation frequency ω and depends on the signal (measured) phase ϕ (t). Parameter G determines
so-called interference fringes visibility G/F .

Variable signal changed at high frequency ω and depends on slow-changed phase, which contains environment infor-
mation. This method use two local oscillator signals which changed at frequency ω and shifted related to each other at
π/2 radians in phase:

L1 (t) = I · cos (ωt) , L2 (t) = I · sin (ωt) ,

where I is the local oscillator intensity value.
Signals of local oscillators are multiplied with processed signal (1). As a result of applying low-frequency filters

in this method, two low-frequency signals generate two quadratures: changing in phase (In-phase signal) and shifted by
(Quadrature signal) signals

C (t) = G · I · cos (ϕ (t)) , S (t) = G · I · sin (ϕ (t)) .

Subsequent processing of quadrature allows one to determine the phase and the amplitude of measured signal.

G · I =

√
S (t)

2
+ C (t)

2
, ϕ (t) = arctan

(
S (t)

C (t)

)
.
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2. Previous researches

IQ demodulation scheme is the part, for example, of schemes for coherent phase-sensitive optical reflectometry of
fiber optic channels in the time domain (Φ-OTDR). Phase demodulation of the backscattered light interference signal
provides unique local information about the state of the optical fiber at distances of hundreds of kilometers. A balanced
photodetector measures the temporal speckle of the interference. By monitoring the change in the speckle for successive
injected pulses, one can detect a local change in the refractive index of the fiber under test. In a heterodyne detection
system, an intermediate frequency signal, on the order of 200 MHz, at the output of a photon balanced detector, is
acquired by a data acquisition system at a sampling rate several times that of the intermediate frequency, and digital
In-phase/Quadrature (IQ) demodulation is performed to obtain phase information [2, 4–19]. In articles [2, 4, 5, 10], an
optical IQ demodulation scheme instead of digital RF demodulation is presented. Here, a 90-degree optical hybrid is
used to obtain the IQ components of the Rayleigh backscatter signal, which can significantly reduce computational costs.
In [2], a heterodyne polling system for an array of interferometric fiber optic sensors with time multiplexing is used
to demodulate the phase shift using the IQ demodulation method. The interference signal is generated in unbalanced
Michelson interferometers. The method showed a high degree of linearity and a low level of noise. Heterodyne reception
transfers the 1550.12 nm signal to the 200 MHz intermediate frequency region, where IQ method is used to extract
the phase. Quadrature signal processing has a unique advantage in demodulating fiber Bragg grating interferometer
sensors [2, 11, 15], which convert strain-induced changes in the Bragg wavelength into changes in intensity.

The quality of phase and amplitude reproduction depends on the noise level of the installation, among which, the
main ones are: shot noise (depending on the dark current of the detector and on the receiver bandwidth), thermal noise
(depending on the absolute temperature and load resistor) [10]. The articles [2,4,6–8,11] analyze a possible drawback of
the IQ demodulation method associated with inevitable hardware defects. This is an imbalance of quadrature amplitudes,
which can manifest itself in both the DC and AC components of the received signals. An IQ imbalance can lead to
signal distortion and reduced signal-to-noise ratio. In the listed works, a method for compensating for the imbalance was
developed. As shown in [2], after compensation for the amplitude imbalance in the demodulated signals, there are still
some internal distortions that arise due to the time skew and phase mismatch of the IQ signals. This article proposes a
new method that takes into account the effects of high frequency cable length differences, fiber length differences, and
non-orthogonality between IQ signals, providing a basis for accurate real-time compensation.

In this work, we neglect the noise characteristics in the signal Sin (t), so signal Sin (t) is written as follows:

Sin (t) = F +G · cos (Saw (t) + ϕ (t)) . (2)

After that, we explore corrections to quadrature signals S (t), C (t) from LPF. Here we used sawtooth phase modulation
Saw (t), which depends on time, with “saw” tilt Ω and period Tc.

3. LPF-moving average filter

Main characteristics of any non-recursive low-pass filter are frequency response, impulse response, and impulse
response width [20]. Discrete moving average filter, which used in ADC (analog-to-digital converters), has the following
impulse response:

yn =
1

P
·
n+P−1∑
j=n

xj . (3)

Here, P is the averaging interval (filter order), ωd is the sampling frequency, ωc is the modulation frequency.

P =
ωd

ωc
=
Tc
Td
.

It should be remembered, that ωc is always less than Nyquist frequency ωd/2. This condition means that P > 2. Here Tc
is the modulation period, Td is the sampling period. With this choice of filter order, we obtain the important relation

n+P−1∑
j=n

exp (i · r · ωc · j · Td) = 0, (4)

where r is an integer. Let’s write formula (3) in continuous form, assuming that

y (t) =
1

Tc
·

t+Tc∫
t

x (t′) dt′. (5)

Feature (4) is true in continuous form:
t+Tc∫
t

exp (i · r · ωc · t′) dt′ = 0.
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Apply formula (5) to function

x (t′) = cos (ωct
′ + ϕ (t′)) · cos (ωct

′) . (6)

Suppose that function ϕ (t′) can be expanded in a Taylor series near point t′ = t. Let us take two terms of this series on
the segment t+ Tc ≥ t′ ≥ t

ϕ (t′) ≈ ϕ (t) + ϕ̇ (t) · (t′ − t) ,

where ϕ̇ (t) denotes the derivative.
The function slowly changes over this interval. Integral (5) is approximately calculated

y (t) =
1

Tc
·

t+Tc∫
t

cos (ωc · t′ + ϕ (t′)) · cos (ωc · t′) dt′

≈ 1

Tc
·

t+Tc∫
t

cos ((ωc + ϕ̇ (t)) · t′ + ϕ (t)− ϕ̇ (t) · t) · cos (ωc · t′) dt′.

The integral is as follows

y (t) =
1

Tc
sin

(
ϕ̇ (t)

Tc
2

)(
cos
(
ϕ (t) + ϕ̇ (t) Tc

2

)
ϕ̇ (t)

+
cos
((

2ωct+ ϕ (t) + ϕ̇ (t) Tc

2

))
2ωc + ϕ̇ (t)

)
. (7)

Assuming that ϕ̇ (t)Tc/2� 1 , we obtain the approximate solution

y (t) ≈ 1

2
cos

(
ϕ (t) + ϕ̇ (t)

Tc
2

)
+
ϕ̇ (t)

4ωc
cos

(
2ωct+ ϕ (t) + ϕ̇ (t)

Tc
2

)
. (8)

Formula (8) provides a first-order correction for the rate of phase change ϕ (t) to the result of averaging the function (6),
obtained using formula (5). It is easy to show that the discrete version of the moving average filter formula (3) gives a
similar formula for the averaging correction. Therefore, further corrections to the signals will be calculated using simple
formula (5).

4. Signals correction

Let’s find corrections to signals S (t), C (t) with using formula of moving average filter in continuous form. By
definition, signals S (t), C (t) are calculated by formulas (with using LP moving average filter)

C (t) =
1

Tc
·

t+Tc∫
t

Sin (t′)

G
· cos (ωct

′) dt′,

S (t) =
1

Tc
·

t+Tc∫
t

Sin (t′)

G
· sin (ωct

′) dt′.

After substitution of (2), one obtains

C (t) =
1

Tc
·

t+Tc∫
t

cos (Saw (t′) + ϕ (t′)) · cos (ωct
′) dt′,

S (t) =
1

Tc
·

t+Tc∫
t

cos (Saw (t′) + ϕ (t′)) · sin (ωct
′) dt′.

The time axis is divided into intervals of width Tc. Let’s say that selected random moment of time t′ belongs to interval
with number k, so that moment t′ is located in interval kTc ≤ t′ ≤ (k + 1)Tc. Moment t′ + Tc is located in interval
(k + 1)Tc < t′ ≤ (k + 2)Tc. Sawtooth curve Saw (t′) is as follows:

Saw (t′) =

{
Ω · (t′ − kTc) , kTc ≤ t′ ≤ (k + 1)Tc;

Ω · (t′ − (k + 1)Tc) , (k + 1)Tc < t′ ≤ (k + 2)Tc.
(9)



328 G. P. Miroshnichenko, A. N. Arzhanenkova, M. Yu.Plotnikov

Substitution of (9) into integrals for S (t), C (t) gives one the following expressions:

C (t) =
1

Tc
·

(k+1)Tc∫
t

cos (Ω · (t′ − kTc) + ϕ (t′)) · cos (ωct
′) dt′

+
1

Tc
·

t+Tc∫
(k+1)Tc

cos (Ω · (t′ − kTc) + ϕ (t′)) · cos (ωct
′) dt′,

S (t) =
1

Tc
·

(k+1)Tc∫
t

cos (Ω · (t′ − kTc) + ϕ (t′)) · sin (ωct
′) dt′

+
1

Tc
·

t+Tc∫
(k+1)Tc

cos (Ω · (t′ − kTc) + ϕ (t′)) · sin (ωct
′) dt′.

Suppose that angle of “saw” differs little from ωc

Ω = ωc −∆, |∆| � ωc.

Phase ϕ (t′) changes slowly enough (doesn’t exceed dynamic range), so ϕ̇ (t)� ωc. Let’s introduce infinitesimal order:

ζ =
∆

ωc
, ξ =

ϕ̇ (t)

ωc
.

Let us find functions S (t), C (t) with first order accuracy in parameters ζ, ξ. One can write

S (t) = S(0) (t) + δs (t) ,

C (t) = C(0) (t) + δc (t)

and obtain
S(0) (t) = −1

2
sin (ϕ (t)) ,

C(0) (t) =
1

2
cos (ϕ (t)) ,

δs (t) = −1

4
ζ · sin (ϕ (t)) +

π

2
(ζ − ξ) · cos (ϕ (t)) +

1

4
ξ · sin (2ωct+ ϕ (t)) ,

δc (t) = −1

4
ζ · cos (ϕ (t)) +

π

2
(ζ − ξ) · sin (ϕ (t)) +

1

4
ξ · cos (2ωct+ ϕ (t)) .

5. ATAN-method of phase calculation ϕ (t) and results

Phase ϕ (t) calculation is made with arctangent function in the IQ protocol. Due to the filtering error, the calculated
phase ϕ̃ (t) will be distorted. Let’s find excited phase within the first order of ξ, ζ parameters:

ϕ̃ (t) = arctan

(
−S (t)

C (t)

)
= arctan

(
sin (ϕ (t))

cos (ϕ (t))
(1− γ (t))

)
,

γ (t) = 2
δc (t)

cos (ϕ (t))
+ 2

δs (t)

sin (ϕ (t))
.

Finally, phase with LPF errors is calculated as follows:

ϕ̃ (t) = ϕ (t)− π (ζ − ξ) +
1

2
ζ · sin (2ϕ (t))− 1

2
ξ · sin (2ωct+ 2ϕ (t)) . (10)

Let’s determine the theoretical correction to the calculated phase

∆Φteor (t) = ϕ̃ (t)− ϕ (t) . (11)

Now we need to perform mathematical modeling of the IQ demodulation algorithm. Let us choose the phase change
function as follows:

ϕ (t) = π (cos (0.05 · νc · t)− 1) ,

νc =
ωc

2π
= 2 · 104 , s−1.

(12)

Select the sampling step ∆t, which is equal to the sampling period:

∆t = Td = 5 · 10−7, s.

Modelling steps are as follows:
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1. Input signal (2) is multiplied by two harmonics: cos (ωct) and sin (ωct), which gives one the following functions:

FC (t) = cos (Saw (t) + ϕ (t)) · cos (ωct) ,

FS (t) = cos (Saw (t) + ϕ (t)) · sin (ωct) .

2. These functions are discretized:
FCp = FC (∆t · p) ,
FSp = FS (∆t · p) .

3. The resulting vectors are filtered using the moving average method:

Cn =
1

P
·
n+P−1∑
j=n

FCj ,

Sn =
1

P
·
n+P−1∑
j=n

FSj .

4. Next, we applied the ATAN procedure allowing us phase calculation, which values are continuously extended
from the range of arctangent function to the whole axis. The result is the distorted phase ˜̃ϕn, found in discretiza-
tion points:

˜̃ϕn = arctan

(
−Sn

Cn

)
.

5. Let us introduce the notation for the experimental correction

∆Φexp (t) = ˜̃ϕn − ϕ (∆t · n) . (13)

and compare graphically ∆Φteor (t) and ∆Φexp (t).

Figure 1 shows “saw” graph with taking into account the form error ζ, ζ = 0.1. A study of the thermal modulation
process of VCSEL wavelength is presented in paper [21] for the case of periodic sinusoidal modulation.

For chosen ϕ (t) (12) the maximum parameter ξ is

ξmax = 0.025.

Figure 2 demonstrates error in phase determining found by the method of mathematical modeling and the error in
phase determining, calculated using formula (10). One can see that the result of mathematical modelling of phase errors
and the result of analytical phase errors calculation is almost identical.

FIG. 1. VCSEL sawtooth phase modulation. Solid line – distorted saw with incline Ω (9), dotted line –
ideal saw with incline ωc.
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FIG. 2. Phase errors, 1 – analytically calculated error ∆Φteor (t) (11), 2 – experimentally calculated
error ∆Φexp (t) (13)

6. Conclusion

This article is devoted to the study of errors that arise in the demodulated phase due to the passage of the processed
signal through a low-pass filter in the IQ algorithm. In this work, we considered a signal with sawtooth wavelength
modulation, which has its own form errors which further distorts the signal supplied to the demodulation circuit. Taking
into account the saw shape error, as well as taking into account the calculated phase corrections due to the influence of
the moving average filter, an adjusted formula for the signal was obtained, which is fed to the IQ processing circuit. To
confirm the calculations, mathematical modeling was carried out using experimentally obtained parameters. It is shown
that the results of modeling and analytical solutions correlate well with each other. This work will improve the quadrature
demodulation method, which will allow better processing of data from interferometric sensors using VCSEL as a source.
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