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ABSTRACT The study is focused on investigation of p-adic Gibbs measures for the ¢-state Potts model with an
external field and determination of the conditions for the existence of a phase transition. In this work, we derive
a functional equation that satisfies the compatibility condition for p-adic quasi-Gibbs measures on a Cayley
tree of order k > 2. Furthermore, we prove that if |¢|, = 1 there exists a unique p-adic Gibbs measure for this
model. Additionally, for the Potts model on a binary tree, we identify three p-adic quasi-Gibbs measures under
specific circumstances: one bounded and two unbounded, which implies a phase transition.
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1. Introduction

A comprehensive understanding of the interactions between individual atoms and molecules within nanosystems,
along with their statistical mechanical modeling, is crucial for the development in nanotechnology [1]. To formulate the
thermodynamics of small systems, one has to start evaluating thermodynamics from the first principles reviewing the
concepts, laws, definitions, and formulations, and to draw a set of guidelines for their applications to small systems [2-5].
Such questions as property relations and phase transitions in small (nano) systems are subjects to be investigated and
formulated provided the formulation of working equations of thermodynamics and statistical mechanics of small systems.
It is worth mentioning that the molecular self-assembly (bottom-up technology) that was originally proposed by Feynman
[6] has its roots in phase transitions.

p-adic probabilities, a novel concept in theoretical physics, have spontaneously appeared in physical models based on
p-adic numbers, similar to the p-adic string, first proposed by 1. Volovich [7]. In [8], a theory of stochastic processes was
developed for values in p-adic and more general non-Archimedean fields. These processes have probability distributions
with non-Archimedean values. A non-Archimedean analog of the Kolmogorov theorem was established, enabling the
construction of a wide range of stochastic processes using finite-dimensional probability distributions. This foundation
has opened the door for investigating and developing certain problems in statistical mechanics within the framework of
p-adic probability theory.

The Potts model is a statistical mechanics model that generalizes the Ising model to allow for more than two com-
ponents [9]. It has been extensively studied in recent years due to its rich mathematical structure and its applications
to various physical systems [10, 11]. The studies in [12-16] for the Ising, in [17-19] for the Potts have contributed to
our understanding of these models. Note that papers [20-23] are focused on translation-invariant p-adic Gibbs measures
In [24-29], different aspects or specific cases of non-periodic, constructive p-adic quasi-Gibbs measures for the Ising and
Potts models are explored.

In this paper, we investigate translation-invariant p-adic quasi Gibbs measures for the Potts model with an external
field. The theory immediately shows the effect of an external force. For example, in [30], translation-invariant p-adic
Gibbs measures were investigated in the Ising model with an external field, and a phase transition was identified for
p = 1(mod4). In [31], weakly periodic Gibbs measures were investigated for the same model, and the existence of a
phase transition was shown for any odd prime number. Moreover, in [22], it was proved: if |¢|, = 1, then there is no
translation-invariant p-adic Gibbs measure for the Potts model corresponding to h, on the set £, \ {1}. However, we

© Rahmatullaev M.M., Samijonova N.D., 2025



Translation-invariant p-adic quasi Gibbs Measures for the Potts Model with... 165

prove that, if |q\p = 1, then there is a unique p-adic Gibbs measure for the Potts model with an external field. Therefore,
we apply those ideas to a more complicated situation.

The purpose of this research is to examine p-adic Gibbs measures for the g-state Potts model with an external field
and to provide sufficient conditions for a phase transition. In contrast to a real case, such measures for the model are not
explained in a p-adic setting. In this work, we have derived a functional equation satisfying the compatible condition for
p-adic quasi-Gibbs measures on a Cayley tree of order k for the given model. Moreover, we have proved the existence
of a unique p-adic Gibbs measure for this model. Additionally, for the Potts model on a binary tree, we have determined
under the some specific cases three p-adic quasi Gibbs measures which one of them is bounded, and others are unbounded
and derived a new conditions for the existence of a phase transition.

1.1. p-adic numbers

Let Q be a field of rational numbers. For a fixed prime number p, every rational number x # 0 can be represented in
the form z = p" — where, 7, n € Z, m is a positive integer, and (n, p) and (m, p), where number 7 is called a p-order of

m
x and it is denoted by ord,(x) = r. The p-adic norm of z is given by

| 2], = pw#0,
Ulp = 0, z=0.

The norm of | . |, is non-Archimedean, i.e., it satisfies the strong triangle inequality:

|2ty lp<max{[z[p|ylp}, Vo,yecQ

We note that the following essential properties are relevant to the non-Archimedeanity of the norm:
Dif | 2]y 7] ylps then | 2 2 y [,= max{] |, | yl,};
i) if | z[, = ylp, then | z —y|, <| x|,
The completion of Q with respect to the p-adic norm defines the p-adic field Q,. Any p-adic number x # 0 can be
uniquely represented in the canonical form z = p”(®) (zo +x1p+x2p* +...), where () € Z and the integers x; satisfy:
o >0, 0<z; <p—1. Inthiscase| x|, = p @),
An integer b € Z is called quadratic residue modulo p if the congruent equation 2 = b(mod p) has a solution z € Z.
Let p be odd prime and a be an integer not divisible by p. The Legendre symbol (see [32]) is defined by

(b) 1, if bis quadratic residue of p,
= 1

p —1, if bis quadratic nonresidue of p.
Leta € Qp, a #0, (JL:p”Y(“)(ao-l—alp—&-(mpZ—i-...)7 0<a;<p—-1,j€N, a9 >0.

Lemma 1. [33] The equation x> = a has a solution in x € Qy iff the followings hold:
i) v(a) is even;
ii) ag is a quadratic residue modulo p if p # 2; the equality a1 = as = 0 hold if p = 2.

Lemma 2.(Hensel’s lemma [34]) Let f(z) = ¢ + c12 + ... + cpx™ be a polynomial whose coefficients are p-adic
integers. Let f'(x) = ci + 2cox + ... + nc,z™ "' be the derivative of f(x). Let x* be a p-adic integer such that
f(a*) = 0(modp) and f'(x*) # 0(mod p). Then there exists a unique p-adic integer root x.,. such that

f(zs) =0 and z, = 2™ (mod p).

In [35], the authors introduced new symbols, ”O” and ”0”, which simplify certain calculations. Essentially, these
symbols help us to write down the calculations in our work more concisely. To understand their meanings, one can note:
for a given p-adic number z, O[z] refers to a p-adic number whose norm satisfies |  |,=| O[z] |,. On the other hand,
o[z] refers to a p-adic number such that | o[z] |,<| = |,. For example, if 2 = 1 +p+p®, we write O[1] = z, 0[1] =z — 1
orofp?] =z —1—p.

For any a € Q, and r > 0, we denote

B(a,r) ={z€Qp: |z —a|p <7}
and the set
Zy,={x€Qp:|z]|,<1}, Z, = Zp\PZy,.

Zy is called the set of p- adic integers, Z,, is called the set of p- adic units. Note that the p-adic exponential is defined by

the series
o n

T
epr(.I) = Z gv

n=0
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1
which converges for © € B(0, 5) ifp=2andx € B(0,1) if p # 2. For simplicity of notation, we write exp(x) instead

of exp,,(z).
Put

& = {ZL‘ €Qp:lz—1]< pil/(pfl)}.

A more thorough explanation of p-adic calculus and p-adic mathematical physics is provided in [36,37].

Let (X, B) be a measurable space, where B is an algebra of subsets X. A function p1 : B — Q, is said to be a p-adic
measure if for any Ay, Ao, ..., A, € B such that
A, NA; =0, i # j, the following holds:

p U | => uy).
j=1 j=1

If 4(X) = 1, then a p-adic measure is called probability. One of the important conditions is boundedness, namely, a
p-adic measure y is called bounded if sup{| p(A)|, : A € B} < oo. For more detail information about p-adic measures
we refer to [36, 38].

1.2. Cayley Tree

Let I‘i = (V, L) be a semi-infinite Cayley tree [39] of order k& > 1 with the root z° € V. Here V is the set of vertices
and L is the set of edges. The vertices = and y are referred to as nearest neighbors when there is an edge [ connecting
them and this is shown by the notation ! = (z, y). Note that each vertex of I’i has exactly k + 1 nearest neighbors, except

for the root z¥, which has k nearest neighbors. A collection of the pairs (z,x1), ..., (x4_1,y) is called a path from the
point x to the point y. The distance d(z, y) on the Cayley tree is the length (number of edges) of the shortest path from x
to y.

Let us set

n

W,={zeV:dza2*)=n}, V,= U W,

m=0
L,={(z,y) e L: z,y € V,,}.

We introduce a coordinate structure in Fi: every vertex z (except for z°) of Fi has coordinates (41, .. .,%,), here
im € {1,...,k}, 1 <m < nand for the vertex 2° we put (0). Namely, the symbol (0) constitutes level 0, and the sites
(i1,...,,) form level n (i.e. d(z°, ) = n) of the lattice. Let us define on I'%, binary operation o : I'* x T — I'" as

follows: for any two elements = (i1,...,%,) andy = (j1,...,Jm) put
xoy=(i1,...,0n) 0 (J1s--ydm) = (C1y v sin, J1s---yJm) 2)

and

zox’ =alox = (i1,...,in) 0 (0) = (i1,...,in). 3)

By means of the defined operation F’fr becomes a noncommutative semigroup with a unit. Let us denote this group
(G’“7 o). Using this semigroup structure one defines translations 7, : Gk — G*, g € G}, by

Tq(x) =goux.

It is clear that 7y = id.
Let G C G* be a sub-semigroup of G* and h : G¥ — Y be a Y -valued function defined on G¥. We say that h is G-
periodic if h(r,(x)) = h(z) forall g € G and = € G*. We say that any G*-periodic function is translation-invariant.
Now, for each m > 2 we put
G = {x € G* : d(z,2°) = 0(modm)}. 4)

It is easy to verify that G is a sub-semigroup of G,.

2. p-adic quasi Gibbs measure for the Potts model

Let Q, be the field of p-adic numbers and & = {1,2,...,¢} be a finite set. A configuration o on V' is defined as
x € V > o(x) € ®. The set of all configurations coincides with the set = ®" For given configurations o € Qy,,_,

and w € Qyy,,, we define their concatenation by
On—1(x),if z € V,_q,
1V r) =
(Fn-1Vw)(@) {w(x), if x € W,,.

Itisclearthato Vw € Qy, .
We consider p-adic g-state Potts model on a Cayley tree with an external field.
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The (formal) Hamiltonian of p-adic Potts model is

D So@ew) + @Y S )

(z,y)EL zeV
where J, o € B(0, pil/ (» *1)) are constant, (x, y) stands for nearest neighbor vertices and J,; is the Kronecker symbol,
ie.,
s [0
ij_{L if i = j.
Assume that h : V — qu)‘ is a mapping, i.e. h, (h1 @ P2 g,y hg ), where b, € Q, (i € @) and x € V. Given

n € N, we consider a p-adic probability measure u on Qy;, defined by

u (o) =

R) eXp{Hn(U)} H ha’(:r),:m (6)

n zeW,

Here, 0 € Qy,, and Z,(Lh) is the corresponding normalizing factor or a partition function given by

z" = 3" ep{Hu()} [] how. ™

o€Qy, zeW,
We say that p-adic probability distributions (6) are compatible if for all n > 1 and o,,_; € ®V»—1:
Z 1 (001 Vw) = " (0, 0) 8)
wew,,

We notice that a non-Archimedean analogue of the Kolmogorov extension theorem was proved in [40,41]. According to
this theorem, there exists a unique p-adic quasi measure yp, on {2 = " such that foralln > 1and o € ",

i Ve =0n) = " (on)

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian (5) and vector-valued function
h,, z € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure associated with function h = {h,,z € V}.
If all coordinates of h, belong to the set £, then it is called p-adic Gibbs measure. If there are at least two distinct p-adic
quasi Gibbs measure u, v € QG(H) such that p is bounded and v is unbounded, then we say that a phase transition
occurs.

The following statement describe conditions h,, providing compatibility of ul(l") (o).

Theorem 1. The measures M( )( ),n = 1,2,... (6) associated with the Potts model (5) satisfy the compatibility
condition (8) if and only if for any n € N the equation that follows holds:

ﬁz: H F(ﬁy,e,n), (9)

yeS(z)

here § = exp{J}, n = exp{a} and below a vector h, = (ﬁl,wﬁﬁ2,$7"-7/ﬁq—l,x) c ng is defined by a vector
h, = (h1,2,h2.2, -, hge) € QF as follows

hiw=-—"2i=1,2,...,q—1

and mapping
F: Q4" — Q¢ "is defined by F(x;6,n) = (Fi(2;6,7), ..., Fy_1(2;6,m)) with

q—1
(0 —1)x; + Z T;+n
=
Fl(mvaan) = g—1 2

Yoxj+0n
j=1

,o={z}eQi ™t i=12..,¢-1

Proof Necessity. Assume that (8) holds. We must demonstrate (9). Substituting (6) into (8), we have

1
Z Z(h) exp {Hn—l(U) + Z Z g" L(@)wn (y) + Oé(ng" y) } H hg(w =

wEPWn M z€Wn,_1 yeS(x) €W,

1
(h) eXp{H’ﬂ 1 )} H ha(z),x-
n 1 €W, 1
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By eliminating the expressions on the left side of the equality outside the sign of the sum that do not depend on the sum,

we obtain the following equality:

Znt Z exp Z Z 00,1 (@)wn (y) T Waqu, () H P (@),

wEPWn zeEW,_1 yeS(x) zeW,

H han_l(m),m-

zeW, 1
It yields that

wEPWn €W, _1 yeS(x) €W, —

Z H H exp (J @wn(y) T Wau, () Peon (v),y = H han 1(z),z

(10)

Fix 2 € W,,_; and consider two configurations ¢,,_1 = 7,1 and 0,1 = 05,1 on W,,_; which coincide on W,,_1\{z},

and the equality (10) for 7,,_; is divided by (10) for 7,,_1. Then we obtain
Z exp (]5” + aéqj)h] y

H jee _ 1,2
y€S(x) > exp (Jog; + adg;)hjy  hew

JjED
It follows that

q—1__

y hjy+ (0 = Dhiy +n

= = /ﬁi T
q—1__ ’

yeS() > hjy,+0n

j=1

where h; , =

q,T
Sufficiency. Suppose that (9) holds. It yields
Z exp (J(Sij + ozéqj)hj,y

s e
yeS(x) j%;p exp (Jogj + adg)hjy Do’

then for some function a(x) € Q,, x € V, we have
H Zexp Jbi; + adgj)hjy = a(x) exp (hiz), i € .
yeS(z) jed

We rewrite (6) as

Z ugﬂ)(an—l Vw)= fCXP{H On-1)} H H ZCXP O _ 1( w)J+O‘5qJ) Gy

wEQW,, z€EWn_1 yeS(x) jEP

Substituting (11) into (12) and denoting A,,_1 = H a(x), we obtain
€W, 1

Z ﬂzn)(gn—l Vw) =

wEQW,, €W, 1

Since u(”) is a probability measure, we have
S Y Wenve =t
aGQv(nfl) weQwW,,
(13) yields
Apn—1 (n-1)
Z Mh Un 1 \/w) Z /~L (O—nfl)anl

weQw,
or

1= Z Z ,Uh Un 1 \/w) AZ n—1 Z ,ugln_l)(a'n—l) =

o€Qy, ) wEwW, o€V, 1y

It follows that
ZTL = An—lzn—l .

exp{H(Un 1 } H hon 1(z),x

(1)

12)

13)

(14)

5)
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Substituting (15) into (14), we have

o (ona Vw) =y (en),

weQw,,

Theorem was proven.
Remark 1. If n = 1, then Theorem 1 coincides with Theorem 3.1 in [39].

3. Translation-invariant p-adic quasi Gibbs measure for the Potts model with external field

We try to find the translation-invariant solutions of the system of equations (9). It requires to solve the following
system of equations

_ k
(0 — 1)h; + > hi+
hy = — =1 L i=1,2,..,q— 1. (16)
hj 4+ 0n

j=1

We assume that f := ﬁl = ﬁg =...= ﬁq,l. Then equation (16) reduces to the following one
~ k
~ 0 —2)h
o (Uta=2htn) (17)
(g —1h+06n

Lemma 3. For equation (17), the following statements hold:
1) Equation (17) has no solution on pZy;
2)If g & &, then the solutions of (17) belong to Z,.

Proof At first, we show that equation (17) has no solution on pZ,. Assume that h e PZy, ie. | h |p< 1. Since
n,0 € €, and g € Z,,, we obtain

—~ k
il ((0+q—2)h+n> _'n’“
= (e 2hrn)
(q—1)h+6n ; onl,

However, it contradicts to our assumption. Therefore, equation (17) has no solution on pZ,.

=1.

Now, we proof the second part of the theorem. We assume that g & &, | h | p> 1. From (17), we have

~ k ~\ k
@+qg—2)h+n O@—-—1+qg—1)h -~
<A = — = =1 #I h |p .
(q—1)h+06n (¢ —1)h
P P
However, it contradicts to our assumption. Thus, equation (17) has no solution on pZ,, if ¢ & &,, (17) has no solution on

Qp \ Z,,. To conclude, if equation (17) has a solution, it must belong to Z;. Lemma was proven.
€ &p.

Proof We rewrite (17) as
h((g = Dh+6n)* — (6 +q—2h+n)* =0
Set the notation R R R R
F(h,0,n,9) = h((g = Dh +60)* — (6 +q — 2)h +n)*.
It can be seen that F(ﬁ, 0,1, q) is a polynomial with p-adic integer coefficients. For h = 1(modp), we verify that
F (ﬁ, 0,1, q) satisfies the conditions of Lemma 2. Then we obtain that

F(1,6,1,9) = ((g— 1+ 14 0[1])* = (¢ — 1+ o[1] + 1+ o[1])")

= ((g+ o[1))* = (¢ + o[1])*) = 0(mod p)
and

~

F'(h,0,1,q) = ((q = Dh + 0n)"* Jr/’f(q*1)’1((11*1)ﬁ+977)'H — k(0 +q—2)((0+q—2)h+n)*",
We consider F'(1,6,7,q) = O(m p), 1.
F'(1,0,n,q) = (q—1+1+0[1])" +k(g— 1)(q L+1+0[1])* " —k(1+o[1] +¢—2)(1+0[1] +q—2+1+0[1))* ' =

(a+o[1])* # 0(mod p).
Thus, the polynomial fulfills the requirements of Lemma 2. It implies that there is a unique integer root 2* such that

F(h*,0,7,4) = 0, h* = 1(modp).
It yields h* € &,.
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Remark 2. In [22] authors studied all translation-invariant p-adic Gibbs measures for the Potts model without external
fields. It was shown that if | ¢ |,= 1, 7 = 1 then the system of equations (16) on &, \ {1} does not have any solution.
However, we proved that if | ¢ |,= 1, 7 # 1 then the system of equations (16) has a unique solution on &, \ {1}.

Remark 3. Further calculations are needed in order to study equation (17) for the case ¢ € £,. Hence, this problem
will be studied in our upcoming work.

From Lemma 3, if ¢ ¢ &, the solutions of equation (17) belonging to Z,,. We obtain the following congruence from
(17) after slight modification:

/ﬁ((q— 1)/h\—|—077)k - ((9+q—2)/ﬁ—|—n)k = 0(mod p). (18)

Theorem 2. For congruence (18), the following statements hold:
i)If | ¢ |,< 1 then (18) has a solution with h = 1(mod p);

ii)If ¢ € Z,, \ &, then (18) has the solutions with ) = 1(mod p) and h® = —(¢ — 1)~} (mod p),
here (¢ — 1) ™! is inverse of ¢ — 1 modulo p.

Proof Let | ¢ |,< 1. Then it can be seen that

h((q—1)h+0n)* — (0 +q—2)h+n)* = (=1)F(h — 1)* (mod p).

It follows that the solution of the congruence (17) is hy = 1(mod p).
Let| g |,=1and g € &,. Then we get

h((g—1h+0n)* = (0 +g—2)h +n)* = (h—1)((g = Dh +1)*(mod p).

From this, we have two solutions ; = 1(mod p) and hy = —(q — 1)"*(mod p) which implies (17).
Remark 5. We note that it is essential to find the first coefficient of the canonical form of the solution of (17). It gives

a possibility to check the boundedness of the Gibbs measure.

If ¢ € Z* then according to Lemma 4, equation (17) has a unique solution in £,. Now, we show that there is a solution
of (16) such that h & &,. It is difficult to solve this problem in general case. We concentrate on the simplest case k£ = 2.
In this case, we have

~ 2
o (0ta=2htn) (19)
(g—1)h+0n

Let us consider the following depressed cubic equation
23 4+ ax = b.

In [42], the criteria for solvability of the depressed cubic equation over Z; are given.
D*
Let D = —4(a | a|p)®—27(b | b|,)* #0,D = Dl D* € Zj, D* = dy + dip + ..., Dy = —4aj — 27bj and
P

uy = 0, upg = —ag, uz = bp and u,43 = bou,, — AOUp+1-
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Theorem 3. [42] Let p > 3 be a prime number and A be the cardinality of the set of solution to 2> 4 az — b = 0 in
Zy. Then the following statements hold:

3, |a|§<|b|§§ 1, 3|log, b, p=1(mod3), bg%zl(modp);
3, lalP=|b2< 1, D=0;

p—1
laP=|b]2<1,0<| D]p<1, 2|log, | D |y dg? = 1(modp);

|a Ifj=| b |;2;§ L, | D |p=1and u,_2 = 0(mod p);

p—1

[bP<laB<1,, 2 log, |aly, ()™ = 1(modp);
la5<|b2<13log, | by, p=2(mod3);

[aB=b <1, 0<| DIp< 1, 2|log, | D1y, dy* # 1(modp);
lafi=b2<1,0<| DJp< 1, 24log, | D

| a |§;:| b |12)§ 1, Dousz # 0(modp), D()uf%2 # 9a3(mod p);
[ba<lali< 1, 2|log, [aly. (~a0)"™ # L(modp);

[b2<lali< 1, 210, | aly:

Il
e e e e = T = T = N JU R JUR JU

|b\§<\a|§’,,|b\p§\a|p,\a|p>1;

0, otherwise,

where a | b means a divides b.
Lemma 5. Letp > 3,q € Z;‘, \ &ps N be the cardinality of the set of the solutions of (19). Then we have

3, if (1—¢)"= = 1(modp);
N (1-9) (modp)

1, otherwise.

Proof We rewrite equation (17) as follows

~3  20n(q—1)— (04 q—2)? (0%*n° —20(0 + q —2)) » 0’

B + n?+ h— =0. 20
(=17 (-1 (-1 ¢
We denote ( - )2
T 20n(qg—1)— (0+qg—2
2i=h =17 . 1)
From (20) and (21), we obtain
z3+az—b:0, 22)
where
__1@0(g=1) = (0+q-2)%)" 6’ =20 +q-2)
3 (¢ —1)* (g—1)? ’
10" —2n(0 +9—2))(20n(g —1) — (0 + ¢ —2)*) n?
=3 (- 1) NCEEE @)
2 (20n(g—1) — (0 +q—2)%)°
27 (g—1)8 '

It should be noted that due to Lemma 4, equation (17) has a unique solution hr = 1(mod p) and this statement also
holds for (19). Therefore, we check the conditions of Theorem 3 for A" = 3. Since ¢ & &,, | ¢ |,= 1, we obtain that
lalp=]b]=1.
One can see that
D=-4(ala ‘p)g —27(b|b |p)2 =
1
WmQ(s +1)3(m + q)*(—4m3qs® + m*s — 6m3gs + 4m3s® + m?¢*s—
q—
12m%qs® + m* — 2m3q + 8m3s + m2¢® — 4m2qs + 12m?s® 4+ 20mg®s — 12mqs® — 4m>q + 4m2s+
8mq? — 44mqs + 12ms? — 8¢%s — 4qs® + 4m? — 8mq + 24ms + 4¢° + 8qs + 45 + 4¢> — 4q3)7

wherem =0 -1, s=n—1.

It can be checked that | D [,< 1. According to Theorem 3, if 2 | log,, | D |, dgT = 1(mod p), then equation (22) has
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three solutions. We show that ord,, D is even, \/% € Qp.
At first, we check that \/% € Q. For the sake of simplicity, we denote
Dy = —4m3qs? + m*s — 6m3gs + 4m>s® + m2¢%s — 12m2qs? + m* — 2m3q + 8m3s + m2¢*—
4m2qs + 12m2s% + 20mq®s — 12mqs® — 4m?q + 4m?s + 8mq® — 44mgs + 12ms* — 8¢%s—
4qs® + 4m? — 8mq + 24ms + 8qs + 45> + 4¢° — 4¢°,
q=go+o[l],q € 2,p— 1, m = p’(mg + o[1]).

Using | m [,< 1, | s [,< 1, | ¢ |p=1and g & &,, we obtain

g—1=qo—1+0[1];

s+1=1+0[1]; 24)

m+q = qo + o[1];
Dy = 4q2(1 — qo) + o[1].
4g5(1 — go)m3
(o —1)8

We deduce that if the Legendre symbol of 1 — qq is equal to 1, then v/dy € Q,.
Now, we define | D |, Using (24), we have

It yields that dy = (mod p).

lg—1],=1;
|s+1],=1;
[ m+q|p=1;
| D1 |p,=1.

It follows that | D |,= (| m |,)?. So, ord,, D is even. The proof is completed.
In [43], the cubic equation (22) is examined for the case p = 3. If | a [>>] b |2, 2 | logs | a |3, 4 = 2(mod 3),

| a3

then equation (22) has three solutions over Q3. Using this criteria, we get the following lemma.
Lemma 6. Let p = 3, |¢|3 = 1, then equation (19) has a unique solution.
Proof We note that, due to Lemma 4, equation (19) has a unique solution on &3. For this case, let us find the remaining
solutions of (19).
Case L. ¢ = 2(mod 3).
From (23), we get | a |3= 3, | b |3= 27. This does not satisfy the conditions of the above criteria.
Case IL. ¢ = 1(mod 3)
Let |20n(q — 1) — (0 + ¢ — 2)%|3 = 3%, |¢ — 1|3 = 3™. Then | a |3= 372! | b |3= 35™~3%+3_ This also does not
meet the required conditions. Therefore, we conclude that equation (19) has a unique solution.
Lemma 7. Letp > 3, | ¢ |p< 1, then equation (19) has no solution.
Proof We assume that | ¢ |,< 1. According to Lemma 3 and Theorem 3, the solutions of equation (19) belong to Z;

with h = 1(mod p). Due to (21), we obtain that
20m(q —1) — (6 +q—2)*
3(g—1)2

=—140[1], z = 2(modp).

It follows that | z |,= 1.
Using (23) and | ¢ |,< 1, we have | a |,< 1, | b |,< 1. We rewrite equation (22) as follows

22 =b—az.
It can be seen that
[b—azlp< L#| 2,

It follows that equation(19) has no solution given the conditions in the lemma. Lemma was proved.

Using Lemmas 5,6, and 7, we come to the following result:

Theorem 4. The following statements are true for p—adic Potts model with external field on the Cayley tree of order
two.

Dif|glp=1Lp=3or|qglp,=1p>3,(1—- q)p%1 # 1(mod p) then there is one translation-invariant p-adic
quasi Gibbs measure;
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p—1

) ifp>3,|qlp=1¢¢&,(1—¢q) 7 =1(modp), then there are three translation-invariant p-adic quasi Gibbs
measures;
3) if p >3, | ¢ |,< 1, then there is not any translation-invariant p-adic quasi Gibbs measure.

Corollary 1. Let N7p be number of p-adic quasi Gibbs measures for the Potts model with an external field on the
Cayley tree of order two. Then we obtain

0, if p=qg=3;
Nrp=4¢ 1, if ¢=3,p>3, p=>5(mod8) or p= 7(mod8);
3, if g=3,p>3,p=1(mod8) or p= 3(mod8).

Proof 1) Let p = g = 3. This case satisfies the third condition in Theorem 4, therefore, there is no translation-
invariant p-adic quasi Gibbs measure, that is, N7p = 0.
2)Ifqg=3,p> 3,then 1 — ¢ = —2. In [44], the following results are obtained

<_2> 1, if p=1(mod8) or p = 3(mod38);

—1, if p=5(mod8) orp = 7(mod8).
These conditions satisfy the first and the second conditions in Theorem 4. Keeping in mind these results, we obtain the
assertions of the corollary.

4. Boundedness of the translation-invariant p-adic quasi Gibbs measures and phase transitions

Lemma 8. Let up be an associated p-adic quasi Gibbs measure, and let h be a solution of (9). Then, the following
equality is true for the appropriate partition function Z,(Lh):

ZM™ = Ay 2™ (25)

q
where Ay, = H an(x), H Zexp{Jéiﬁj + adg;thjy = an(@)hi g,

zeW, yeS(x) j=1
an(z) € Qp, i =1,2,...,q.
Proof Assume that h is a solution of (9), then equation (10) hold. We rewrite (10) for ordinary ¢ € ® as follows

q
[I > exp(Jdij + adgj)hy,

x) j=1
Zo=Zna [ . (26)
TzEW, 1 ke

We present subsequent notations

q
[I > exp{Jéi;+ ady;thy,y
yeS(z) j=1

App = H an(z) and ap(z) =

h:
zeW, 0

Then equation (26) is reduced to (25).

Using Lemma 8, we come to the following statement.

Lemma 9. Let k = 2, h be a translation-invariant solution of (9), then for the corresponding partition function Z,(Lh)
the following equality is appropriate:

Z = ((q = Dh+n0)>>" " (h(g — 1) +n). 27)

Proof It is easy to check that h = (h, h, ..., h, 1) is a translation-invariant solution of (9), where h is a fixed point of

(19). Since § = exp{J} and n = exp{a}, using (7) we obtain Z{h) = ((g—1)h +6n)*((¢ — 1)h +n). Then by Lemma
8, we come to the following equality:

G,h(x‘) — ((9+q_h21)h1,y +77)2 — (9+q_§)h’+n)2 — ((q_ 1)h+977)2

From Lemma 8, we obtain
Appn = ((g—1Dh+ 779)34272’71’
Z® = ((g = Dh 400> "D ((g = Dh+n0)*((g — Dh+n) =
= ((g= Dh+n0)**" " (h(g = 1) +n).
Lemma is proved.
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Theorem 5. Let p > 3,
Cayley tree of order two:

glp = 1. The following statements hold for p-adic Potts model with an external field on a
1) ifp=3orp>3,(1—q) 2 # 1(modp), then measure y;- is bounded;
2) ifgg Epp>3,(1— q)pT_l = 1(mod p), then measure j5,~ is bounded, measures fip, , (tp, are unbounded.

Proof Case 1. If p =3 orp > 3, (1 — q)pT_1 # 1(mod p), then there exists measure jp-. We note that h* € &,.
From Lemma 9 and (6), we obtain

. n); s 1 B
nlggo | Mhyi p= lim | WGXP{HMU)} H ha(x),z |p =1

nree (q+0 1 zeW,,

Case 2. Ifp >3, (1 — q)p%1 = 1(mod p), there exist translation-invariant measures jtp=, [, , fh,. According to Lemma
4 and Theorem 3, h* = 1(mod p), hy 2 = —(q — 1)~!(mod p). From Lemma 9 and (6), we obtain

H ho’(x),:v
lim | 2], = lim | e exp{Hy (o)} |, = 1.
n—00 n—00 ((q — 1)h* + 779)3'2 '_1(h*(q - 1) + 77)
H ha’(:r),:c
zeW,

lim (M | = lim exp{ H, = o0.
n1~>oo | /J“h1,2|p ni)oo ((q_ 1)h172 +n9)3,2n_1(h1,2(q_ 1) +17) Xp{ ’IL(O—)} |P
We have proved that the measure jip,- is bounded, pip,,, (t,, measures are unbounded as in the case 2.
Theorem 6. Let p > 3, | ¢ |[,= 1, ¢ & &,. Then there exists a phase transition for p-adic g-state Potts model with an

external field on a Cayley tree of order two if (1 — g) = 1(mod p).

Proof The proof is straightforward due to Theorem 5.

Corollary 2. Let ¢ = 3. If p > 3, p = 1(mod 8) or p = 3(mod 8) then there is a phase transition for p-adic Potts
model with an external field on the Cayley tree of order two.

Remark 6. o) In [23], the authors focused on the Potts model without an external field. The phase transition conditions
determined in this study were consistent with the results of Corollary 2.

b) In [24], the existence a quasi-phase transition is defined for the ¢+ 1 Potts model without an external field is proven
if | ¢ |,= 1. However, we define a phase transition for this model if | ¢ [,=1,| ¢—1 |,= 1, and (1 — q)pT_1 = 1(mod p).

¢) Note that we have considered translation-invariant p-adic quasi Gibbs measures for the Potts model with an external
field only for the case h = {h, h,...,h}, h € Qg_l. The remaining cases are left as an open problem.

5. Conclusion

It should be noted that so far, p-adic quasi-Gibbs measures have been obtained for the Potts model without an external
field. Therefore, we have dedicated this work to the study of p-adic quasi-Gibbs measures for the Potts model with an
external field. Analyzing functional equation which defines p-adic quasi Gibbs measure for the Potts model with the
external field on a semi-infinite Cayley tree, we have derived three translation-invariant p-adic quasi Gibbs measures
under some condition. We also obtained a system of functional equations that satisfy the consistency condition for p-
adic quasi-Gibbs measures for the Potts model with an external field on the Cayley tree of order £ > 2. This system
corresponds to the functional equation in [39] when the external field is zero.

In [24], a quasi-phase transition was identified for the ¢ + 1 state Potts model when | ¢ |p: 1. Moreover, we
identified the phase transition for the g-state Potts model with an external field when | ¢ [,= 1, | ¢ — 1 |,= 1, and
(1- q)p%1 = 1(modp).

In [28], [23], p-adic quasi-Gibbs measures were determined for the 3-state Potts model, and we extend these results
to the general case ¢ > 3 and zero external field. In particular, if ¢ = 3, our result coincides with the result in [23].
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