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An efficient and accurate numerical method is presented for the solution of highly oscillatory differential equations
in one spatial dimension. While standard methods would require a very fine grid to resolve the oscillations, the
presented approach uses first an analytic WKB-type transformation, which filters out the dominant oscillations. The
resulting ODE-system is much smoother and can hence be discretized on a much coarser grid, with significantly
reduced numerical costs.

Here we are concerned with stationary two-band Schrédinger equations employed in quantum transport applications.
We focus on the Kane-model and the two band & - p-model. The accuracy of the presented method is illustrated on
a numerical example.
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1. Introduction

This paper deals with an asymptotically correct scheme for the numerical solution of
stationary, vector valued Schrodinger equations in the highly oscillatory regime. To fix the ideas
we first recall this procedure from [2], where the scalar Schrodinger equation in 1D is dealt with.
We consider highly oscillating differential equations of the type

e*¢"(z) + a(z)p(x) =0, (D

where 0 < ¢ < 1 is a very small parameter and a(x) > ao > 0 a sufficiently smooth function.
For very small ¢ > 0, the wave length A\ = 2% is very small, such that the solution ¢ becomes

V()

highly oscillating. In a classical ODE-scheme such a situation requires a very fine mesh in order
to accurately resolve the oscillations. Hence, standard numerical methods would be very costly
and inefficient here. The goal of the numerical WKB-scheme is to provide a method that uses a
coarse spatial grid with step size h > .

The strategy in [2] is to first analytically rewrite (1) as a “smoother” (i.e. less oscillatory)
problem that is then easier to handle numerically. In this analytic preprocessing, the dominant
oscillations are eliminated. This transformation is closely related to using a second order WKB-
approximation for ¢:

oa) = [ (Vatr) - £25() dr. e
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Standard numerical methods for (1) (like in [8]) used to require a step size h = O(¢)
for accurate resolution. The WKB-based schemes from [2] or [18] reduce that limitation to
h = O(y/¢) (when using a forth order quadrature rule for the integration of the phase ¢ in (2)).
If this phase is explicitly integrable (for piecewise linear a(x), e.g.), the mesh size h can even be
chosen independently of € in the scheme from [2]. This scheme is then asymptotically correct
W.I.t. €.

The goal of this paper (and of [5]) is to generalize this procedure to vector valued
Schrodinger equations in one spatial dimension. Here we shall consider two-band Schrodinger
systems that are employed in quantum transport models, e.g. for simulating resonant interband
tunneling diodes (see [3,20]). In particular we shall focus on the Kane-model [13, 14] and the
k - p-model [19].

We remark that numerical integrators for oscillatory ODE-systems have been addressed
by several authors in the last decade (cf. Sec. 5 of [9], [11,18], Sec. XIV of [6]). Those methods
are closely related to wusing the zeroth order WKB-approximation, ¢(x) =~
C exp (ié fom Vva dr) to eliminate the dominant oscillations in (1). But the higher order trans-
formations employed below provide a refined asymptotic, with error estimates of higher order in
E.

This paper is organized as follows. In Sec. 2 we introduce the Kane-model and % - p—
model, along with their open boundary conditions that are needed in quantum transport appli-
cations. These boundary value problems (BVPs) are then transformed into equivalent initial
value problems (IVPs). In Sec. 3 we make an analytic preprocessing of these oscillatory IVPs.
This transforms them into “smoother” ODEs. In Sec. 4 we develop for these ODEs a sec-
ond order, asymptotically correct numerical scheme. The error of this method is of the order
O(min(eh? e?)). To achieve this, particular care has to be taken for the discretization of the in-
volved oscillatory integrals. In Sec. 5 we illustrate the effectiveness of our method in a numerical
example for the Kane-model and on an example from the literature [18].

2. Two-band Schrodinger models

For several novel semiconductor devices (like resonant interband tunneling diodes, see
[3,20]) single-band effective mass models become insufficient to simulate the quantum transport
through such a device. Hence, it is getting ever more important to include realistic band structures
in quantum transport models. In this section we shall discuss two independent, stationary two-
band Schrédinger models (Kane-model and two-band k - p—model) that are used for simulations
of one dimensional semiconductor devices like a resonant tunnel diode. We assume that the
considered semiconductor structure occupies the interval [a,b] and is connected to reservoirs at
x = a and x = b. We also assume that both reservoirs are homogeneous and extend to x = +oo.
So all material (and energy) parameters are constant in each reservoir, which is hence populated
only by traveling plane waves.

In analogy to (1) we shall discuss in this paper only the numerically challenging oscil-
latory regime of traveling waves. The evanescent regime with tunneling is of course equally
important for quantum transport, but the numerical treatment of those smooth wave functions
is simple, and will not be discussed here. However, WKB-based discretizations of the cou-
pled oscillatory—evanescent situation are currently under investigation, and will be the topic of
an upcoming work. In [17], transparent boundary conditions (TBCs) for the Kane-model and
k - p—model were derived, as well as discrete TBCs for finite difference schemes. However, such
classical schemes are numerically expensive in the oscillatory case. So it is the goal of this paper
to develop a more efficient alternative.
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2.1. The two-band Kane-model

The simplest multi-band approach is the two-band Kane-model (cf. [15]). This is an inter-band
model, describing the coupled electron transport in the conduction and the valence bands. Here
the “wave function” ¢)(x) € C? is a solution of the ODE

Hy = Ev, (3)
with

B= (_h0s vies B )

We denote by £ > 0 the prescribed (constant-in-z) injection energy of the electrons, and € > 0
is a small constant. Here, the potential V' is the band edge of the conduction band, and £, > 0
is the band gap between the conduction and the valence band. The function p > 0 is related to
the Kane-parameter. The dispersion relation of this Kane model is discussed in detail in Sec. 3.1
of [17].

In order to have unique solutions we assume:

Assumption 1. The functions V, E,,p are piecewise' Lipschitz continuous on the non-empty
bounded interval [a, b] and constant on the exterior domains (—o0, a] and [b, 0c). Further, there
exist open neighborhoods of a,b where they are continuous.

We rewrite the ODE (3) in the more convenient form

) = L
V@ = (a0 8 ) v, @
with
a(z) = E—-V(z)+ Ey(x) E—V(x)
p(z) p(z)
We shall consider here a scattering model, subject to a given, incoming plane wave. Hence, we

shall need transparent boundary conditions (TBCs) at both (artificial) boundary points a, b (as
derived in Sec. 3.2 of [17]). We denote the system matrix of (4) by A(z), with the eigenvalues

Me) = £ov/al)i)

1 .

= 25 VIE = V(@) + By(2))(E ~ V(x)) = k(). (5)
If the given injection energy F is larger than the conduction band edge, i.e. if £ — V(z) > 0
holds on the whole interval [a,b] (and thus on the whole real line), the eigenvalues A\ = +ik
are purely imaginary and hence we only have traveling waves®. Let v.(z) be (real valued)
eigenvectors of A(x) corresponding to the eigenvalues A\(z) = +ik(x). From the right exterior

and f[(x) =

"Here, piecewise Lipschitz continuous means that there are finitely many (non trivial) pairwise disjoint intervals
I,..., I, such that [a,b] C U?:1 I; and the functions are globally Lipschitz continuous on each single interval
I, .. 1.

2One also gets purely imaginary eigenvalues if the energy is smaller than the valence band edge, i.e. E—V (z)+
E,4(z) < 0. This energy corresponds to holes in the valence band, and the situation would be analogous to the case
discussed here.
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domain [b,c0) we now inject a left traveling electron wave with prescribed amplitude d, # 0.
Then the resulting scattering state has the following form in the exterior domains:

Vo) = dee”*DE=dy_ (q) forx <a,
Yo(z) = ey, (b) + dpe*OEy_(b) forz >0, (6)
with constants ¢y, d,, d, € C. We denote the solution in the interior domain [a, b] by 1. Due to

Assumption 1 the solution on the whole real line is continuously differentiable in certain open
neighborhoods of the boundary points a, b. Hence we get the (homogeneous) left TBC

Y(a) = 1be(a) € spanfv_(a)] < (A(a) + ik(a)1d )¢ (a) =0
< Y'(a) +ik(a)Y(a) =0.

At the right boundary we combine the first derivative ¢/’ with ¢ to eliminate the reflection
constant ¢,. From (6) we obtain the (inhomogeneous) right TBC

W) — kONE(B) = —20k(b)dyv_(b).

The resulting (inhomogeneous) BVP then reads

1//(1:) - A(l’)l/}(l‘) = 0, LS [a7 b] ) (7
J/(a) + k(@) [ g(a) = 0 ®
W(B) — k(D) Tdb(b) = —2ik(b)dyv_(b). ©)

Its unique solvability was established in Sec. 3.3 of [17]. Thus we state without proof:

Lemma 2.1. The BVP (7)—~(9) has a unique solution in (W2’°°(a, b))Q.
Remark 2.2. Since ) satisfies the ODE (7) even on the boundary, the TBCs can be reformulated

as
(A(a) +ik(a)Id )(a) = 0,

(A(b) —ik(b) Id)w(b) = —2ik(b)dyv_(b). (10)

We shall now reformulate the BVP (7)—(9) as an IVP, which is easier to solve numerically

(particularly for our highly oscillatory regime). To this end we first solve (using the left boundary
condition) the IVP

V@) = A@(@), welwl  Y(a)=v_(a) €C. (a1
Since 1 has to fulfill (8) (which is equivalent to 1(a) € span[v_(a)] ), there exists a constant

c_ € R such that ¢(a) = ¢_v_(a). Hence we get 1) = c_1)_. Using the remaining boundary
condition (10) we get

c_ (A(b) — ik(D)IA)yY_(b) = —2ik(b)dyv_(b).
The inner product of this equation with v_(b) yields
—2ik(b)dy lo_ ()" —2ik(b)dy ||l (b)|*

C_ = =

o (b7 (A() — k() 1) () v (B)F (0(b) — ik(B)_(B))
Analogously, we get for a right traveling plane wave in the left exterior domain (—oo, a] with
prescribed amplitude ¢, # 0:

V(z) — Alz)p(z) = 0
1/}/(01) + zk:(a) Id w(a) = 2ik:(a)cav+ (a)
W'(b) —ik(b) Idep(b) = 0.
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It holds ¢ = ¢, v, where ¥, solves
Yi(2) = Al)gs (), Pe(b) = v (b) € C,

and
2ik(a)c, ||vi(a)||” 2ik(a)ca [lv (a)]|”

T @7 (A + k(@) 1) (@) oi(0) (0 (a) + ik(a)is(a))

Recall from (4) that the system matrix A(z) is proportional to 1/¢ and off-diagonal.
We now aim to transform out the dominant oscillations in the IVP (11). To this end we first
diagonalize A as A(x) = Q(x) ' L(x)Q(z) with

o= (Vg V) e wo= (T )

Note that the matrix valued functions () and L are real valued and actually independent of ¢.
The ansatz u := Qi)_ and Qu_ = (0, 1) yields for = € [a, b]:

p_ b 0
u:gLu+Bu, u(b):(1>, (12)

with B := @’Q~!. The same transformation also works for the other case of a right traveling
plane wave with prescribed amplitude in the exterior domain (—oo, a]. We only have to replace
the initial condition by u(a) = (1,0)7.

2.2. The two-band £ - p—-model

In this section we discuss a slightly more involved inter-band model for the coupled quantum
transport in the conduction and the valence bands (cf. [3,12]). A different inter-band £ - p-model
is analyzed in Sec. 4 of [17]. And for extended multi-band % - p-models (including the intra-band
coupling of heavy and light holes within the valence band) we refer to [13], Sec. 6 of [3], and
Sec. 5 of [17]. In our two-band model, the “wave function” 1) = (11, 12)? € C? solves a 2 x 2
Schrodinger boundary value problem

H(z)y(z) = E¢(z),  z€(a,b) (13)
V'(a) = Ko(E)d(a) = 0 (14)
V' (0) = Ky(E)p(b) = reC?, (15)
with the Hamiltonian
0? 0 Viz 0
H = —¢ W—iraP( )8x+( (()) V(a:)—Eg(a:))

and

P(z) = (Z.p(()m) ipéx) ) .

The real parameter ¢ > 0 is a small constant, which is often (depending on the model) pro-
portional to the reduced Planck constant 7. By E we denote the given injection energy of
the particles. The potential /() is the band edge of the conduction band, and E,(x) > 0
is the energy gap between the conduction and valence bands. Further, p(z) > 0 is the cou-
pling coefficient (related to the Kane-parameter) between the two bands. As in [3] we assume
p(z)* > E,(x)Vz € [a,b], which implies that the valence band is concave close to k = 0. We
remark that (13)-(15) is a scattering problem with given F, and not an eigenvalue problem.
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The matrices K,, K, € C**? and the vector r in (14), (15) constitute the TBCs for the
k-p—model. (15) models the injection of plane waves at x = b. Their derivation follows the same
strategy as for the Kane model in Sec. 2.1. But for the more involved details we refer to [3].

The self-consistent potential V' is the solution of the following Poisson problem:

V" (x) =n(z), z € (a,b),
V(a)=Vi>0,
V(b) =0.
The charge density n is defined by

n(x) = / " H(B) [, B)dE,

for a prescribed function f that models the semiconductor statistics. Well-posedness of this
nonlinear BVP is established in Th. 2.2 of [3].
If one is interested in a numerical approximation of n(x) or of the current density

jlx) = /Ooof(E)(—Imw’,w}+2pRe(¢1¢2))(x,E)dE,

one has to use an iterative scheme, like the Gummel method, to solve the nonlinear problem. In
each step one has to calculate a suitable approximation for the charge density n, and hence one
has to solve (13) for a large number of (discrete) energies. Since 0 < £ < 1 is a small constant
the wave function ¢ is highly oscillatory for £ > ||[V||__. In order to speed up the calculations
it is very useful to have a numerical scheme that produces an accurate approximation for 1,
without having to resolve all oscillations of the wave function.

It is often more convenient to solve, instead of a BVP, an equivalent initial value problem.
As we will see in a moment, it is possible to determine the solution of (13) from just four (vector
valued) IVP-solutions. Let the functions p, V/, and E, be Lipschitz continuous on [a, b]. Hence
the IVP for a matrix-valued wave function ®(z) € C**2,

H(x)®(x) = E®(x), z € (a,b), (16)
Ola) = Id, (17)
Y(a) = K., (18)

has a unique solution. Further, it holds for every vector valued solution ¢ of

]H(ZL‘)gb(l‘) = Egb([l)), LS (a7b)7 (19)
¢'(a) — Kogla) = 0,

that ¢(z) = ®(x)¢(a). Since the solution ¢ of the BVP (13)-(15) solves (19), we can write
(x) = ®(x)(a). Hence we get from the remaining right boundary condition (15)

(®'(b) — Ky®(b))v(a) = r.

Since the BVP (13)—(15) is well-posed (cf. [3], Prop. 2.1), the above equation has a unique
solution which yields ) (a) and consequently .

As we have seen, the solution ¢ of the BVP (13)—(15) is (uniquely) determined by the
solution ® of the IVP (16)—(18). Thus, in the sequel we shall derive and discuss an efficient
numerical method to solve the IVP for the (vector valued) equation (19).

Equation (19) for ¢ € C? takes the form

e’ —eP(x)¢' + Alx)p = 0, (20)
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with A(x) := diag(E — V(z), E — V(x) + E,(z)). For E > ||V|| the matrix A(x) is positive
definite for all x € [a,b]. Now we want to rewrite (20) as a first order IVP, with the same form
as (12). To this end we set

which yields for v(z) = (vi(z), v2(2))T € C*:

, L 0 A: A3
U_5<—A% P>U+(

_ (A
v(a) = ( oK, :
Let us denote by L the first matrix of (21). Since P(z) is skew-symmetric for all z € [a,b],

the same holds for L. Hence there exists a matrix function Q: [a,b] — C***, such that for all
x € |a, b] it holds (cf. the Appendix Sec. 6)

L(z) = Q" (x)L(z)Q(x),
with L(z) real and diagonal. Finally we set

u(@) = Qz)v(z) € C,

64_5 0 )v, 21)

which yields
o = SLu+ Bu, u(a)=ug, (22)
£

with
1 / 1
B) = Q@+ Q) (AW 0 o).
Of course, the above transformation procedure is not limited to the special case (13). One can
apply it to any ODE of type (20) with P(z) skew-symmetric and A(z) positive definite. Hence
we shall continue our discussion for general equations of the form (22).

Since L is diagonal and real valued, the solution u is highly oscillatory. But ||ul| is
bounded by a constant independent of €. In order to prove this, we introduce a smoother,
“adiabatic” variable 1 (which coincides with the “n” from [11, 18]). This can be interpreted as
the lowest order WKB-type transformation (see Sec. 3 for details).

In the sequel we denote by ||-|| the Euclidean norm on C" and also its subordinated matrix
norm. Further we define for continuous vector valued functions f: [a, b] — C? the co-norm by

[flle = sup |[f(2)]l,

z€[a,b]

and analogously for matrix valued functions. With these definitions we can establish

Lemma 2.3. Let u be the unique solution of the IVP (22), and let

E.(x) :=exp (3/ L(s) d8> eC*.
€ a
Then the new quantity n(z) := E*(x) u(x) € C* solves the IVP
W =(EIBE.)n, n(xo) =no:=uo.
There exists a constant ¢ > ( independent of € such that it holds for all x € I:

lu(@)| = [ln(@)]| <c.
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Proof. Since L(x) is diagonal and real valued, F.(z) is unitary. Differentiation of the ansatz
n = EXu yields the IVP. A standard Gronwall argument yields

)| < elrmellEBElo |
Since E. is unitary, it follows
lu(@)]| = lIn(@)|| < el*=elFle {lu]| .

Since B does not depend on ¢, the desired constant is ¢ = el’=@ll Bl | 0J

3. Analytic preprocessing

The imaginary part of the system matrix of the IVPs (12) and (22) (i.e. éL) causes
oscillations of the solution u, whose wave length is proportional to €. Thus, if € is very small,
the function u is highly oscillatory. Hence, directly solving these IVPs with standard integrators
is computationally very costly.

In order to devise an efficient numerical method, we first apply an analytic preprocessing
to the IVPs. While the system matrix in (22) has the leading order O(1/¢), the transformed
problem will have the order O(¢). This does not mean that the oscillations disappear. In fact,
one can observe that the frequencies are even (approximately) doubled. But the amplitude of
the oscillations in the new variable y will only be O(¢), down from the O(1) oscillations in the
original variable u (cf. Lemma 2.3). Clearly, we can expect that the new “smoother” IVP for y
is much easier to solve numerically than that for u, particularly in the regime of small €.

The following discussion focusses on the IVPs (12) and (22). But it can be extended to
a larger class of problems and refined to higher e—order asymptotics (see Corollary 3.3, and for
more details [5]). We formulate the essential requirements on the functions diag(\1, ..., A\g) = L
from both IVPs in

Assumption 2. There exists a § > 0 such that for all x € [a,b] and i # j it holds

[Ai(z) = Aj(x)| = 4.
L e. L(x) has only simple eigenvalues, which stay separated over the whole interval |a, b).
For the transformation we make the following ansatz

y(r) = E7 (@) (2)u(), (23)

3 3

where we set

E.(x) = exp (é /x L(s) ds) , (24)
T.(x) = To(z)+eTi(x). (25)

Since L(z) is a real valued diagonal matrix for all x € [a, b, the matrix E.(x) is unitary and
diagonal, i. e. it holds

Before we can write down the matrix 7} we need some notation. Let A, B € C%? The
entry-wise product (Hadamard product) of A and B is defined by

AOB = (agbij)i<ij<d-
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Moreover, for a diagonal matrix L = diag(\y, ..., \y) with pairwise distinct simple eigenvalues
A1, - .., Ag, we define the following two matrices:
1
DL = <)\z - )\j)lgi,jgd; DZ = (/\ \ ) > (DE)Z:j =0. (26)
T N/ 1<i#j<d
We remark that it holds V A € C%*¢;
LA—-—AL=D;®A and Dy©D; ©A=A—diagA. (27)

With this notation we can establish

Lemma 3.1. We make Assumption 2. Let the matrix valued functions L, B € C"([a,b], C¥*?) for
some r € N. Further, let Ty be the unique solution of the (matrix valued) IVP

Ty (z) = diag(B(x))To(z),  Tyla) =1d € C™4, (28)
and let
Ti(z) = iDp,, © (B(z)To(x)).

Then there exists a constant €q > 0 such that: For all 0 < & < e, the matrix T.(z) is regular
for all x € |a, b, and the variable y defined in (23) solves the IVP

y =cESiEy,  yla)=yo. (29)
The matrix valued function S, is given by
Sl = Tg_l(BTl — Tll) y

and hence is of class C"([a, b], C¥*9),
Proof. Clearly, the IVP (28) has a unique solution Ty € C"**([a, b], C¥*¢). By Assumption 2,
Dy, and Ti(z) are well defined for all = € [a,b], with D\, Ti(x) € C"([a, b], C™).
Since Ty(x) is regular for all x, we can write
T.(z) = To(z)(ld+eTo(z) ' Ti(x)).

We set

. 1
min )
selad) [To(@) T ()]

With the von Neumann series we immediately get that 7.(z) is regular for all 0 < ¢ < &, and
T. € C"([a, b], C**). Differentiating (23) yields

€0

y = B [LI'L—- LT+ 17V + 1B (BTN My
Using T-'L — LT, ' = T7YL, T.]T-" and 0 = T-V"T. + T'T" we get
y = EXT7' (YL, T —T.+ BT.)E.y.
With T, = T, + €17 we deduce
y' = BTV (E[L, To) + i[L, Th) + BTy — Ty + e BTy — £T}) E.y . (30)

Since T} is diagonal the first commutator in (30) is zero. Using (27) we find
Z[L, Tl] - ZDL @ Tl
= —D;,®D; ©(BT))
= —(B1p — diag(BTp)),
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which yields ¢[L, 1| + BTy — T, = 0. Hence (30) reduces to
y = eE.Y (BT, —T))E.y.

B, T, € C"([a, b], C™?) implies S; = T4 BT, — T}) € C"*([a, b], C™*?) which completes the
proof. U

Corollary 3.2. Let the assumptions of Lemma 3.1 hold. Then there exists a constant ¢ > 0,
independent of ¢, such that

ly(x) = yoll < ce and [ly'(z)|| < ce
hold for all x € [a,b], 0 <& < 2.

Proof. Integration of (29) yields

ly(@) —wll < e / NESE) ()] 1) — woll ds +< / NESE) S ol ds

Since FE.(s) is unitary for all s € [a, b] we obtain

ly(z) = woll < 6/ 151 () [y (s) = yoll ds + elb = al |51l [19oll -

A Gronwall argument implies

ly(x) — ol < elb—al||Sll, lyo]l e IS1E)ds.

which yields the first estimate, since 7. (and hence also S;) is uniformly bounded for 0 < & <
£0/2 and x € [a, b]. The second estimate then follows from the ODE (29). O

For the numerical scheme it turns out that one can achieve better results (i.e. higher order
e—asymptotics of the error) if the diagonal of the system matrix in (29) would be zero.

Corollary 3.3. Let the assumptions of Lemma 3.1 hold and let (the diagonal matrix function)
R: [a,b] — C™? be the unique solution of the IVP

R' =¢ diag(S1) R, R(a)=1d. 31
If y is the solution of (29), then z := R~y solves
2 =e(E:SE.)z, z(a) =2 (32)
with S := R™Y(S; — diag(S)))R. Furthermore, z admits the improved estimates
l2(2) = 20l S c€®, [IZ(@)]| < ce,
with a constant ¢ > 0 independent of c.

Proof. See [5]. 0

In typical quantum transport applications, the coefficient functions often have jump dis-
continuities. This can be dealt with by restarting a new IVP at the z-point of discontinuity.
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4. Numerical scheme

In this section we derive an explicit one step scheme with convergence order two for the
IVP (32). To be more precise we shall derive local error estimates of order’ O(c'h?), where
h, is the local step size of the spatial grid. Leta = zg < 27 < -+ < xy = b be a grid
and let h, := x,.1 — x, be the local step size. Further we define the maximum step size
by h := maxo<p<n-1(Tni1 — x,). Integration of (32) over the subinterval [z,,,,1] yields
iteratively

2tpy1) = z(x,) +e C6TLJJF\14( )ds z(z,) + € /%Jrl / M(r)drds z(z,)

Zl'n+1
+&? / / / M(t)z(t) dt dr ds, (33)

where we use the abbreviation M := E*SE. € C™? The last term is of order O(e*h3) and,
hence, can be neglected for the purpose of our error estimate. Let us define

:/2mw¢:/w@@ww&@Mu (34)

with = € [z, x,.1] and

Plan) = [ M) /xMu)dtdx: " M) () de (39)

Tn In

So the first and second integral of (33) are I'(z,,11) and I*(z,1), respectively. Since they both
have highly oscillatory integrands, we need specially designed quadratures in order to obtain
sufficiently good approximations (for a review of highly oscillatory quadrature we refer to [10]).
Here we shall use an ansatz, which can be found in [21] and also in [5].

Recall from Corollary 3.3 that the diagonal components of S are zero. So, we now
consider the off-diagonal elements of I*. Its ij"-component reads

[ sse et a

pult) = /t[/\i(s)—/\j(s)] ds. (36)

with

Neglecting the indices,
I(z) = / s(t)e £2M gy (37)

is a prototype oscillatory integral for the off-diagonal elements of I'. Due to Assumption 2 we
have |¢};| > ¢ > 0 for all = € [a, b]. Hence, we also assume for the phase in (37) |¢'| > § > 0 for
all x € [a,b]. To derive an accurate quadrature for ¢ small we shall leave the oscillatory factor
unchanged and approximate only the s—independent part s of the integrand. We shall choose
an approximation, such that the resulting integral is exactly computable. This is the case when
replace s in (37) e.g. by '©*, with some k € N. Hence, the space spanned by these generalized
monomials is well suited to find an appropriate approximation of s. Now let

plx) = ¢(x)(co+ crp(x)) (38)

3We say f: [0, ko] x (0,£0) — C% is of order O(™h™), iff there exists a constant ¢ > 0 independent of ¢ and h,
such that || f(h,e)|| < ce™h™ for all (h,e) € [0, ho] x (0,€0).
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be our ansatz function, with some ¢, ¢; € C.
In order to determine ¢y, ¢; we integrate by parts in (37):
. s(t) s
I(x) = zeﬁe H40)

e (50N e
700 =, (w))e s e

Repeated integration by parts then yields the asymptotic expansion of [ as discussed in [10]. For
a moment let us replace s by s — p, which shall be the pointwise approximation error. Thus, if
we require (s — p)(x,) = (s — p)(ns1) = 0, the integral I(z,1) is of order O(eh,,), provided
(S;,p )/ is well defined and bounded. And if (s;,p )/ is even continuously differentiable, a further
integration by parts yields I(z) = O(&?). Since this asymptotic behavior is desirable, we now
choose p as the solution of the generalized interpolation problem

p(n) = s(wn), P(Tni1) = 8(Tng1) -

This implies

Sntl _ Sn
Sdn.t,.l n Sn

cg=—————— and c¢y=— —C1pn, (40)
Pnt+1 — Pn “n

where we use the abbreviation s,, = s(z,), and analogously for ¢, ¢’. Replacing s by p in [
yields the quadrature

I(z) = q(x) = / p(t) e gt = iee‘gw(t)(qﬁ—clw(t)—iecl)ﬁ:x : 41)

Lemma 4.1. Let s, € C%([a,b]) and let |¢'| > & > 0 for all x € [a,b]. Then there exists a
constant ¢ > 0 independent of € and n, such that for all x € [z, x,+1] C [a,b] it holds

[I(x) — q(x)] < chi min(e, hy), (42)
[ (#n41) = q(@nr)] < chy min (hy7"eb) . (43)

Proof. Let us start with the integral
J(x) = I(z)—qz) = / (s—p) (t)e_é‘p(t) dt . (44)

By assumption, |¢'(z)| > § > 0 for all € [z, x,11]. Hence, ¢ is invertible (without restriction
of generality let ¢ be increasing) and we substitute £ = (t) in (44), yielding

o(x)

B p(z) s—p . _ig B B _ig
(@) = / m)( - )(90 (€)eide — / CmmeeEE G

Here we set g(&) = (ﬁ)(gp‘l(ﬁ)) and m(§) = ¢y + €. By construction, 7 interpolates g

at the points ¢(z,,), ¢(xn41). Since s,¢’ € C?*([a,b]), so is g. The theory of polynomial
interpolation [16,22] thus yields the following error representation for £ € [p(z,), ©(Tn41)]:

o€ —7(6) = ¢ (c(enEATNEZEnn))

for some (&) € [p(xn), 9(Tns1)]. This yields the uniform estimate

(o(2n) = @(Ens1))
2

9(&) == < [lg?], < chy, (46)



WKB-methods for two-band Schrodinger equations 19

and c is independent of n. From [16] we get an estimate for the first derivative of the interpolation
error. There exists a &, € [p(xy,), p(Tn41)], such that it holds for all £ € [¢(z,), o(@h11)]:

') =7 ©) < [|¢?.]¢ ¢
Hence it holds for all x € [z, z,,41] (using (45) and (46))
[J(@)] < [e(@ni) = @lan)lchy < chy.

< chy. (47)

Moreover, integration by parts in (45) gives

o(z) o(z) .
: —ie [ gy e
(zn) »

E=p (@n)

Thus, the estimate (42) follows from (47). Since 7 interpolates g at the boundary points
o(xy), ¢(xn11), we find (with another integration by parts)

' o(Tnt1) ) ;
J(ne) = —ie / R GERL
P (Tn

i

P(Tn+1) o(ni1) i
= (i) g—m) (e + (ie)? / (9—m)"(§) e =€ d¢.
(%2}

§=p(zn)

This yields
|J(2p41)] < cmin (%83, e'h2, °hy,)
which is equivalent to (43). ([l

To get a quadrature for I' from (34) we apply the scalar quadrature given by (40), (41)
to each (off-diagonal) component of I'. Let us denote the matrix valued phase function of E. by

® = diag(éy, ..., da), i c.
Eu(z) = ¢2*@  with @(z) = / Ly dr.
Hence it holds (sce (36)) a
pij(2) = di(x) = ¢;(2) = (Daw)),; and  gj;(x) = Xi(z) = Aj(@) = (Drw)),; -

We denote with P = P(z) € C?*¢ the matrix valued analogue of the interpolation polynomial p
from (38). With the notation of Sec. 3 it reads:

P(z) = D@ © (C)+Cl ® Day) - (48)

From (40) we obtain
Cf = (Sw1©D;,  —8,®D; )@ ((Da,,, — De, +1d)®—1d) (49)
Cy = S, 0D; —C{® Dy, . (50)

Here -@ denotes the matrix with componentwise reciprocal elements. Since (48)—-(50) is just a
compact form to write the (componentwise) interpolation function p;; we get the quadrature

Q' (z) = ic e 220 (Cy + Cf ® Doy — isCll)ei(I’(t) |‘;xn : (51)

Componentwise application of Lemma 4.1 yields
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Corollary 4.2. Let L,S € C*([a,b],C™?) and let Assumption 2 hold. Then there exists a
constant ¢ > 0 independent of ¢ and n, such that for all x € |x,,, x,+1] C [a,b] it holds

7' (z) = Q" (x)|| < ch? min(e,hy), (52)
[ 0r) = Qo) | < o min(h2He). 53

It remains to find a discretization for the second oscillatory integral I%(z, ;). As a first step we
replace I'(x) in (35) by Q'(x). This yields an error of at most O(ch?) in the integrand. Hence,
there exists a constant ¢ > 0 independent of ¢ (and n), such that

Tn+1

Hﬂmww- M()Q(x) dr

Tn

< cshi.

In order to make the following formula more readable we define the matrix function

P'(z) = Cj+C{® Dy —icCy . (54)
Hence it holds

Q' (z) = ic e‘ié(t)Pl(t)egé(t) |f::r ;

which yields

Tn41 Trg1 v .
/ M(:L‘)Ql(x) de = ig M(;E)e—g‘b(m)Pl<x)eg<I>(m) du
n Zjn-&-l i .
cie [ M@)o e P, et o

In

Tn+41 . .
= i€ / e~ 2@ S ()P (z)e=®@ dx

—ie I'(Tpy1) ¢z 2n) pl (xn)egé(x") :

For I'(x, 1) we already computed an approximation. Since the remaining integral is of the same
type as I' (replace S by SP'), we can use the same quadrature for the off diagonal elements and
shall get the same error estimates (with a different constant ¢, however). Thus we set

5% = Sp!, (55)
Ct = (S7.,. 0D, —S:0D;)© ((Ds,,, — Ds, + Id)P—1d), (56)
C; = S2oD; —C{oDs, (57)
and the quadrature for the off diagonal elements reads
Q% (1ny1) = e e~=20 (C§ + C7 ® Doy — isCf)eié(t) ;Z;:L : (58)

But, in general, the diagonal of S? is not zero. Hence we also have to find an appropriate
quadrature for

/ - diag (e_g‘b(m)SQ(x)eéq’(m)) de = / - diag (S*(z)) d .

Since this integral is independent of € we can use a standard (polynomial based) quadrature. Due
to the desired order with respect to h,, we choose the trapezoid rule, which yields

Tn+1
[ ding (8%(2) do - Qlglansa)

< chy,
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with a constant ¢ > 0 independent of ¢ and n and

Quglnr) = 2 (diag(52,,) + ding(2)) (59)
Finally we define
Q*(2nt1) = Q?ﬁag(ﬂ?nﬂ) + Qg (1) (60)
and hence get the quadrature error estimate
| i) = (@ (1) — Q' @na)e eI P (e @] | < el (1)

Thus we have proven

Proposition 4.3 (Local error). Let S, L € C?([a,b], C™*?) and let Assumption 2 hold. Further
let 0 <n <N —1andlet P(x,), Q" (2n11), Q*(ny1) (and the related quantities) be given by
(49)—(60). We define

ATL = Ql<xn+1) )
B, = e [QQ(%H) - Ql(ﬂfnﬂ)e_i@(x")Pl(ﬂfn)e?(%)} :
Than there exists a constant ¢ > (0 independent of € and n, such that

[etan) = (1+2, +2B,)s(w)]| < ezl min B2t

Remark 4.4. Let the assumptions of Proposition 4.3 hold. Then it follows from (53) in Corollary
4.2:

“An“ = ||Ql(xn+1)|| < H[l(ﬂfn-s-l)H +chy, km:%)%(hi_kfk)-
Due to (39) every component of I'(x,11) is at most of order O(g). Further || I'(z,+1)| is of
order O(h,,) which yields
|A.ll < cmin(h,,e).

It is easy to see, that ¢y, cy from (40) are bounded as h,, — 0. Hence the same holds for C{,C}

and consequently for P, and finally for S* = SP'. Thus we can use the same argument as
before and deduce from (61)

|Boll < cmin(hy,,e).
This yields the estimate
|Id+eA, + B, || < 1+ cehy,

which guarantees stability and hence convergence of the one step scheme (OSS) from Proposition
4.3.

4.1. Pseudo-code of the scheme

Here we shall write the numerical scheme from Sec. 4 in a pseudo-code. Let a = 2y <
x1 < --- < xy = bbe our grid and let 2" denote the approximation of z at the grid point z,,. We
start with 20 = z,. Assume we have already computed the quantities* S,,, L, Dy, ®,,Ds,, E. ,
and 2".

(1) compute Sy, 11, Lny1, Pry1, and B, ;11
(2) compute D} and Dy, ., by (26)

“*Here the lower index n denotes the exact quantity evaluated at the grid point x,,.
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(3) compute C} and C] by (50) and (49), i.e.
Cl = (Sen©Dp,, = 8.0 D; ) ©((Da,, = Do, +10)%-1d),
C; = S,®D; —C{®Dsg,.
(4) compute P! and P, by (54):
P, = C;+Ci©®Dg, —icCy,
1 = Cy+Cl®Dsg,,, —icCl.
(5) set S2 =S, P,, S2,1 = S,11 P, and compute (see (56), (57))
Ci = (S, 0D, —S:0D;) 6 ((De,,, — De, +1d)¥—1d),
C; = SioD; —C{®De,
(6) compute (see (51))
Q' (wnt1) = e |[El,\Pr By — EX PIE.,].
(7) compute (see (58))
Q% (Tpy1) = ic e =% (C +CF © Do, — i&Cf)eééJ‘
(8) compute (see (59))

n+1

j=n"

ho /. :
Qhi(tnsr) = (ding(S2,,) + diag(52))

(9) set Q*(xny1) = Q?liag('rn-‘rl) + Q24 (Tn41) (see (60))
(10) compute A,,, B, as defined in Proposition 4.3:

A, = Ql(xn—&-l) )
B, = e [QZ(%H) - Ql(xnﬂ)e—é@(n)p;eé@(n)} :
(11) compute approximation of z at x,,1:
A (Id +eA, + €2Bn)z”
(12) update quantities for the next interval, i. e.
Spn="S5n11, Ln=Ln, Dy =Dy

Lpy1

(I)n - (I)n—l—l y DCIDn - D<I>n+1 y Es,n = Lgn+1-

5. Numerical results

In this section we illustrate the convergence behavior (stated in Proposition 4.3) of our
numerical approximation to the solution z of the IVP (32). The results are derived with the
scheme from Sec. 4. The procedure how to approximate 7., R., S, ® is not discussed in this
work. For a detailed discussion of the algorithm to compute these variables we refer to [5].
Anyhow, the numerical integration of the phase ® usually incures an additional error for the
original, oscillatory function u from (12) or (22). This situation is the same also for scalar ODEs
(cf. Th. 3.1 in [2]).

We shall compare our one step scheme (OSS) to the Adiabatic Midpoint Rule (AMPR)
from [18]. That integrator is a space-symmetric two-step scheme, which yields a convergence
error of order O(c°h?) for the function 1 defined in Lemma 2.3. If we would want to have the
same error behavior for the original function u, we also have to impose the step size restriction
h < /e (when using the Simpson rule to approximate the matrix valued phase ®). Using a
higher order quadrature rule for ®, would weaken this restriction on h.
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Let us choose a family of equidistant grids. Let g € N, and define forn =0,...,29 =: N,
the grid points

b—a
N

g

¥ = a+nh, with h,:=

For integers g; < g9, the grid corresponding to g; is a (coarser) subgrid of the go—grid. Hence no
interpolation is needed when comparing solutions on two grids. To generate error plots we fix a
finite number of indices, e.g. g = 2, ..., 14, and use the numerical solution on the finest grid as
reference solution. To illustrate the convergence behavior of the OSS (w.r.t. the step size h, and
in dependence of ) we shall give the relative L'—error.

Figures 1-3 show the relative L'—error of z for the example, which is already used in [18]
to illustrate the performance of the AMPR (for the details of this example see Sec. 5.1). The
graphs in Figure 4 are the relative L'—errors of the variable z, computed with the Kane model of
Sec. 2.1. We used the following data: a = 0, b =p(z) = 1, E = 2, V(2) = 102(3 —x), Ey(z) =
sin®*(27z) + 3.

In Figure 1 we plot the theoretical error prediction of Proposition 4.3, with a fitted leading
constant. This behavior is reflected quite well in Figure 2, where we used almost exact values
for the coefficients appearing in the IVP (32). 1. e. we use the approximation of S, L, ® from the
finest grid also for the coarser ones. For the simulation of Figure 3 the coefficients S, L, & were
approximated -as it will be done in practice- on the same grid that was used for the solution of
the IVP. In the Figures 2, 3 we also observe the error threshold at about 1074, resulting from
the Matlab computations in double precision.

The numerical experiments confirm the theoretical results. We observe the O(g%h?)
convergence behavior for the AMPR as discussed in [18]. So, the error of that scheme (for
the variable 7 from Lemma 2.3) is uniform in ¢, but it does not decrease as ¢ — 0. However,
our OSS shows an even better error behavior than predicted in Proposition 4.3. While for large
step sizes h the graphs of the z-error behave like O(e3h°) (which coincides with the theoretical
estimate), they seem to turn to an O(¢?h?) behavior, if h gets small enough (see Fig. 3, 4).
This is a “better” convergence property than the predicted O(e'h?) behavior from Proposition
4.3. This behavior was also described in Sec. 3.3 of [2], and it is due to cancellation effects in
successive integration steps. The Figures 2—4 also illustrate the asymptotic correctness of our
OSS as € — 0, even for rather large values of h.

Both methods, the OSS and the AMPR are subject to the fact that (in general) the
transformation back to the original variable u introduces an error of the order O(e~'). This is
due to the multiplication of z (and 7) with the highly oscillatory matrix E.(z) = exp(:®(z)).
Since @ is approximated with the Simpson rule (which yields an error of O(h?) for ®) we get
an transformation error of O(e7'h?). This explains the step size restriction mentioned in the
beginning of this section. But if the matrix valued phase function ® is exactly known®, the error
behavior of z, ) carries over to u. In this situation our OSS yields much better results for u than
the AMPR — with approximately the same numerical effort.

5.1. The example from [18]

The following example is not related to two-band Schrodinger models. But since it has been
studied in the literature [18], it serves as a convenient test and comparison for our method. We

3E. g., piecewise linear functions V, F/¢, p in the Kane model lead to an exactly integrable phase.
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Fig. 1. Plot of the functions 20 min(5e2h?, &%) (solid lines) and 8h? (dashed

lines) for different values of ¢.
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Fig. 2. Relative L!-error of the OSS for z (solid lines) and the AMPR [18] for 7
(dashed lines) for different values of €. “Exact” evaluation of S via interpolation
is used.
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relative L'~error in 1 (AMPR) and z (OSS)

10 I e : R
—e—g = 1.0e-01 il
—o—¢ =1.0e-02 __,_—:_'.—"
107 | =& = 1.0e-03 , cozizett |
e =1.0e-04 z
—o—g = 1.0e-05 -z
10 F .
10° - -
10° | .
10—107 |
10*127 &
10—147 _
—-16
10 L L | L L N | L L N | L L T
107 107 1%’2 107" 10°

Fig. 3. Relative L'-error of the OSS for z (solid lines) and the “adiabatic mid-
point rule” from [18] for n (dashed lines) for different values of . The function
S is numerically approximated as discussed in [5].
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Fig. 4. Relative L'-error of the OSS for z related to the Kane model of
Sec. 2.1.“Exact” evaluation of .S via interpolation is used.
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shall solve the IVP

2" (x) + A(x)Y(z) = 0, rel:=[-1,1],
¢ ¢0 S (C27
V(@) = e,

—~
S
~—
I

with

o r+3 4] ?
Alz) = ( J 2$+3> ’

and 0 > 0 some fixed parameter. The diagonalization A = U*AU is given by

M) = (B3R 0 ?
N 0 Sp+3— Va2 + 452 ’

vy = (S D) win e = T+ forean ().

Since A is positive definite on [—1, 1], we transform (as for the k - p-model in Sec. 2.2)

o= AN, w=ey,
which yields the first order IVP for v(x) = (vy(x), vo(z))? € C*:

, 1/ 0 A Ai' A3 0
- = 2
v < A o >v+ ( 0 0 )v, (62)

v = ( 5% )

The first matrix of (62) (which we denote by L) has the decomposition L = iQ* LQ with®

o == (1 H)euw. tw-(y O )erwt.

Thus, the equivalent first order IVP for u = Qv reads

=

M=

, o A%(a:) 0
dw) = LM )+ B ), (63)

u(a) = % ( i 1 > ® Ula) ( %€(¢3¢0 ) , (64)

10 . 1 1 i1
B = <0 1>®(U’U)+§(_Z. 1>®(UA2A2U).

In the numerical example we use 6 = 1. If § gets smaller, the eigenvalues of A(x = 0) approach
each other. This situation is a so called avoided eigenvalue crossing and needs a special numerical
treatment. Both schemes, OSS and AMPR, yield poor results for small 9.

with

®Here ® denotes the Kronecker (or tensor) product for matrices as defined in [7].
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6. Appendix: The diagonalization matrix () for the two-band % - p—model

For the two-band % - p-model we can explicitly compute the transformation matrix () and the
eigenvalues of L. The matrix L is given by

0 0 vVE, 0
i 0 0 0 VEs
N —V B 0 0 p ’

0 -V E2 ip 0

where we set £y = E — V and Fy = EF — V + E,. The characteristic polynomial x reads
X\ = M+ (@*+ E + E)\ + EE,.

Hence, the four (imaginary) eigenvalues of L are

A= i%\/pZ—FEl + By 4+ +/(p® + B, + E,)? — 4E\F; .

An eigenvector corresponding to the eigenvalue ) is

v — (_ iV EpEs V By _ ipks 1>T
’ A ) )

N4p2+E) N AN+ pr+E

Since \ is a root of X we get

NN+ p 4+ E) = —E(\+E),
which yields
vy = (fp\/ﬁl , \/NE_Q, = z'pj\ , 1)T.
A2+ By AN+ E
Let i), ..., 4\ be the four pairwise different eigenvalues of L. Hence it is
L = iQ'LQ,
with L = diag(Aq, ..., \s) and
U1 V4

@ = (fp )

with corresponding eigenvectors vy, . . ., U4.
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