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1. Introduction

The method used for the description of Gibbs measures on Cayley trees is the method of Markov random
field theory and recurrent equations of this theory, however, the modern theory of Gibbs measures on trees uses
new tools such as group theory, information flows on trees, node-weighted random walks, contour methods on
trees, nonlinear analysis. A very recently published book [1] discusses all above-mentioned methods for describing
Gibbs measures on trees. In the configuration of physical system is located on a lattice (in our case on the graph
of a group), then the configuration can be considered as a function defined on the lattice. There are many works
devoted to several kind of partitions of groups (lattices) (see e.g. [1-5,7]).

One of the central problems in the theory of Gibbs measures is to study periodic Gibbs measures corresponding
to a given Hamiltonian. For any normal subgroups H of the group G, we define H-periodic Gibbs measures.

In Chapter 1 of [1] several normal subgroups were constructed for the group representation of the Cayley
tree. In [6], we found full description of normal subgroups of index four and six for the group. In this paper, we
continue this investigation and construct all normal subgroups of index eight and ten for the group representation
of the Cayley tree.

Cayley tree. A Cayley tree (Bethe lattice) I'* of order & > 1 is an infinite homogeneous tree, i.e., a graph
without cycles, such that exactly k + 1 edges originate from each vertex. Let I'* = (V, L) where V is the set of
vertices and L that of edges (arcs).

A group representation of the Cayley tree. Let Gy be a free product of k£ 4+ 1 cyclic groups of the second
order with generators a1, as, ...ax+1, respectively.

A one to one correspondence is known to exist between the set of vertices V' of the Cayley tree I'* and the
group Gy(see [1]).

To obtain this correspondence, we fix an arbitrary element xy € V" and let it correspond to the unit element e of
the group Gg. Using aq, ..., a1, we numerate the nearest-neighbors of element e, moving by positive direction.
Next, we give the numeration for the nearest-neighbors of each a;,i = 1,....,k + 1 by a;a;,7 = 1,....k + L.

Since all a; have the common neighbor e, we give to it a;a; = a? = e. Other neighbors are numerated starting

1
from a;a; by the positive direction. We numerate the set of all the nearest-neighbors of each a;a; by words
a;a;jaq,q = 1,...,k + 1, starting from a;aja; = a; by the positive direction. Iterating this argument, one gets a
one-to-one correspondence between the set of vertices V' of the Cayley tree I'* and the group GJ.
Any(minimally represented) element z € G, has the following form: 2z = a;,ai,...a;,, where 1 < 4, <
k+1,m =1,...,n. The number n is called the length of the word x and is denoted by I(x). The number of letters

a;,i=1,...,k + 1, that enter the non-contractible representation of the word z is denoted by w,(a;).

Proposition 1. /8] Let @ be homomorphism of the group Gy, with the kernel H. Then H is a normal subgroup
of the group Gy, and ¢(Gy) ~ Gy /H, (where Gy /H is a quotient group) i.e., the index |Gy, : H| coincides with
the order |p(Gy,)| of the group ©(Gy,).

Let H be a normal subgroup of a group GG. The natural homomorphism g from G onto the quotient group
G/H is given by the formula g(a) = aH for all ¢ € G. Then, Kerp = H.
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Definition 1. Let My, Ms, ..., M,, be some sets and M; # M;, for i # j. We call the intersection N~ M;
contractible if there exists io(1 < 1o < m) such that:

Ay My = (M2 M) N (N, M)

Let N = {1, ...,k + 1}. The following Proposition describes several normal subgroups of GJ.
Put

Hy = {xeGk | ) walai) is even}, AC Ny. (1.1)
i€A

Proposition 2. [1] For any ) # A C Ny, the set Ha C Gy, satisfies the following properties: (a) H 4 is a normal

subgroup and |G, : Ha| = 2;

(b) Ha # Hp, for all A# B C Ny;

(c) Let Ay, As, ..., Ap, C Ni. If N2 Ha, is non-contractible, then it is a normal subgroup of index 2™.

Theorem 1. /6]
1. The group Gy, does not have normal subgroups of odd index (# 1).
2. The group Gy has a normal subgroups of arbitrary even index.

2. New normal subgroups of finite index
2.1. The case of index eight

Definition 2. 4 group G is called a dihedral group of degree 4 (i.e.,Dy) if G is generated by two elements a
and b satisfying the relations:

o(a) =4, o(b) =2, ba = a®b.

Definition 3. 4 group G is called a quaternion group (i.e.,Qsg) if G is generated by two elements a, b satisfying
the relation:

o(a) = 4,a® = b*,ba = a®b.
Remark 1. [8] Dy is not isomorph to Qs.

Definition 4. 4 commutative group G is called a Klein 8-group (i.c., Kg) if G is generated by three elements
a,b and c satisfying the relations: o(a) = o(b) = o(c) = 2.

Proposition 3. [8] There exist (up to isomorphism) only two noncommutative nonisomorphic groups of order 8

Proposition 4. Let p be a homomorphism of the group Gy, onto a group G of order 8. Then, ©(Gy,) is isomorph
to either D, or Kg.

Proof. Case 1 Let ¢(Gj) be isomorph to any noncommutative group of order 8. By Proposition 1, ¢(Gy)
is isomorph to either Dy or Qs. Let ¢(Gjy) ~ Qs and e, be an identity element of the group (Js. Then,
eq = ple) = p(a?) = (p(a;))? where a; € G, i € Ni. Hence, for the order of p(a;), we have o(¢(a;)) € {1,2}.
It is easy to check there are only two elements of the group Qg which order of element less than two. This is
contradict.

Case 2 Let p(Gy,+*) be isomorph to any commutative group (G, 1) of order 8. Then, there exist distinct
elements a,b € G such that o(a) = o(b) = 2. Let H = {e, a,b,ab}. It’s easy to check that (H,x*;) is a normal
subgroup of the group (G, *1). For ¢ ¢ H we have H # cH (cH = c¢*; H). Hence p(Gy, *) is isomorph to only
one commutative group (cH U H, ;). Clearly (cH U H, %) ~ K. O

The group G has finit generators of the order two and r is the minimal number of such generators of the
group G and without loss of generality, we can take these generators to be by, bo,...b.. Let e; be an identity
element of the group G. We define homomorphism from Gy onto G. Let Z,, = {A;, A,,..., A,} be a partition
of Ni\Ao, 0 <|Ap| <k +1—n. Then, we consider homomorphism u,, : {a1, as,...,ax+1} — {€1,b1..., b} as

un(@:{ er, if z=a;1i€ A @

bj, if l'zai,iEAj,j:l,Tl.
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For b € G, we denote that Ry [b1, ba, ..., by,] is a representation of the word b by generators by, ba, ..., b, r < m.
We define the homomorphism ~,, : G — G by the formula

e, if r=¢
Y(x) =< b, if x=0b,i=1,r (2.2)
Ry (b1, sby], if 7 =byi £ 1,7

We set:
HP (G) = {z € Gg| l(yn(un(x))) is divisible by 2p}, 2 <n <k —1. (2.3)

—=n

Let v, (un(z))) = . We introduce the following equivalence relation on the set G : @ ~ y if £ = ¢. This
relation is readily confirmed to be reflexive, symmetric and transitive.

Proposition 5. Let =, = {41, As, ..., A} be a partition of Ni\Ag, 0<|Ag| <k+1—n. Then Hg;)(G) is a
normal subgroup of index 2p of the group Gy.

Proof. For x = a;,ai,...a;, € Gy, it’s sufficient to show that x_lHé]i)(G) x C Hép)(G) Suppose that there exist
y € Gy such that [(7) > 2p. Let § = b;, bs,...b;,, ¢ > 2p and S = {b;,, b;, by, ..., bi, by, ...b;, }. Since S C G
there exist 1,25 € S such that 1 = x5. But this contradicts g, which is a non-contractible. Thus we have
proved that I(§) < 2p. Hence, for any = € Hép )(G) we have £ = e;. Next, we take any element z from the
set m_lHé’:L)(G) x. Then, z = x7'h z for some h € Hép)(G) We have Z = 7, (v,(2)) = 7y (vn (@7 h ) =
= T (vn(x_l)vn(h)vn(x)) = Y (vn(a:_l)) Y (Un (R)) Yn (v (2)) . From ~y, (v,(h)) = e1, we get Z = e i,
e HY l)(G). This completes the proof. g

Since A, Ay, A3 C Ni and ﬂi”le A, 1s non-contractible we denote the following set:

= {m?:1HA7’,

Al, Ay, Az C Nk}
Theorem 2. For the group Gy, the following statement is hold:

{H| H is a normal subgroup of Gy with |Gy : H| =8} =

= {Hgt)clcz (D4)| C1,C4 is a partition of Ni\ Co} UR.

Proof. Let ¢ be a homomorphism with |G, : Ker¢| = 8. Then by Proposition 2 we have ¢(Gj) ~ Kz and
¢(Gk) ~ D4.

Let ¢ : G, — Kg be an epimorphism. For any nonempty sets A;, Ao, A3 C Nj, we give a one to one
correspondence between
operatornameKer¢| ¢(Gy) ~ Kg} and R. Let a; € Gi,i € Ni. We define following homomorphism corre-
sponding to the set A;, Ay, As:

a, if i€ A\ (AU A3)
b, if i€ Ay \ (A U As)
¢, if i€ A3\ (AU Ay)
ab, if i€ (A1NAy)\ (A1 NAsNA;g)
Pa14245(0i) =\ ae, if i€ (A1 N As)\ (A1 N Ay N As)
be, if i€ (AaNA3)\ (A1 NAyN A;s)
abe, if 1€ Ay NAyN A;

e, if iGNk\(AluAQUAg).

If i € (), then we’ll accept that there is no index i € Ny for which that condition is not satisfied. It is easy to
check Ker ¢pa, 4,4, = Ha, N Ha, N Ha,. Hence {Ker ¢| ¢(Gy) ~ Kg} = R.
Now, we’ll consider the case ¢(Gy) ~ Dy. Let ¢ : G, — D4 be epimorphisms. Put

Co = {i| #(a;) = e}, C1 ={i| p(a;) = b}, Cy = {i| ¢(a;) = ab}.
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One can construct following homomorphism (corresponding to Coy, C1, C2)

a2, if z= b2b1b2b1

a3, if 2= b2b1b2b1b2b1
Poociea(® =9y e s,

ab, if T =by

a2b, if z= b2b1b2

G,Sb, if 2= beleblbg.

Immediately, we conclude Ker(¢c,c,c,) = H gt )01 0, (Da). We have constructed all homomorphisms ¢ on the
group Gj, which |Gy, : Ker ¢| = 8. Thus by Proposition 1, one gets:

{H| |Gy, : H| =8} C{HL, . (D4)| C1,Cs is a partition of Ny, \ Co} U R.
By Proposition 2 and Proposition 5, we can easily see that:
RU {Hgt)c o, (D4)| C1,Cy is a partition of Ny, \ Co} C {H| |Gy : H| = 8}.

The theorem is proved. g

Corollary 1. The number of all normal subgroups of index 8 for the group Gy, is equal to: 8F+1 — 6. 4F+1 4
L p 9.2kl 5

Proof. Number of elements of the set Ha C Gy, () # A C Nj is 281 —1. Then |R| = (2F+1)(2k+1 —2)(2k+2-3).
Let Cy C Ny, be a fixed set and |Cy| = p. If C1, C5 is a partition of N}, \ Cy then there are 28 ~P+1 — 2 ways to

choose the sets C; and Cy. Hence the cardinality of {Hgl0 )Cl 02(D4)| C4,Cy is a partition of N, \ Cy} is equal to
@M —2)00 + (2F —2)Chyy + . 205 = 3R —2F 2 4

Since R and {Hgl o0, (Da)}] C1,Cy C Ny, are disjoint sets, the cardinality of the union of these sets is 851 —
6.4k +l 4 3kH1 L g. okl 5, O
2.2. Case of index ten
Let the group Ry be generated by the permutations:
T = (17 2)(3a4)(51 6)7 T2 = (273)(47 5)

Proposition 6. Let p be a homomorphism of the group Gy, onto a group G of order 10. Then, p(GYy,) is isomorph
to Ryp.

Proof. Let (G, *) be a group and |G| = 10. Suppose there exist an epimorphism from Gy, onto G. It is easy to
check that there are at least two elements a,b € G}, such that o(a) = o(b) = 2. If a xb = b a, then (H,x*) is a
subgroup of the group (G, x), where H = {e, a,b,axb}. Then, by Lagrange’s theorem, |G| is divided by |H| but 10
is not divided by 4. Hence, a*b # bxa. We have {e,a,b,axb,bxa} C G If G is generated by three elements, then
there exist an element ¢ such that ¢ ¢ {e, a, b, axb,bxa}. Then, the set {e, a, b, axb,bxa, ¢, cxa, cxb, cxaxb, cxbxa}
must be equal to G. Since G is a group, we get a * b * a = b but from o(a) = 2 the last equality is equivalent to
a*b="b=xa. This is a contradiction. Hence, by Lagrange’s theorem it is easy to see:

G ={e,a,bjaxbbxa,axbxa,bxaxbaxbxaxbbxaxbxa,axbxaxbxa},

where o(a * b) = 5. Namely G ~ Rj,. This completes the proof. O

Theorem 3. For the group Gy, the following statement is holds:

{H| | H is a normal subgroup of Gj with |Gy : H| =10} =

{H(Bk:)Ble(Rloﬂ By, Bs is a partition of the set Ny \ Bo}.
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Proof. Let ¢ be a homomorphism with |G}, : Ker ¢| = 10. By Proposition 6 ¢(Gy) ~ Rjo and by Proposition 5
we can easily see:

{H](;’O)BIB2 (R10)| Bi, Ba is a partition of the set Ny, \ Bo} C {H| |Gy : H| = 10}.
Let ¢ : G, — R be epimorphisms. We denote:

By = {i[ p(a;) = e}, B1={i| p(a;) = a, B> = {i] p(a;) = b}
Then, we can show this homomorphism (corresponding to By, Bs, Bj), i.e.,
e, if T=¢e
a, if =0
b, if T =10bg
axb, if T =b1by
bxa, if T =0byby
axbxa, if T =>b1byby
b*a*b, if i':bgblbg
axbxaxb, if T=0b1bybiby
bxaxbxa, if T=0bybibyby
axbxaxbxa, if £ =0b1byb1baby.

¢Br)315’2 (LC) =

We have constructed all homomorphisms ¢ on the group G}, which |Gy, : Ker ¢| = 10. Hence:
{Ker | |Gy, : Ker ¢ = 10} € {HS) 5 . (Ri0)| B1, Bo is a partition of the set Ny \ Bo}.
By Proposition 1:
{H||Gy.: H| =10} = {H4 5 5. (Ru0)| By, Be is a partition of the set Ny, \ Bo}.
The theorem is proved. g
Corollary 2. The number of all normal subgroups of index 10 for the group Gy, is equal to 38+ — 2842 4 1.
Proof. The proof of this Corollary is similar to proof of Corollary 1. O
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