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ON SPECTRAL GAPS IN GRAPHENE
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We present a mathematical introduction to a widely used discrete tight-binding model for graphene. We also
introduce the “Peierls substitution,” modelling the Hamiltonian of a 2d crystal in a perpendicular uniform
magnetic field in this setting. We consider a discrete single-cone Hamiltonian closely related to the (double-
cone) graphene Hamiltonian. Finally, we announce in this paper a result concerning an opening of gaps
in the spectrum of this single-cone Hamiltonian, when the Peierls phase-factor arises from a weak, but
non-zero, external magnetic field. Full proofs will be given elsewhere.

1. Introduction

Graphene, carbon atoms arranged in a flat honeycomb lattice, possesses many
interesting electronic properties [1, 9]. After the realization of large graphene crystals in
the laboratory [10] the interest, theoretical and experimental, has been intense. One of the
main features is what physicists call the “relativistic behavior” of electrons in graphene,
electrons in graphene can be viewed as massless fermions living in a 2d space, with their
dynamics generated by a Weyl Hamiltonian, i.e., a Dirac Hamiltonian with zero rest mass.

We present here a standard analysis of graphene which shows the Weyl fiber, a
discrete treatment of graphene which dates back to [13], if not earlier.

We have for some time been interested in the electronic properties of a graphene
sheet subjected to a perpendicular uniform magnetic field. We model this situation by
multiplying the Hamiltonian integral kernel by unimodular phase factors, this technique is
known as “Peierls substitution” [6,7, 11].

2. The Setting and Main Result

2.1. A Crystal Structure in the 𝑋𝑌 -plane

We will now introduce our notation for the set of atom-sites of a two-dimensional
crystal lying in the 𝑋𝑌 -plane. A crystal structure is constructed by the indefinite periodic
repetition of a crystallographic basis1. The honeycomb structure of a graphene monolayer
is an example of such a crystal structure. More generally, consider a two-dimensional
crystal structure embedded in the 𝑋𝑌 -plane of ℝ3. The set of primitive vectors {𝔞, 𝔟},
where we denote 𝔞 = (𝔞1, 𝔞2) and 𝔟 = (𝔟1, 𝔟2), generates the Bravais lattice:

Γ = Bravais lattice := {𝛾 = (𝛾1, 𝛾2) ∈ ℝ
2 : 𝛾 = 𝑚𝔞+ 𝑛𝔟, 𝑚, 𝑛 ∈ ℤ}. (2.1)

A primitive unit cell of Γ is given by

Ω = unit cell :=
{
𝑥 = (𝑥1, 𝑥2) ∈ ℝ

2 : 𝑥 = 𝜃1𝔞+ 𝜃2𝔟,−1

2
< 𝜃1, 𝜃2 ≤ 1

2

}
. (2.2)

1We will use the crystallographic nomenclature to distinguish between a Bravais lattice and a general
crystal structure. This nomenclature unfortunately includes the word “basis” for the entity which is being
repeated in definitely to generate the crystal.
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We choose the order of the primitive vectors such that the ordered set of vectors (𝔞, 𝔟, 𝑧)
defines a right-handed coordinate system. Then the area of the unit cell is given by
∣Ω∣ = ∣𝔞 ∧ 𝔟∣ = ∣𝔞1𝔟2 − 𝔞2𝔟1∣. In our model B contains two vectors:

B = crystallographic basis = {𝝃, 𝜻},
it is no restriction to put 𝝃 = 0. The crystal structure now has the form

Λ = Γ + B. (2.3)

An element 𝑥 ∈ Λ is the position, or site, of an nucleus of an atom in the two-dimensional
crystal filling the 𝑋𝑌 plane. The reciprocal lattice Γ∗ is generated by the primitive vectors
{𝔞∗, 𝔟∗} that satisfies the identities:

𝔞 ⋅ 𝔞∗ = 𝔟 ⋅ 𝔟∗ = 2𝜋, 𝔞 ⋅ 𝔟∗ = 𝔟 ⋅ 𝔞∗ = 0, (2.4)

where 𝑣 ⋅ 𝑤 denotes the euclidean scalar product between vectors 𝑣, 𝑤 in ℝ
𝑛. One can

easily see that this fixes {𝔞∗, 𝔟∗} from {𝔞, 𝔟}:
𝔞∗ =

2𝜋

∣Ω∣(𝔟2,−𝔟1), 𝔟∗ =
2𝜋

∣Ω∣(−𝔞2, 𝔞1). (2.5)

The reciprocal lattice is regarded as a subset of ℝ2:

Γ∗ = reciprocal lattice := {𝛾∗ = (𝛾∗1 , 𝛾
∗
2) ∈ ℝ

2 : 𝛾∗ = 𝑚𝔞∗ + 𝑛𝔟∗, 𝑚, 𝑛 ∈ ℤ}. (2.6)

The first Brillouin zone is the Wigner-Seitz primitive cell of the reciprocal lattice:

Ω∗ := {𝑘 = (𝑘1, 𝑘2) : ∥𝑘∥ ≤ ∥𝑘 − 𝛾∗∥, for all 𝛾∗ ∈ Γ} , (2.7)

that is, Ω∗ is the closure of all the points of ℝ2 that are closer to zero than any other point
in the reciprocal lattice. Note that

∣Ω∣∣Ω∗∣ = (2𝜋)2, (2.8)

where ∣𝑆∣ denotes the Lebesgue measure of a Borel set 𝑆 ⊂ ℝ2.
We work in a one-electron setting, neglecting electron-electron interactions. Our

Hilbert space is ℓ2(Λ), in which the Kronecker-basis {𝛿𝑥}𝑥∈Λ;

𝛿𝑥(𝑥
′) :=

{
1 if 𝑥′ = 𝑥,

0 if 𝑥′ ∕= 𝑥,

is a total orthonormal set. We denote the inner product between two vectors 𝜓, 𝜓′ of ℓ2(Λ)
by ⟨𝜓, 𝜓′⟩.
2.2. Bloch–Floquet Decomposition, Version 1

Suppose a Γ-periodic (Hamilton) integral operator

𝐻0 : ℓ
2(Λ) → ℓ2(Λ), (2.9)

is given. We define Γ-periodicity to mean that that the integral kernel of 𝐻0 satisfies

𝐻0(𝑥, 𝑦) := ⟨𝛿𝑥, 𝐻0𝛿𝑦⟩ = 𝐻0(𝑥+ 𝛾, 𝑦 + 𝛾) (𝑥, 𝑦 ∈ Λ, ∀𝛾 ∈ Γ).

The periodicity allows for Bloch-Floquet decomposition; ℓ2(Λ) is unitarily equivalent with
the constant fiber Hilbert space

∫ ⊕
Ω∗ ℂ

2 𝑑𝑘 by a unitary operator, which is the extension of
𝑈̃ : ℓ2𝑐 →

∫ ⊕
Ω∗ ℂ

2 𝑑𝑘 defined by

(𝑈̃𝜓)(𝑘; 𝑥) :=
1√∣Ω∗∣

∑
𝛾∈Γ

𝑒−𝑖𝑘⋅𝛾𝜓(𝛾 + 𝑥) (𝜓 ∈ ℓ2𝑐(Λ), 𝑘 ∈ Ω∗, 𝑥 ∈ B). (2.10a)
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where every 𝑓(𝑘) in the fiber spaces ℂ2, 𝑘 ∈ Ω∗ has the form

𝑓(𝑘) =

[
𝑓(𝑘; 𝝃)
𝑓(𝑘; 𝜻).

]

Note that we use 𝑈̃ for the extension of 𝑈̃ also. The variable 𝑘 is often called the crystal-
momentum or quasi-momentum. 𝐻0 is a fibered operator 𝑈̃𝐻0𝑈̃

∗ =
∫
Ω∗ ℎ̃0(𝑘) 𝑑𝑘 with

fibers ℎ̃0(𝑘) =
[
ℎ̃0(𝑘; 𝝃, 𝝃) ℎ̃0(𝑘; 𝝃, 𝜻)

ℎ̃0(𝑘; 𝜻, 𝝃) ℎ̃0(𝑘; 𝜻, 𝜻)

]
satisfying

𝐻0(𝛾 + 𝑥, 𝑥
′) =

1

∣Ω∗∣
∫
Ω∗
𝑑𝑘 𝑒𝑖 𝑘⋅𝛾ℎ̃0(𝑘; 𝑥, 𝑥′) (𝑥, 𝑥′ ∈ B; 𝛾 ∈ Γ),

ℎ̃0(𝑘; 𝑥, 𝑥
′) =

∑
𝛾∈Γ

𝑒−𝑖𝑘⋅𝛾𝐻0(𝑥+ 𝛾, 𝑥
′) (𝑥, 𝑥′ ∈ B; 𝑘 ∈ Ω∗).

(2.10b)

The main result of this article concerns two isolated energy bands touching in “Dirac”-cones,
for instance, when Λ is the honeycomb lattice (graphene), and 𝐻0 is a tight-binding Hamil-
tonian. We briefly remind the reader of a nearest-neighbour tight-binding calculation of
the graphene band structure, not essentially different from the one presented in [13]. The
nearest-neighbour tight-binding band structure is one the simplest band structure calcu-
lations for graphene. Note that the Dirac-cones is a general artifact of the honeycomb
lattice, not a property of the nearest-neighbour tight-binding approximations, see [4].

2.3. A Calculation of the Energy Spectrum of Graphene

First, fix the length-scale such that the nearest-neighbour distance is 1. For
graphene a standard choice of Bravais lattice is 𝔞 = 1

2
(
√
3, 3), 𝔟 = 1

2
(−√

3, 3), see Fig. 1,
leading to the dual lattice vectors 𝔞∗ = 2𝜋( 1√

3
, 1
3
), 𝔟∗ = 2𝜋(− 1√

3
, 1
3
). We choose the

𝝃

𝝃𝝃

𝝃

𝝃

𝝃

𝝃

𝜻

𝜻

𝜻

𝜻

𝜻

𝜻

𝜻

𝔟 𝔞
1

Ω

Fig. 1. Graphene crystal structure. The vectors 𝔞 and 𝔟 generates the Bra-
vais lattice Γ. We choose the length-scale such that the nearest neighbour
distance is 1.

graphene basis, see Fig. 1,
B𝐺 = {(0, 0), (0, 1)}. (2.11)
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A simple discrete Hamiltonian for graphene is the often used nearest-neighbour model:

𝐻𝐺
0 (𝑥, 𝑥

′) =

{
1 if ∥𝑥− 𝑥′∥ = 1,

0 if ∥𝑥− 𝑥′∥ ∕= 1
(𝑥, 𝑥′ ∈ Λ). (2.12)

In this model, the fiber matrix, found by inserting (2.11) and (2.12) into formula (2.10b) is

ℎ̃𝐺0 (𝑘) =

[
0 2𝑒−𝑖 3

2
𝑘2 cos(

√
3
2
𝑘1) + 1

2𝑒𝑖
3
2
𝑘2 cos(

√
3
2
𝑘1) + 1 0

]
(2.13)

and the famous band functions are given by the eigenvalues of (2.13) as function of
𝑘 = (𝑘1, 𝑘2) ∈ Ω∗:

𝜆1(𝑘1, 𝑘2) = −
√√√⎷3 + 2 cos

(√
3𝑘2

)
+ 4 cos

(√
3

2
𝑘2

)
cos

(
3

2
𝑘1

)
,

𝜆2(𝑘1, 𝑘2) =

√√√⎷3 + 2 cos
(√

3𝑘2

)
+ 4 cos

(√
3

2
𝑘2

)
cos

(
3

2
𝑘1

)
,

(2.14)

plotted in Fig. 2. At the Dirac points

𝐾± =

(
±2𝜋

3
,
2𝜋

3
√
3

)
(2.15)

see Fig. 2, the bands touch; 𝜆1(𝐾±) = 𝜆2(𝐾±) = 0. All other values of 𝑘 where 𝜆1(𝑘) ≥ 0,
or 𝜆2(𝑘) ≤ 0 can be reached by adding integer multiples of 𝔞∗ and 𝔟∗ to 𝐾±. In this sense
𝐾± are the only distinct zeros of 𝜆𝜈 , 𝜈 = 1, 2. By symmetry of the two energy bands and
half-filling, 𝜆1(𝐾±) = 𝜆2(𝐾±) = 0 is also the Fermi energy for this model, and the Fermi
surface consists of isolated points.

en
er

gy
 / 

2.
7 

eV 𝔞∗𝔟∗ 𝐾+𝐾−

Dirac cone

Dirac point

Ω∗
𝜆1(𝑘)

𝜆2(𝑘)

𝑘1 𝑘2

Fig. 2. Electron-energies of isolated graphene as a function of the crystal momentum
𝑘 ∈ Ω∗ (in units of the nearest neighbour hopping constant ∼ 2, 7𝑒𝑉 ). Of special interest
are the “Dirac” points, 𝐾, where the two bands touch conically.

When expanding the fiber component functions ℎ𝐺0 ( ⋅ ; 𝑥, 𝑥′), 𝑥, 𝑥′ ∈ B around 𝐾+,
one gets

ℎ𝐺0 (𝑘1, 𝑘2) =
3

2

[
0 𝑘1 − 𝑖𝑘2 +

∑
∣𝛼∣≥2𝐶𝛼𝑘

𝛼

𝑘1 + 𝑖𝑘2 + . . . 0

]
, 𝑘 = 𝑘 −𝐾+.
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which to first order in 𝑘1 and 𝑘2 is the fiber of the Dirac Hamiltonian for massless fermions,
also known as the Weyl Hamiltonian.

2.3.1. The uniform external magnetic field. Now consider a general one-electron Hilbert
space ℓ2(Λ), where Λ is a crystal structure of atom-sites in the 𝑋𝑌 -plane.

An uniform orthogonal magnetic field 𝐵 is incorporated into the model by Peierls
substitution [6,8, 11]; we thus define a magnetic Hamiltonian with the integral kernel

𝐻𝑏(𝛾 + 𝑥, 𝛾
′ + 𝑥′) := 𝑒𝑖𝐵(𝛾1𝛾′

2−𝛾2𝛾′
1)𝐻0(𝛾 + 𝑥, 𝛾

′ + 𝑥′) (𝛾, 𝛾′ ∈ Γ, 𝑥, 𝑥 ∈ B), (2.16)

where 𝐵(𝛾1𝛾′2− 𝛾2𝛾′1) is the flux of the magnetic field 𝐵 through the triangle generated by
origin, 𝛾 and 𝛾′.

2.3.2. Bloch-Floquet decomposition, version 2. It is convenient to introduce an operator
𝑈 defined on ℓ2(Λ) by extension of

(𝑈𝜓)(𝑘, 𝑥) :=
1√∣Ω∗∣

∑
𝛾∈Γ

𝑒−𝑖𝑘⋅(𝛾+𝑥)𝜓(𝛾 + 𝑥) (𝜓 ∈ ℓ2𝑐(Λ), 𝑘 ∈ Ω∗, 𝑥 ∈ B) (2.17)

(compare with (2.10).) 𝑈 associates a vector 𝜓 ∈ ℓ2(Λ) with a vector 𝑈𝜓 ∈ ∫ ⊕
Ω∗ ℂ

2 𝑑𝑘.
The crystal Hamiltonian is again unitarily equivalent with a fibered operator acting in∫ ⊕
Ω∗ ℂ

2 𝑑𝑘:

𝑈𝐻0𝑈
∗ =

∫ ⊗

Ω∗
𝑑𝑘 ℎ0(𝑘), (2.18)

where each fiber can be represented as a self-adjoint 2× 2 matrix

ℎ0(𝑘) =

[
ℎ0(𝑘; 𝝃, 𝝃) ℎ0(𝑘; 𝝃, 𝜻)

ℎ0(𝑘; 𝜻, 𝝃) ℎ0(𝑘; 𝜻, 𝜻)

]
(B = {𝝃, 𝜻}). (2.19)

The unitary 𝑈 fixes the integral kernel of the fibers ℎ0(𝑘) from the kernel of 𝐻0, and vice
versa:

ℎ0(𝑘; 𝑥, 𝑥
′) =

1

∣Ω∗∣
∑
𝛾∈Γ

𝑒−𝑖𝑘⋅(𝑥+𝛾−𝑥′)𝐻0(𝑥+ 𝛾, 𝑥
′) (𝑘 ∈ Ω∗, 𝑥, 𝑥′ ∈ B), (2.20a)

𝐻0(𝑥, 𝑥
′) =

1

∣Ω∗∣
∫
Ω∗
𝑑𝑘 𝑒𝑖𝑘⋅(𝑥−𝑥′)ℎ0(𝑘; 𝑥, 𝑥

′) (𝑥 = 𝑥+ 𝛾 ∈ Λ, 𝑥′ = 𝑥′ + 𝛾′ ∈ Λ).

(2.20b)

2.4. The Main Result

We will now consider a simpler situation than graphene. We suppose that the
fibered zero-field Hamiltonian has a dispersion relation with a single Dirac-cone situated
at the origin.

Theorem 2.1. Let ℒ(ℂ2) denote the space of 2 × 2 matrices with complex components.
Consider a matrix valued mapping ℎ0 : ℝ2 ⊃ Ω∗ → ℒ(ℂ2), where ℎ0(𝑘) is self-adjoint
for all 𝑘. Let 𝐻0 : ℓ

2(Λ) → ℓ2(Λ) be a zero-field crystal Hamiltonian generated by ℎ0 by
(2.19) and (2.20b). Furthermore assume that

(a): for fixed 𝑥, 𝑥′ ∈ B, the function Ω∗ ∋ 𝑘 �→ 𝑒𝑖𝑘⋅(𝑥−𝑥′)ℎ0(𝑘; 𝑥, 𝑥
′) ∈ ℂ has an

extension which is 𝐶∞(ℝ2) and Γ∗-periodic;
(b): 0 is an eigenvalue of ℎ0(0) with degeneracy 2;
(c): for 𝑘 ∕= 0, ℎ0(𝑘) has two distinct eigenvalues 𝜆1(𝑘) < 0 < 𝜆2(𝑘);
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(d): ℎ0(𝑘) = ℎ
[1]
0 (𝑘) + ℎ𝑅𝑒𝑚

0 (𝑘),where

ℎ
[1]
0 (𝑘1, 𝑘2) =

[
0 𝑘1 − 𝑖𝑘2

𝑘1 + 𝑖𝑘2 0

]
, (2.21)

and that there exists a constant 𝐶1 > 0 such that

∥ℎ𝑅𝑒𝑚
0 (𝑘)∥ ≤ 𝐶1∥𝑘∥2 (𝑘 ∈ Ω∗). (2.22)

Then the spectrum of the magnetic Hamiltonian 𝐻𝑏 : ℓ
2(Λ) → ℓ2(Λ), defined by (2.20b)

and (2.16) above, develops gaps proportional to
√
𝑏 around the origin. To be precise: for

fixed 𝑀 = 0, 1, 2, 3, . . ., choose 𝑐1, 𝑐2 such that√
2𝑀 < 𝑐1 < 𝑐2 <

√
2(𝑀 + 1). (2.23)

Then there exists 𝑏0 > 0 such that for all 0 < 𝑏 < 𝑏0 we have

[𝑐1
√
𝑏, 𝑐2

√
𝑏] ⊂ 𝜌(𝐻𝑏). (2.24)

(see Fig. 3).

(𝑏 = 0)
𝜎(𝐻𝑏)𝜎(𝐻0)

√
2(𝑀 − 1)𝑏

√
2𝑀𝑏

√
2(𝑀 + 1)𝑏

𝑐1
√
𝑏

𝑐2
√
𝑏

0

0

𝜆2(𝑘)

𝜆1(𝑘)

Ω∗

Fig. 3. Left: The two energy band functions 𝜆1 and 𝜆2, in the zero field case,
qualitatively sketched (in reality, the functions are real-valued functions om
Ω∗ ⊂ ℝ2, of the type like Fig. 2, but only with one Dirac point at the origin).
Right: The energy spectrum in two situations; no external magnetic field
𝑏 = 0 (left vertical axis, a continuous energy band), and constant external
magnetic field, 𝑏 > 0 (right vertical axis). Gaps [𝑐1

√
𝑏, 𝑐2

√
𝑏] between the

low Landau levels
√
2𝑀𝑏, 𝑀 = 0, 1, 2, . . . (marked by stars) appear in the

spectrum of 𝐻𝑏 when 𝑏 is sufficiently small bur non-zero.
√
2𝑀 < 𝑐1 < 𝑐2 <√

2(𝑀 + 1) for some 𝑀 ∈ ℕ0 small enough. Note that the right vertical
axis only covers a tiny portion of the energy values which are inside the
zero-field energy band, the two vertical axis are not of same scale!

2.5. About the Proof

Full proofs will be given in another paper of M.H. Brynildsen, H.D. Cornean, and
I. Herbst. We construct aa approximation for (𝐻𝑏 − 𝑧)−1, using a cut-and-paste method.
The main idea is to treat fibers ℎ0(𝑘), with 𝑘 near the Dirac points, with the continuous
Dirac-resolvent, this is where the Landau levels come into play. The proof heavily relies
on the

√
𝐵-behaviour of the Hausdorff distance between spectra of Hamiltonians which

differ only by a Peierls phase, as proven in [2].
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3. Conclusions

Our result can be extended to the double-cone situation. The fact that there are
gaps near the Dirac points is in agreement with the numerical calculations of Hofstadter-
type [5], which were applied to the honeycomb-lattice in [12] and expanded in [3]. They
plot the spectrum for values of 𝐵 for which the relative flux of the external magnetic field
through one unit cell has rational values.

For small intensities of the external magnetic field the Hofstadster-Rammal plot
becomes increasingly computationally heavy to produce, so the more modern articles
with better access to computer-power have extended the “Hofstadter-Rammal butterfly”
spectrum plot to lower field-strengths (compare, for instance, our result with [3, Fig. 2a]).

Our method does not distinguish between rational or irrational fluxes, since we do
not concern ourselves with the nature of the spectrum, we only want to show the existence
of gaps in the spectrum. Also, our result holds for all 𝐵 in a small neighborhood of zero,
whereas the Hofstadter approach requires more computations, the smaller 𝐵 is.
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