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The boundary triplets approach is applied to the construction of self-adjoint extensions of the operator
having the form S = A® It + I4 ® T where the operator A is symmetric and the operator T' is bounded
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1. Introduction

The spectral theory of differential operators is very important for mathematics and
has many applications in quantum physics (see, e.g., [1]. The theory of self-adjoint operators
and especially of self-adjoint extensions of symmetric operators occupies a special place in the
operator theory [2]. In many interesting problems of quantum physics (like the interaction of
photons with electrons) the operators take on the form of the sum of tensor products [3], [4].
From general position, the extensions are usually described in terms of so-called boundary
triplets [5]. Up to now, there is no boundary triplets method for obtaining all self-adjoint
extensions of such an operator.

In particular, we consider a closed densely defined symmetric operator

S=AQQIr+14,QT (1.1)

where A is a closed densely defined symmetric operator on the separable Hilbert space $4
and T is a bounded self-adjoint operator acting on the separable infinite dimensional Hilbert
space 7. Notice that the deficiency indices of S are infinite even if A has finite deficiency
indices.

Our aim is to describe all self-adjoint extensions of S using the boundary triplet
approach. More precisely, assuming that IT14 = {H., ['{, T4'} is a boundary triplet for A* we
construct a boundary triplet Ilg = {Hg, 5, T} for S*. In addition, using the ~y-field v4(+)
and the Weyl function M4(-) of the boundary triplet 114 we express the y-field vs(-) and
Weyl function Mg(-) of Ilg.

The present note generalizes results of [6]. In [6] on the Hilbert space = L?(R,H)
the operator

2

(57)(x) = 3 F(1) + TS (1), »
f €dom (S) :={f € W**(R,H): f(0) = f(0) = 0}.
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was considered where 7" is a bounded self-adjoint operator. One easily checks that the
operator (1.2) has the form (1.1) where A acts on L?*(R,) and is given by

(AN = —2 F1). £ € dom (4) == (W22(R,)  £(0) = £/(0) = 0},

In [6] it was verified that IIg = {H, Ty, 1}

Lof = f(0), Tif =['(0), f€dom(S")=W*Ry H).
defines a boundary triplet for S*. The corresponding Weyl function is given by Mg(z) =

i\/Z—T, A Ci.

Notation. Let $ and H be separable Hilbert spaces. The set of bounded linear
operators from ); to £ is denoted by [91,92]; [H] = [9,9]. By &,(9), p € (0,00], we
denote the Schatten-v.Neumann ideals of compact operators on §; in particular, S..(9)
denotes the ideal of compact operators in $).

By dom (7T"), ran (T") and o(T) we denote the domain, range and spectrum of the
operator T, respectively. The symbols o,(-), o.(-) and o,(-) stand for the point, continuous
and residual spectrum of a linear operator. Recall that z € o.(H) if ker (H — z) = {0} and

ran (H — z) #ran(H — 2) = 9; z € 0,.(H) if ker (H — z) = {0} and ran (H — 2) # .

2. Preliminaries
2.1. Linear relations

A linear relation © in H is a closed linear subspace of H @ H. The set of all linear
relations in M is denoted by C(#). Denote also by C(H) the set of all closed linear (not
necessarily densely defined) operators in H. Identifying each operator T" € C(H) with its
graph gr (T) we regard C(H) as a subset of C(H).

The role of the set C| (H) in extension theory becomes clear from Proposition 2.3.
However, its role in the operator theory is substantially motivated by the following circum-

stances: in contrast to C(H), the set C| (H) is closed with respect to taking inverse and adjoint
relations ©~! and ©*. The latter are given by: ©~' = {{g, f} : {f, ¢} € O} and

o — {(/f) (W) = (b, k) for all (;:) € @}.

A linear relation © is called symmetric if © C ©* and self-adjoint if © = ©*.

2.2. Boundary triplets and proper extensions

Let us briefly recall some basic facts regarding boundary triplets. Let S be a densely
defined closed symmetric operator with equal deficiency indices n.(S) := dim(My), N, =
ker (S* — z), z € C, acting on some separable Hilbert space §).

Definition 2.1.

(i) A closed extension S of S is called proper if dom (S) C dom (S) € dom (S*).

(ii) Two proper extensions S', S are called disjoint if dom (S") N dom (S) = dom (S) and
transversal if in addition dom (S) + dom (S) = dom (S*).

We denote by Extg the set of all proper extensions of S completed by the non-proper
extensions S and S* is denoted. Any self-adjoint or maximal dissipative (accumulative)
extension is proper.
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Definition 2.2 ( [7]). A triplet II = {#,T'y,I"1}, where H is an auxiliary Hilbert space
and I'g,I"; : dom (S*) — H are linear mappings, is called a boundary triplet for S* if the
"abstract Green’s identity”

(5°f,9) = (f,579) = (U1 f,Tog) — (Lo f, Trg),  f,g € dom (57). (2.1)

is satisfied and the mapping " := (Iy,I';) " : dom (S*) — H & H is surjective, i.e. ran (T)
HOH.

<

A boundary triplet II = {H, [y, I';} for S* always exists whenever n,(S) = n_(S).
Note also that ny(S) = dim(H) and ker (I'y) Nker (I';) = dom (.5).

In general, the linear maps I'; : $ — H, j = 0, 1, are neither bounded nor closed.
However, equipping the domain dom (S*) with the graph norm

17115

one gets a Hilbert space, which is denoted by $4(5*), and regarding the maps I'; : § — H,
j =0,1, as acting from $ (S*) into H it turns out that that the operators I'; : $,(S*) —

s =S I*+ A7 f €dom(sY), (2.2)

H, ] = 0, 1, are bounded. In the following work we denote the operator I'; 5§+(S*) — H
by I'j: 4 (S*) — H, j = 0,1. From surjectivity it follows that ran (I") = H @& H, where
= (F 1, T'1). Notice that the abstract Green’s identity (2.1) can be written as

(§*f7) (f:S*) ( W, T 09) — (fof,flg), f,g € dom (5). (2.3)

where S* denotes the operator S* regarded as acting from £, (S*) into 9.

With any boundary triplet II one associates two canonical self-adjoint extensions
S; = S5*] ker (I';), j € {0,1}. Conversely, for any extension Sy = S5 € Extg there exists a
(non-unique) boundary triplet IT = {H, 'y, "1} for S* such that Sy := S* | ker (I'y).

Using the concept of boundary triplets one can parameterize all proper extensions of
A in the following way.

Proposition 2.3 ( [8,9]). Let II = {H,[o,I'1} be a boundary triplet for S*. Then the
mapping

Exts 3 S — Ddom (S) = (Tof, T1f)T : f € dom (S)} =: © € C(H) (2.4)

establishes a bijective correspondence between the sets Extg and CN(’H) We write S = Se if
S corresponds to © by (2.4). Moreover, the following holds:

(i) S& = Sex, in particular, S§ = Se if and only if ©* = ©.

(ii) Se is symmetric (self-adjoint) if and only if © is symmetric (self-adjoint).

(iii) The extensions Sg and Sy are disjoint (transversal) if and only if there is a closed
(bounded) operator B such that © = gr (B). In this case (2.4) takes the form

S@ = Sgr (B) = S* f ker (Fl - BFO) (25)

In particular, S; := S* | ker(I';) = Se,, j € {0,1}, where 6y := {0} x H and
O, := H x {0} = gr(0) where O denotes the zero operator in H. Note also that C(H)
contains the trivial linear relations {0} x {0} and H x H parameterizing the extensions S
and S*, respectively, for any boundary triplet II.
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2.3. ~-field and Weyl function

It is well known that Weyl functions are important tools in the direct and inverse
spectral theory of Sturm-Liouville operators. In [8,11] the concept of Weyl function was
generalized to the case of an arbitrary symmetric operator S with n,(S) = n_(S) < oo.
Following [8], we briefly recall basic facts on Weyl functions and 7-fields associated with a
boundary triplet 1I.

Definition 2.4 ( [8,11]). Let II = {#,o,I'1} be a boundary triplet for S* and Sy = S* |
ker (I'g). The operator valued functions ~(-) : p(So) — [H,H] and M(-) : p(Sy) — [H]
defined by

(=) =TI M)~ and  M(z) :==Tyy(2), =€ p(So), (2.6)

are called the ~-field and the Weyl function, respectively, corresponding to the boundary
triplet II.

Clearly, the Weyl function can equivalently be defined by
M(2)lof. =T fs, f- €M, z€p(Soy).

The 7-field () and the Weyl function M (-) in (2.6) are well defined. Moreover, both ~(-)
and M (-) are holomorphic on p(Sy) and the following relations

(2) = T+ (=S —2)")7(C),  2¢ € p(S), (2.7)
and
M(z) = M(Q)* = (z = O(Q)*v(2),  z¢ € p(So), (2.8)

hold. Identity (2.8) yields that M(-) is [H]-valued Nevanlinna function (M(-) € R[H]), i.e.
M(-) is [H]-valued holomorphic function on C. satisfying

Im(M(z))
Im(z)

It also follows from (2.8) that 0 € p(Im(M(z))) for all z € C..

M(z) = M((Z)" and >0, 2e CLUC._.

2.4. Krein-type formula for resolvents
Let IT = {H,T,, "1} be a boundary triplet for S*, M(-) and ~(-) the corresponding

Weyl function and v-field, respectively. For any proper (not necessarily self-adjoint) exten-

sion Sg € Extg with non-empty resolvent set p(Sg) the following Krein-type formula holds
(cf. [8,11,12])

(Se—2) 7' = (So—2)7' =9(2)(© = M(2)) 7" (2), z€p(So)Np(Se).  (2.9)

Formula (2.9) extends the known Krein formula for canonical resolvents to the case of any
Se € Extg with p(Sg) # (). Moreover, due to relations (2.4), (2.5) and (2.6) formula (2.9)
is connected with the boundary triplet II. We emphasize, that this connection makes it
possible to apply the Krein-type formula (2.9) to boundary value problems.

2.5. Operator spectral integrals

Let us recall some useful facts regarding operator spectral integrals. We follow in
essentially [10, Section 1.5.1].
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Definition 2.5. Let E(-) be a spectral measure defined on the Borel sets B of the real
axis R. Let us assume that the support supp (F) is a bounded set, i.e. supp (E) C [a,b),
—00 < a < b < oco. Further, let G(-) : [a,b) — B($)) be a Borel measurable function. Let
3 be a partition of the interval [a, ) of the form [a,b) = [Ag, A1) U [A1, A2) U+ U [ A1, Ap)
where \g = a and \,, = b, and put A, := [Ap_1, \p), m = 1,...,n. Thus [a,b) = _; An,
and the intervals A,, are pairwise disjoint. Let |3| := max,, |A,,| and let

F5(G) =) Gan)E(An),  om € Ay

If there is an operator Fy € B($) such that lim3_ || F3(G) — Fol| = 0 independent of 3
and {z,,}, then Fj is called the operator spectral integral of G(-) with respect to E(:) and
is denoted by

Fy = / bG(A)dE(/\).

Remark 2.6. Similarly the operator spectral integral ff dE(X)G(X) can be defined as above.
If f(-): [a,b) — $ is a Borel measurable function, then the vector spectral integral
JPdE(A) f(A) can be defined similarly.

Let us indicate some properties of the operator spectral integral.

(i) If G(A) := g(M)I where g(-) € C([a,b]), then f: G(N)dE()N) exists and coincides with
scalar spectral integral ffg(k)dE(/\).
(ii) If f; G(N)dE (M) exists and h(-) € C([a,b]), then also f:h()\)G()\)dE()\) exists and
one has
/ " hGAVE() = / " GOVEX / "HOVIE).

Proposition 2.7 (Proposition 1.5.1.2 of [10]). Let G(-) be defined on [a,b) and assume the
existence of the derivative G'(\) with respect to the operator norm on |a,b). Further, let

G'(-) be Bochner integrable on [a,b) and assume that A(N) = A(a) + fa’\ G'(x)dx. Then
fab G(N)AE(X) exists and the estimate

[ aoazo| < 1c@i+ [ 16

18 valid.

Similar existence theorems can be proven for the other types of spectral integrals.
For instance the vector spectral integral exists if f(-) is strongly continuous, strongly dif-
ferentiable on [a, b] and if f/(-) is also strongly continuous. In particular, the operator and
vector spectral integrals exist if the integrands G(-) and f(-) are holomorphic.

3. Main results

Let A be a closed symmetric operator with equal deficiency indices acting in the
separable Hilbert space 54 and let T be a bounded self-adjoint operator acting in the
separable Hilbert space Hy. We consider the operator S = A® Ir + [, ® T. To define
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the operator S we first consider the operator A ® I7. The operator A ® I is defined as the
closure of the operator A ® Iy defined by

dom (A® Ir) == {f:ng(X)hk:gk € dom (A), hy € Hr, TGN}
k=1

and

(AIr)f =Y Ag®h, fedom(AG Iy).
k=1

One can easily check that A ® Iy is a densely defined symmetric operator which yields
that A ® Ir is a densely defined closed symmetric operator. By £ (A) we denote Hilbert
space which is obtained equipping the domain dom (A) with the graph norm of A, cf. (2.2).
dom (A® Ir) = $H,(A) ® Hr. By Proposition 7.26 of [2] we have (A ® I7)* = A* @ Ir. Its
domain is given by dom (A* ® Ir) = $H4(A*) ® Hr.

Similarly, the operator I, ® T can be defined. I, ® T" is found to be a bounded
self-adjoint operator with norm ||7'||. The operator S := A® Iy + 14 ® T is a well-defined
closed symmetric operator with domain dom (A ® I7). Notice that

S=A0Ilr+1,0T=A0Ir +14RT.

Its adjoint i is given , S*=A"RQIr+I,T.
Let F = FA Iy H (A )VQHr — Ha®@Hr, 7 =0,1. Since ran(FA) =HsDHA

we have ran(/\) = (Ha ® Hr) ® (Ha ® Hy) where T := (Tg, T'y). Let us consider
the embedding operator J : 9. (A*) @ Hyr — Ha ® Hr. We introduce the operator
['; : dom (A* ® Ir) — Ha @ Hr by setting

DJf=T,f, [en(A)@Hy, j=01 (3.1)

Notice that ran (J) = dom (A* ® Ir). Since ran (') = (Ha @ Hr) @ (Ha @ Hr) we get
ran (I') = (Ha ® Hr) & (Ha ® Hr) where I' = (g, I'1). Let us introduce the triplet II =
{#,T,I'1} where H := H4 ® Hr and I'; are given by (3.1).

Proposition 3.1. If 114 = {H4, T4, T} is a boundary triplet for A*, then Il = {H, T, T}
1s a boundary triplet for S*

Proof. First, we are going to show that II is a boundary triplet for (A ® I;)* = A* ® Ir.
The surjectivity of I' = (I'g, I';) was already shown above. Next, we check that the ”Green’s

N M
identity” holds Let gx, g;, € $+(A*), hi, by, € Hrsothat f = > g ® hpand f' = ) g @ R

=1 j=1
We have
N M N M
((A* 0I0) Y g ®hJY g @ h;.) _ (Jng © hi, J(AT @ I1) Y gl ® h;)
k=1 =1 k=1 =1
N ; J J
ZZ P, B5) [(A* 4= giy Ja=g) — (Ja= g, A" Ja=g5)]
k=1 j=1

N M
= (o B (T Tae g, T8 T aeg5) — (T3 T ae g T3 T a9
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where Jg« : 9, (A*) — $4 is the embeding operator. Similarly we get

N M N M
(00 D@ e Tod 3o g @ 1) = (Tod 3o g @ his T I S g @ 1))
k=1 j=1 k=1 j=1

Hence we get

N M N M
((A* OIS g @hiJ Y g;® h;) . (Jng © hi, JA © 1)y gh ® h})
k=1

k=1 j=1 j=1

N M N M
_ (FlJng ©h Dol Y g} @ h;) _ (FOJng @h DIy g @ h;)
k=1 j=1 k=1 j=1
which yields
N M N M
((A* & IT)Jng ® Dy, JZg} & h;) — (ngk ® hi, (A" ® IT)JZQ} & h;)
k=1 k=1

= j=1

N M N M
= (Fl ng@)hk, Lo Zgg ®h;) - (Fo ng®hk, Iy 293 ®h;~>
k=1 j=1 k=1 j=1

=1

N M
Since elements of the form f = > g, ® hy and f' = ) g; ® h'; are dense in §,(A*) the
k=1 Jj=1

equality can be closed which gives

(A wmifaf) = (1A emif) = (TfTof) = (Do f T F)

for f, f' € 9, (A*) ® Hr which immediately yields the abstract Green’s identity for A* ® I7.
Hence II is a boundary triplet A* ® Ir. Since T4 ® T is a bounded self-adjoint operator
one proves that II is a boundary for S*. Indeed, since dom (A* ® Ir) = dom (S*) one
immediately verifies the abstract Green’s identity and I'dom (A* ® I7) = ['dom (S*) shows
the surjectivity. O

Let us also mention that Sy := S* | ker (I'5) admits the representation
So =A@ I, + 1y, @T. (3.2)
Let Er(A), A € R, be the spectral measure of the self-adjoint operator T'. Obviously,
Er(\) :=1,® Ep()), XeR,

defines a spectral measure on H ® Hr.
Proposition 3.2. Let I14 be a boundary triplet for A* with vy-field va(z). If llg is the bound-
ary triplet of Proposition 3.1 of S*, then the ~y-field vs(-) of llg admits the representation

vs(2) = / b dEr(\) ya(z = \) @ gy = / b va(z = A) ® Iy dEp(N) (3.3)

z € Cy where o(T) C [a,b).
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Proof. We set G(A) :=y4(z — A\) & Iy, A € [a,b). From (2.7) we get
GN)=(A4— A — 2+ N ()@ Ir, ANER.
Since fab |G'(N)]| dX < oo the operator spectral integral

exists by Proposition 2.7. We will show that ran (D(z)) C $4(S* — z). Let 3 be a partition
of [a,b) and let us consider the Riemann sum

Ds(z) ==Y ya(z— M) @ Iy Er(Ay), A € Ay (3.5)
k=1

For every z € C4 one has lim3_ | D3(2) — D(2)|| = 0. Obviously, for each 3 we have
Dsf € $.(S%), f € 9. Let us estimate the operator norm of (v4(z — Ay) ® Ir) Ep(Ay,) with

respect to the Hilbert space £, (S* — z). Obviously we have
(8" = 2)(ya(z = \) ® Ir) Er(Ay)
= (A" = 2)7a(z — ) ® Ep(Ag) +74(z — \) @ TEp(Ag).
which yields
(8" = 2)(ya(z = \) ® I) Er(Ar) = ya(z — ) ® (TEp(Ay) — AEr(Ar))
Hence we find
1(S* = 2)(7a(z — ) ® Ir) Br (A < [yalz — M) ITEr(Ar) — MEr(AL)].

Since | TEr(Ag) — MeEr(Ag)|| < |Ag|, where |- | is the Lebesgue measure of the set Ay, we
find

15" = 2)(alz = M) © Ir) Br (Al < vz = M)l 1A
Using that C',,(2) 1= supygpp) [[7a(z — A)[| < 0o we immediately get the estimate

15" = 2)D3(2)| < Cr,u(2)(b—a),  zeCu (3.6)

In particular we get ||(S* — 2)D(z)|| < C,,(2)(b—a), z € C4. Let us show that the integral
D(z) also exists in the strong sense in £ (S* — 2).

(S*—2)D3(2)g@h=((A"—2)®@Ir)D3(2)g@h+ (I4 @ T)D3(2)g ® h

= (A" =2)®17) > 7yalz = Mg @ Er(A)h + (14 @ T) Y va(z = Me)g © Er(Ap)h

= > Mvalz = M)g @ Br(A)h + > ya(z — Mg @ TEr(Ag)h
= > qalz — \)g ® (TEr(Ay) — MEr(Ag))h
— (Z Yalz = M)g @ (TEp(Ay) — )\kET(Ak))h>'

Hence

1(S* = 2)D5(2)g @ hl| = Z [7a(z = Ak)g @ (TET(Ag) — AeEr(Ag))A|,

k=1
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we have

(S — 2)D3(2)g @ h| < Z [va(z = A)gll T Er(Ar) — AEr(Ag))h]|. (3.7)
P

Finally we obtain
165" = 2)D3(2)g @ hl| < (1Rl Y 1vaz = Ao)gll [A] - (3.8)
k=1

Let 3’ be a refinement of 3, that 3’ = {A] ,}’,3,/:1 where for each k' there is always a k such
that A}, C Aj. This yields the estimate

1(5™ = 2)(D3(2) = Dy (2))g @ hll < Il Y 1(va(z = Nyp) = valz = A))gll 1AL] . (3.9)

k=1
where A, € Ay € Ap 3 . Hence [N, — Mg < |Ag| < |3]. Using (2.7) we find
1 So— ¢
— ) —ralz = M) < _P0=6
[7a(z = Ao )g — va(z = Ai) || Tm(2) Asel[il’)b) [ Z+)‘H [va(O 3]

which yields the estimate

1
sup

15" = 2)(D3(2) = D3 (2))g @ b < (b—a)|h] ||9||Im(Z) A€la.h)

So—(C
2= il

(3.10)
Hence the Riemann sums Ds(z) converge strongly in $,(S* — z) as |3] — 0. Since the
Hilbert spaces . (5*) and . (S* — z), z € C4, are isomorph the Riemann sums converge
strongly in £ (S*).
It remains to show that (S* — 2)D(z) = 0. Recall that

(S*—2)D3(2)g @ h = Z((A* — 2)va(z — A)g @ Ep(Ag)h 4+ va(z — A\)g @ TEp(Ag)h)

k=1

= " yalz = M)g ® (TEp(Ar) — MEr(Ar))h.

k=1
For instance,

1(S* = 2)D5(2)g @ hl| = Z [7a(z = Ak)g @ (TET(Ag) — A Br(Ax))R| <

k=1

D llvalz = M)gll(T = M) Ex(Ap)hl|

k=1
To the degree that ||va(z — Ax)|| is bounded, we have [|(S* — 2)D3(2)g ® h|| = 0 as |3| — 0

for any g ® h. For the element of the form f = ) gx ® hy obviously the same result holds.
k=1

Then, we use that the set of f = Y gr ® hy is dense in $,(5%) O
k=1

Proposition 3.3. Let 114 be a boundary triplet for A* with Weyl function Ma(-). If Ilg is
the boundary triplet of Proposition 3.1 of S*, then the Weyl function Ms(-) of Il admits
the representation
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Ms(z) = / ’ dEr(N\) Ma(z — \) ® I,
. (3.11)

= / Mu(z = N) @ Iy, dEr(N),
z € Cy where o(T) C [a,b). In particular, if no(A) = 1, then Ma(-) is scalar, Hg = Hr

and
Ms(z) = MA(Z — T), z € Cy. (312)
)-

Proof. We set G(\) := Ma(z — A\) ® Ip, X € [a,b). From (2.7), (2.8) we get

G'(\) = =7a(Q)alz = X) + (2 = A = O)7a(Q)* (Ao = (Ao — 2+ N)*a(Q)® Ir,  AER
(3.13)
Since f IG'(N)|| d\ < oo the operator spectral integral

exists by Proposition 2.7.
Analogously to Proposition 3.2, we can prove that the integral exists in the strong
sense in $,(S* — z) and in .6+(S*) as the spaces are isomorph.

Let us note D3(z) = Z va(z = A) ® I Ep(Ay). Then,

[YD;(2) =T7 ZVA(Z — M) @ IrEr(Ay) =

k=1

Zrl’)/A Z—/\k)@)ET Ak ZMA Z—Ak)®ET(Ak) (2)

k=1 k=1

As far as L3(z) and D3(z) converge in a strong sense in ), (S*) and I'y is bounded in $, (S*),
we get the estimate. O

Note: In case T has pure point spectrum, the formula (3.11) becomes simpler

ZMA 2=\ ® &y, (3.15)

where &) is an eigenvector of T', Correspondlng to A

4. Example 1

In this section we will describe a simple example. Let’s consider the symmetric

operator A = — & with the domain

dz?
dom (A) = {f € W3(0;+00) : f(0) = f'(0) = 0}
in the Hilbert space L*(R). Notice that ni(A) = 1. Let’s consider the following bounded

self-adjoint operator
1 0
=6 %)

acting on Hr = C2. We introduce the operator S = A® Iy + I, @ T defined in Hy ® Hr.
Our goal is to get the v-field and the Weyl function corresponding to H in terms of v-field
and the Weyl function, corresponding to A, using the results described above.
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Obviously, operator A* has the deficiency indices (1;1), so it’s deficiency subspace
is one-dimensional. Let us calculate the boundary form of the operator A*. Integrating by
parts, we get:

+oo 400
(.9)- (149 = [ Fode = —gli=+ 19l — [ 19'de
0 0

So,

(A" f.9) = (f,A9) = = f'glg> + f9|g>
Recall that an element f from the domain of the adjoint operator also satisfies the condition
f(+00), f'(+00) = 0. Hence, we have:

(A"f,9) — (f. A"g) = —f(0)g'(0) + f'(0)g(0).
Now we can obtain the boundary operators, corresponding to A*:
L3 f=f(0),  Tif=f(0)
Recalling the result of Proposition 3.1, we introduce the boundary operators for H*:
Lif=f0) @ LITf=f(0)® L.

Let us calculate the v-field, corresponding to A*. The deficiency element of the operator A*,
corresponding to the point z, has the form: e?v** (we choose the branch of the square root
in such a way that $v/z > 0). Applying I'y', we have:

IeVs =1
so that
va(z) = L.

Let us describe the 7-field, corresponding to S*. As far as T is self-adjoint, the spectral
decomposition holds:

T:-Pl_P27

where P; and P, are the projectors onto the invariant subspaces of the operator T, cor-
responding to the eigenvalues 1 and —1, respectively. The projectors have the following

forms:
10 00
Pl:(o 0)’ PQ:(O 1)'

Using the result of Proposition (3.2), we have:

— O
N—

1
’YS(Z):’YA(Z—1)®P1+’YA(Z+1)®P2=(O

The corresponding Weyl function is obviously as follows:
Ma(z) = T{ya(2) = iv/z.
Using the result of Proposition (3.3), we have:

Ms(z):MA(2—1)®P1+MA(2+1)®P2:(iZ_l 0 ).

0 Wz+1
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5. Example 2

In this example we consider an operator S = A® Iy + [4 ® B defined in H4 ® Hr,
Ha = Lo(a,b),Hr = C?. Let us take the symmetric operator A as negative Laplacian

A = —4 with the domain dom (4) = {¢ € W22[a;b]|p(a) = ¢(b) = ¢/(a) = ¢(b) = 0} and

dx?
a self-adjoint operator T be the same as in previous example. Let us obtain the v-field for S.

The boundary operators for A* are:

s (SO §op_ (S
for = () ) 0= (i)
Then, the boundary operators for the operator S* are:

Tof = ( %’; ) 9I, Tyf= ( ]{,((l;)) ) o1 (5.1)

Due to the fact that the deficiency elements of A corresponding to the point z are

eV, e_i‘/gx, (5.2)

we obtain the y-field y4(2) for A* in the form

3 e*i\/Za i Zefi\/gb
) = 3 e (e g ) >3

So, using the result of Proposition 3.3., we have:

() = =)o (5 o)+t +ne (g ). (5.4)

Direct calculation of the Weyl function for A* gives us

. L fsm(Eb-a)  yE
= oy (" aliew) 09

Then,

Mg(2) = Ma(z — 1) @ (é 8) Mz + 1) @ (8 (1)) (5.6)

6. Concluding remarks

In this paper we considered the v-field and the Weyl function corresponding to the
boundary triplet Ilg for the operator S = A® I+ 14 ®T where the operator A is symmetric
and the operator T' is bounded and self-adjoint. We obtained the formulas in terms of
the ~-field and the Weyl function corresponding to the boundary triplet 1I4. The result
can be immediately applied to the scattering theory due to the relation between the Weyl
function and the scattering matrix (see, e.g., [13]). There is an interesting question about
the case when the operator T" is unbounded (it is well known that this case has many specific
features [14]). We will present the corresponding result in the next paper.
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