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In this work we investigate the exact classical stochastic representations of many-body quantum dynamics.

We focus on the representations in which the quantum states and the observables are linearly mapped onto

classical quasiprobability distributions and functions in a certain (abstract) phase space. We demonstrate

that when such representations have regular mathematical properties, they are reduced to the expansions of

the density operator over a certain overcomplete operator basis. Our conclusions are supported by the fact

that all the stochastic representations currently known in the literature (quantum mechanics in generalized

phase space and, as it recently has been shown by us, the stochastic wave-function methods) have the

mathematical structure of the above-mentioned type. We illustrate our considerations by presenting the

recently derived operator mappings for the stochastic wave-function method.
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1. Introduction

At the theoretical department of Physical Faculty at Saint Petersburg State Univer-
sity, there is a scientific school with long-standing experience in various fields of stochastic
systems, stochastic dynamics, and their applications to the physics of condensed matter.
V. P. Romanov, to whose memory is devoted the current issue, contributed to this school by
his works on stochastics aspects of light propagation in fluctuating nematic liquid crystals
[1-3].

Over the past few decades, increasing efforts have been undertaken to devise and carry
out the exact stochastic (Monte Carlo) simulations of many-body quantum dynamics. The
field of research, which is the subject of such an activity, is truly interdisciplinary: quantum
optics [4], utracold atoms in traps [5-7], quantum phase transitions [8], open quantum systems
[9], and the measurement theory [10]. The motivation behind such studies range from
purely practical (to provide exact data in order to verify a theory, or in order to interpret
an experiment) to fundamental (to characterize the relationship between the classical and
quantum computational complexity).

In order to devise a Monte Carlo simulation algorithm for quantum dynamics, we
need to represent the quantum dynamics as an equivalent (with respect to average observable
properties) probabilistic model. Such a model is called a stochastic representation. In this
work, we focus only on classical diffusive stochastic representations of the reversible dynamics
for quantum systems with pairwise interactions. Here, the adjective “classical” means that
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the quantum dynamics is mapped onto a classical stochastic process, rather than onto some
quantum non-commutative extension of stochastic calculus [11].

Despite the fact that more than thirty years have passed since the fundamental work
of Drummond et al. [4], where the first exact classical stochastic representation was intro-
duced, this field of research still remains at an early stage of development. This is reflected in
the fragmentedness of the literature on this subject: novel stochastic methods are constantly
being invented [12-20], but based on entirely different and unrelated principles.

The classical stochastic representations of reversible quantum dynamics can be di-
vided into two major groups: quantum dynamics in the generalized phase space, and sto-
chastic wave-function methods. In our recent paper [21], we have demonstrated that the
latter group of methods actually has the mathematical structure of the former, i. e. these
two groups can be united into one common group.

In this work, we make an attempt to summarize various approaches in the literature
[12-20] by defining the most general formulation for the classical stochastic representation
of quantum dynamics. In Sec. 2, we define the notion of the classical stochastic representa-
tion. In such a representation, the mappings, which associate the classical quasiprobability
distributions and functions with the quantum states and observables, appear as linear op-
erators. In Sec. 3 we discuss (at the physical level of rigor) the general implications of the
proposed definition of the classical stochastic representation. In particular, we demonstrate
that, provided the mathematical properties of the representation are sufficiently regular, the
representation reduces to an expansion of the density operator over a certain overcomplete
operator basis. In Sec. 4, we illustrate our definitions by providing a concrete implementa-
tion of the classical stochastic representation: we present the recently derived [21] ordered
operator correspondences for the stochastic wave-function method of Carusotto et al. [22].

2. The classical stochastic representation

Suppose that we are given a many-body quantum system with a Hamiltonian Ĥ:

Ĥ =
∑
r,s

hrsâ
†
râs +

1

2

∑
r,s

Vrsâ
†
râ
†
sâsâr, (1)

containing a two-body interaction. Here, we assume that discretization of the continuous
system was carried out [21], and the annihilation âr and creation â†s operators adhere to the
bosonic commutation relations: [

âr, â
†
s

]
= δrs, (2)

where r and s are the (multi-)indices of the discretization lattice sites [21]. The exact
quantum evolution is governed by the full many-body quantum Liouville equation:

∂

∂t
ρ̂ =

1

i~

[
Ĥ, ρ̂ (t)

]
, (3)

where the density operator ρ̂ (t) determines the state of the system at time t.
Summarizing various classical stochastic representations which are presented in the

literature [12-20, 23, 24], we arrive at a general formulation for what we call here the “classical
stochastic representation”. We select a certain convex set P+ of physical density operators
which are characteristic to our system. That is, if we take an arbitrary density operator
ρ̂0 ∈ P+ as the initial condition for Eq. (3) at t = 0, then, at any later time t, the solution
ρ̂ (t) of Eq. (3) still belongs to the set P+.

In a classical stochastic representation of quantum dynamics, the quantum state
should be represented by a quasiprobability distribution in a certain (abstract) space L. The
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prefix ’quasi’ means that such distributions do not correspond to any physical probabilities,
and such distributions do not even satisfy the Kolmogorov axioms, since the elements λ
of the space L cannot be interpreted as elementary events (usually, the Dirac distributions
corresponding to the elements λ do not correspond to any physical state). The space L is
usually called the generalized phase space [23-26], due to its intrinsic analogy to the phase
space in the deformation quantization [27]. We suppose that the stochastic representation
provides us with a methodology for how to assign a positive quasiprobability distribution
P (λ) to any ρ̂ ∈ P+. Such a procedure is given by the (possibly nonlinear) mapping Cρ:

Cρ [ρ̂] = P (λ) , where P (λ) > 0 for every λ ∈ L. (4)

In a classical stochastic representation, the average value for the observable 〈ô〉 should be
represented by a classical expectation over the quasiprobability. Therefore, we need a second
mapping, Co:

Coô = O (λ) , (5)

which defines how the quantum observables in our stochastic representation are delineated
by classical functions O (λ) in the space L. Then, we have the expression for the expected
value 〈ô〉:

〈ô〉 = Trôρ̂ =

∫
dλO (λ)P (λ) , (6)

which is required to be valid for every classical representation of the observable O (λ) and
for every quasiprobability P (λ) from the image imCρ. We assume that the mapping Co is
a linear operator.

We are not only interested in the expected values of the observables, but also in their
evolution over time. We want the time evolution in our representation to be represented
in such a way, that it could be simulated by Monte Carlo methods. Thus, we need a third
mapping, Cs:

Cs

{[
Ĥ, ·

]
/i~
}

= H. (7)

This defines how the quantum Liouville superoperator
[
Ĥ, ·

]
/i~ is being represented by

such integro-differential operator H : D → D, that the quantum Liouville equation (3) is
now represented by the differential Chapman-Kolmogorov master equation:

∂

∂t
P = HP . (8)

For example, if we are interested in a diffusive stochastic representation, we may look for such
a stochastic representation which possesses such a mapping Cs that H is a Fokker-Planck
operator (in the Ito form [28]):

H = −
∑
i

∂

∂λi
Ai (λ) +

1

2

∑
i,j

∂2

∂λi∂λj
D (λ) , (9)

where λi is a component of the vector λ (if the space L is multidimensional). In this case,
we can simulate the quantum dynamics by numerically integrating the stochastic differential
equation

dλi = Ai (λ) dt+
∑
j

Bij (λ) dWj, (10)

where the Wiener increments have the standard statistical properties, E [dWi] = 0 and
E [dWidWj] = δijdt; D = BBT [28]. We assume that the mapping Cs is a linear operator.
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The practical Monte Carlo simulation involves the following stages. First, we rep-
resent the initial condition ρ̂ (t = 0) as a positive quasiprobability distribution P (λ, t = 0)
using the mapping Cρ. Then, we sample the initial conditions λ (t = 0) for the stochastic
process (10) from the initial probability P (λ, t = 0) using the importance sampling method
[29]. Each sampled initial condition λ (t = 0) is propagated in time by the numerical integra-
tion of the stochastic differential equation (10). The average value of the observable 〈ô〉 (t)
at a time t is evaluated as the classical expectation 〈ô〉 (t) = E [O (λ (t))] over an ensemble
of trajectories λ (t).

3. Some properties of the stochastic representations

3.1. The mapping for observables Co

Our classical stochastic model, as defined in the previous section by the tuple (P+, L,
Cρ, Co, Cs), should bear a physical meaning. Let us examine what consequences can be drawn
from this statement. The state of a physical system is completely defined by its observable
properties. In the quantum case, the latter statement is true, since the density operator
ρ̂ is completely defined by all the moments of the canonically conjugate variables [30-32].
Therefore, the most important ingredient of our otherwise completely abstract model is the
mapping Co for the observables. Let us write the trace formula (6) as a dot product:

〈ô〉 = Trôρ̂ = 〈O∗,P〉S+
. (11)

Suppose that all the observable operators ô belong to some operator space O+, and all their
possible classical representaions O belong to some space S+. Then, the mapping Co is acting
between the spaces O+ and S+,

Co : O+ → S+. (12)

Suppose that S+ is chosen to be the minimal possible space, i.e. S+ = imCo. Note that the
spaces O+ and S+ are real. Since the physical consistency requires that different ô should be
mapped onto different O, we conclude that Co is a bijection. Now, since the average values
of the observables are computed according to the dot-product formula (11), we see that one
can actually introduce a space of quasiprobabilities D, for which the dot product (11) is
well-defined for any O ∈ S+. We require that the space D is such that one can introduce
a dot-product 〈·, ·〉D in it. Further, we call D “the space of admissible quasiprobability
distributions”. From Eq. (11), it is seen that the space D is split into two subspaces:

D = R⊕ Z, (13)

where the subspace Z consists of all such quasiprobabilities Z (λ) which are orthogonal to
every O∗ (λ) ∈ S∗+: 〈O∗,Z〉S+

= 0. The space R is the orthogonal complement to Z in

the space D (in the sense of the dot-product 〈·, ·〉D). If we add any element Z ∈ Z to the
quasiprobability P , then the observable properties of the state P+Z are the same as those of
P . Therefore, if our model is physically consistent, the quasiprobabilities P and P+Z should
correspond to the same density operator ρ̂. Hence, if the space Z is not trivial, it contributes
to the non-uniqueness of the quasiprobability representation. The opposite is also true: every
element Z such that it can be added to any P without changing the corresponding physical
state ρ̂, should belong to Z. We call the space R the “minimal representation space”, because
(i) for every density operator ρ̂, there is a unique quasiprobability R ∈ R such that it has
the same observable properties as ρ̂, and (ii) the quasiprobabiliy representation R of a given
density operator ρ̂ has the lowest possible norm ‖R‖D =

√
〈R,R〉D among all the possible

quasiprobability representations of ρ̂. We call the space Z the ’zero representation space’,
since it contains all the quasiprobabilities which correspond to ρ̂ = 0.



Exact classical stochastic representations of the many-body quantum dynamics 505

Note that we can extend the definition of the mapping Co from the real space O+

of Hermitian operators to the complex space O = O+ ⊕ iO+ of non-Hermitian operators.
Indeed, an arbitrary operator ô can be decomposed into Hermitian ô+ and skew-Hermitan
ô− parts:

ô = ô+ + ô−. (14)

However, iô− is a hermitian operator. Therefore, we can map ô as:

Coô = Co
{
ô+ + ô−

}
= Coô

+ − iCo
{
iô−
}
. (15)

Now, if we extend the real space S+ to the complex space S = S+ ⊕ iS+, the mappig
Co becomes a bijection between O and S. For example, if the stochastic representation is
sufficiently well-defined, we can map the nondiagonal projections |n〉 〈m| of some orthonormal
basis {|n〉}, onto

Co {|n〉 〈m|} = Onm (λ) . (16)

Next, we should determine whether the trace formula (11) is valid for non-hermitian ô? This
is indeed the case: since the relation (11) is linear with respect to ô and with respect to O (λ),
we can split ô into hermitian and skew-hermitian parts, and perform the same operation as
in Eq. (15).

3.2. Expansion over overcomplete basis

One important consequence of the arguments in the preceding section is that, using
the map Co, we can define the inverse mapping for the density operators:

〈m |ρ̂|n〉 = Tr (|n〉 〈m|) ρ̂ =

∫
dλOnm (λ)P (λ) . (17)

Introducing the operator Λ̂ (λ) defined by its matrix elements:〈
m
∣∣∣Λ̂ (λ)

∣∣∣n〉 = Co {|n〉 〈m|} = Onm (λ) , (18)

we obtain the expansion of density operators over the operator basis Λ̂ (λ):

ρ̂ =

∫
dλΛ̂ (λ)P (λ) . (19)

This equation defines the mapping from the space of admissible quasiprobability distributions
D to a certain space P of operators, which contains the convex set of physical density
operators P+: P+ ⊂ P . Note that since the matrix elements of Λ̂ (λ) belong to the space S,

the operator basis Λ̂ (λ) is overcomplete (if the space Z is non-trivial):∫
dλΛ̂ (λ)Z (λ) = 0 for any Z ∈ Z. (20)

Now, by substitution of the density operator expansion (19) into the trace formula (11), we
obtain the trace representation of the map Co:

Coô = O (λ) = Tr ôΛ̂ (λ) . (21)

Since every operator can be expanded over the projections |n〉 〈m|, and Co is a bijection, we
conclude that Onm (λ) is a basis in the space S.
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3.3. The mapping for density operators Cρ

In this section, we will connect the properties of the mapping Cρ with those of Co. Let

us denote by C
(R)
ρ the inverse of the mapping defined by the expansion (19), R = C

(R)
ρ ρ̂, and

C
(R)
ρ : P → R is a bijection. Then, the physical and mathematical consistency of our model

requires that Cρρ̂ − C(R)
ρ ρ̂ ∈ Z for any ρ̂. This means that we have a (non)linear operator

Cρ − C(R)
ρ which for every density operator ρ̂, associates a certain quasiprobability Z ∈ Z.

As long as the density operators ρ̂ and the quasiprobabilities R (λ) are in a one-to-one
correspondence, we may write:

Cρρ̂ = R (λ) + α [R] (λ) , (22)

where R = C
(R)
ρ ρ̂, and α is a certain (non)linear mapping, α : R → Z. Therefore, the

existence of the mapping Cρ guarantees that we can choose at least one such mapping α,
that the quasiprobabilities in Eq. (22) become real and positive.

3.4. The mapping for the Liouville superoperator Cs

Consider the action of the quantum Liouville superoperator:

ρ̂′ =
[
Ĥ, ρ̂

]
/i~, (23)

which is a linear operator P → P (assuming that ρ̂′ ∈ P ). Substituting ρ̂′ =
(
C

(R)
ρ

)−1
R′

and ρ̂ =
(
C

(R)
ρ

)−1
R into Eq. (23) , we obtain the operator H(R) : R→ R defined as:

R′ (λ) = H(R) [R] (λ) =
1

i~
C(R)
ρ

{∫
dλ′
[
Ĥ, Λ̂ (λ′)

]
R (λ′)

}
(λ) . (24)

Here, we assume that the space D of admissible quasiprobabilities is such that we can move
the linear operators through the integration whenever necessary. In this manner, we obtain
the stochastic representation for the Liouville superoperator. Note that the definition of
H(R) [Eq. (24)] can be extended to the whole space D in a consistent manner: we have
H(R) [R+ Z] = H(R) [R] for any quasiprobability Z ∈ Z due to the basis overcompleteness
(20). Now, suppose that there exists another linear operator H : D → D, which differs from
H(R), but which also represents the superoperator (23). Then, the physical and mathematical
consistency of our model requires that

(
H−H(R)

)
P ∈ Z for any P ∈ D. Introducing

the space A of linear operators α : D → Z, we obtain the general form of all possible
representations of the superoperator (23):

P ′ (λ) = H [P ] (λ) = H(R) [P ] (λ) + α [P ] (λ) (25)

for arbitrary α ∈ A. The existence of the mapping Cs, which is postulated in Eq. (7),
guarantees that we can always choose such α ∈ A that H becomes a generator of a stochastic
process.

We see that the mapping Co [Eq. (5)] together with the trace formula (6) are the
most important components of the stochastic representation: they completely define the
mathematical structure of our stochastic representation, which is given by Eqs. (19), (21),
(22) and (25).
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3.5. Quasiprobability master equation

Having described the general form for all the ingredients in our stochastic represen-
tation, let us now discuss under what conditions we can obtain the master equation (8),
and when it represents indeed the exact quantum dynamics given by the quantum Liouville
equation (3). We have discussed the representation of the right hand side of Eq. (3) in the
previous section, and there, we have assumed that the space D is selected so that such a
representation is valid. Then, the general form of the master equation is:

∂

∂t
P = HP + α [P ] , (26)

for arbitrary α ∈ A. The necessary condition for Eq. (26) to be valid for a given initial
condition P (λ, t = 0) ∈ D is that the α should be such that at any later time the solution
P (λ, t) should belong to the space D. Further restrictions come from the left-hand side of
Eq. (26): to arrive at the term ∂P/∂t, we differentiate by t the expansion (19), and we need
to move the time derivative through the (usually) improper integral. Therefore, an additional
constraint is imposed on the solution of Eq. (26): for each time moment t, there should exist
an arbirtrary small but finite interval [t− ε, t+ ε] such that the improper integral in the
expansion (19) is converging uniformly with respect to t ∈ [t− ε, t+ ε]. If these conditions
are violated, then the results of Monte Carlo simulations would show systematic errors with
respect to the exact quantum dynamics Eq. (3), and phenomena like the so-called “spiking
behavior” and “unaccounted boundary terms” would be observed [11, 23, 33].

3.6. Annihilators of the overcomplete basis

In the previous section, we have seen that the space A of operators α : D → Z
plays an important role in the stochastic representation. First, these operators α allow us to
transform the representation H [Eq. (25)] of the quantum Liouville superoperator into the
form which admits the stochastic interpretation; second, the operators α allow us to adjust
the quasiprobability master equation [Eq. (26)] so that it is valid and that it possesses no
systematic errors with respect to the exact quantum dynamics [Eq. (3)].

Here, we obtain the characterization of the space A which is more useful in practice
[21]. Suppose that the space of admissible quasiprobability distributions D is such that for
the operators α ∈ A there exist their adjoints with respect to the dot product 〈, 〉S:

〈O∗, αP〉S =
〈(
αTO

)∗
,P
〉
S
. (27)

Here, by superscript T we have denoted the transposition operation, which is defined as
the composition of Hermitian conjugation and the complex conjugation, αT =

(
α†
)∗

; the

domains are αT : S → S; here O ∈ S and P ∈ D. As far as αP ∈ Z, we have:〈(
αTO

)∗
,P
〉
S

= 0 for any P ∈ D. Therefore, αTO is an observable which is zero for

every state, and we conclude that αTO = 0. In particular, since
〈
m
∣∣∣Λ̂ (λ)

∣∣∣n〉 ∈ S, we have:

αT Λ̂ = 0 for any α ∈ A. (28)

According to mathematical convention, we call the operators αT “the annihilators of the
basis Λ̂ (λ)”.

The definition (28) has practical benefits due to the way in which one usually con-
structs the stochastic representations [12, 17, 20, 22, 34]. Suppose that we are given a
concrete physical system. Then, at the first stage, one usually starts from an appropriate
self-consistent field model, which takes into account all the major features of this system on
a qualitative level. As a rule, this corresponds to the assumption that the density operator
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ρ̂ can be well approximated by a certain operator ansatz Λ̂ (λ). At the second stage, one is
looking for a way to incorporate the noise into this self-consistent field model, so that the
resulting stochastic representation is equivalent to the exact quantum dynamics. Therefore,
the common situation is that we are given a certain operator ansatz Λ̂ (λ), and we need to
investigate the possibilities that it provides for the stochastic representations. Then, it is
much easier to find the differential identities of the form (28), to transpose them, and to add
them into the master equation (26), than to find the spaces Z, D, and A.

4. Example of a stochastic representation: the stochastic wave-function
method

In our recent work [21], we have studied the stochastic wave-function method of Caru-
sotto et al. [22]. In this method, one selects the N -particle Hartree-Fock state projections:

Λ̂
(
φ,φ+∗) = |N : φ〉

〈
N : φ+

∣∣ , (29)

as the operator ansatz for the density operator ρ̂. Here, the Fock state is defined as

|N : φ〉 =
[∑

k φkâ
†
k

]N
|0〉 /
√
N !. Therefore, the space L consists of all the vectors λ =(

φ,φ∗,φ+,φ+∗). Now, in order to define the stochastic representation, we need to find all
the necessary mappings for operators and superoperators.

4.1. Operator correspondences for the density operator

In [21], the mapping Cρ is constructed in the following way. Suppose that we have
presented the density operator ρ̂ as an antinormally ordered operator series,

ρ̂ = c0 +
N∑
m=1

m∏
j=1


N∑
kj=1

âkj


m∏
j=1


N∑
k′j=1

â†k′j

h
(
xk1 , . . . ,xkm

∣∣xk′1 , . . . ,xk′m ) , (30)

where N is the size of the discretization lattice. Then, the corresponding quasiprobability
P (λ) = Cρρ̂ is found within two steps. First, we perform the replacements âkj → φ∗kj ,

â†k′j
→ φk′j in Eq. (30), and multiplicate each monomial by a normalization factor:

P (λ) =

 1

ΓN (N)N !
c0 +

1

Γ (m+N)N !

∞∑
m=1

m∏
j=1


N∑
kj=1

φ∗kj


m∏
j=1


N∑
k′j=1

φk′j


× h

(
xk1 , . . . ,xkm

∣∣xk′1 , . . . ,xk′m )
 δS (‖φ‖ − 1) δ

(
φ+ − φ

)
, (31)

where the normalization factor is

ΓN (p) = S2N−1
(N − 1)!

(N − 1 + p)!
, (32)

and S2N−1 is the volume of the unit sphere in CN . However, the quasiprobability P (λ)
which is obtained in Eq. (31), is not positive in general. We make it positive within the
second step, by employing the method of Carusotto et al. [22, 35]; we write the density
operator expansion for the basis (29),

ρ̂ =

∫ N∏
k=1

dφkdφ
∗
k

N∏
k=1

dφ+
k dφ

+∗
k P

(
φ,φ∗,φ+,φ+∗) |N : φ〉

〈
N : φ+

∣∣ . (33)
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Then we separate the phase of P (λ):

P (λ) = |P (λ)| eiξ(λ). (34)

Next, we absorb the phase into |N : φ〉
〈
N : φ+

∣∣:
ρ̂ =

∫ N∏
k=1

dφkdφ
∗
k

N∏
k=1

dφ+
k dφ

+∗
k |P (λ)|

∣∣N : φeiξ(λ)/2N
〉 〈
N : φ+e−iξ(λ)/2N

∣∣ . (35)

If we change the variables as φeiξ(λ)/2N → φ, φ+e−iξ(λ)/2N → φ+, and calculate the Jacobian
determinant, we can return to form (33), where P is now real and positive. However from
the point of view of the stochastic simulations, one may stop at (35); we sample the initial
conditions with the probability distribution |P (λ)|, and each time we multiply the sampled
wave functions by the phase factor e±iξ(λ)/2N .

4.2. Operator correspondences for the observables

The mapping Co is constructed in the following way. Suppose that we have presented
the observable operator Ô as a normally ordered operator series:

Ô = c0 +
N∑
m=1

m∏
j=1


N∑
kj=1

â†kj


m∏
j=1


N∑
k′j=1

âk′j

h
(
xk1 , . . . , xkm

∣∣xk′1 , . . . , xk′m ) . (36)

Due to the linearity of the mapping Co, it is sufficient to consider the terms

Ô = â†k1 . . . â
†
kl
âk′1 . . . âk′m . (37)

Then, we employ the trace representation (21):

Coâ
†
k1
. . . â†kl âk′1 . . . âk′m = Tr â†k1 . . . â

†
kl
âk′1 . . . âk′m |N : φ〉

〈
N : φ+

∣∣
= φ+∗

k1
. . . φ+∗

kl
φk′1 . . . φk′mδlm

N !2

(N −m)!

〈
φ+ |φ

〉N−m
. (38)

4.3. Operator correspondences of the star-product type

In order to find the mapping Cs for the quantum Liouville superoperator, we proceed
in a constructive way [21]. We note that for a Hamiltonian of the form (1), the action of

the Liouville superoperator
[
Ĥ, ·

]
/i~ is constructed from the multiplications by âs and â†s

from the left and from the right. Since such multiplications, e. g., âs × · and · × âs, are also
superoperators, we find the mapping Cs for the left multiplication by a number-conserving
normally-ordered product of creation and annihilation operators [21]:

Cs

[
â†k1 . . . â

†
kl
âk′1 . . . âk′l × ·

]
= (−1)l

∂

∂φk1
. . .

∂

∂φkl
φk′1 . . . φk′l , (39)

and for the right multiplication,

Cs

[
· × â†k1 . . . â

†
kl
âk′1 . . . âk′l

]
= (−1)l

∂

∂φ+∗
k′1

. . .
∂

∂φ+∗
k′l

φ+∗
k1
. . . φ+∗

kl
. (40)
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Using these relations, we can evaluate the operator H:

H = Cs

[
Ĥ, ·

]
/i~ = −

∑
r

∂

∂φr
Ar [φ]−

∑
r

∂

∂φ+∗
r

(
Ar
[
φ+
])∗

+
1

2

∑
r,s

∂

∂φr

∂

∂φs
Vrs

φrφs
i~

+
1

2

∑
r,s

∂

∂φ+∗
r

∂

∂φ+∗
s

(
Vrs

φ+
r φ

+
s

i~

)∗
. (41)

We see that the operator H does not have the required form of the genuine Fokker-Planck
operator in complex variables [21]. In particular, the drift terms lack their complex conju-
gates, and the diffusion matrix is not Hermitian. Nevertheless, we can solve this issue by
adding the annihilator α to the master equation (41).

4.4. Annihilators of the overcomplete basis

As was described in Sec. 3.6, the properties of the stochastic representation are most
conveniently described in terms of the differential identities of form (28). In work [21], we
find the following differential identities for the Hartree-Fock state projections (29): (i) the

analyticity of the basis Λ̂
(
φ, φ+∗) with respect to its variables;

∂

∂φ∗k
Λ̂
(
φ, φ+∗) = 0,

∂

∂φ+
k

Λ̂
(
φ, φ+∗) = 0; (42)

(ii) the homogeneity of the Hartree-Fock state,[
N −

∑
k

φk
∂

∂φk

]
Λ̂
(
φ,φ+∗) = 0, (43)[

N −
∑
k

φ+∗
k

∂

∂φ+∗
k

]
Λ̂
(
φ,φ+∗) = 0. (44)

From expressions (42)-(44), we conclude that the operator α, in the general form (26) of the
master equation, has the form:

α =
∑
k

∂

∂φ∗k
l∗k +

∑
k

∂

∂φ+
k

l+k +

[
N +

∑
k

∂

∂φk
φk

]
d+

[
N +

∑
k

∂

∂φ+∗
k

φ+∗
k

]
d+∗. (45)

Here, lk, l
+
k , d, d+ are some linear operators D → D.

In work [21] it is discussed in detail how we can choose such parameters lk, l
+
k , d, d+

that the master equation (26) with H [Eq. (41)] becomes the Fokker-Planck equation, and
satisfies the validity conditions discussed in Sec. 3.5.

5. Conclusion

In this work we have considered the most general definition of the classical stochastic
representation of the many-body quantum dynamics. Such representation should provide
several mappings: for density operators Cρ, for observables Co, and for superoperators Cs.
The most important postulated property of the stochastic representation is the classical
representation of the trace formula for average values of the observables.

The main result of this work is that when the mathematical properties of the sto-
chastic representation are regular enough, and it is physically consistent, then the stochastic
representation is reduced to the expansion of the density operator over a certain overcomplete
operator basis Λ̂ (λ). This operator basis Λ̂ (λ) defines all the propertes of the stochastic
representation: the general form of all the mappings. Moreover, the overcompleteness of the
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basis leads to the existence of equivalent transformations of quasiprobability master equa-
tions, which allows us to perform their stochastic unraveling. Such a structure is already
known to occur in the representations of quantum mechanics in generalized phase spaces
[23-26]. We also demonstrate that the stochastic wave-function methods [8, 12-20, 36] also
fall into this category of stochastic representations.
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