
NANOSYSTEMS:
PHYSICS, CHEMISTRY, MATHEMATICS

Original article

Rasulov T.H., Bahronov B.I. Nanosystems:
Phys. Chem. Math., 2023, 14 (2), 151–157.

http://nanojournal.ifmo.ru
DOI 10.17586/2220-8054-2023-14-2-151-157

Existence of the eigenvalues of a tensor sum of the Friedrichs models with rank 2 per-

turbation

Tulkin H. Rasulova,b, Bekzod I. Bahronovc

Bukhara State University, Bukhara, Uzbekistan

arth@mail.ru, bt.h.rasulov@buxdu.uz, cb.bahronov@mail.ru

Corresponding author: Tulkin H. Rasulov, rth@mail.ru

ABSTRACT In the paper we consider a tensor sum Hµ,λ, µ, λ > 0 of two Friedrichs models hµ,λ with rank two
perturbation. The Hamiltonian Hµ,λ is associated with a system of three quantum particles on one-dimensional
lattice. We investigate the number and location of the eigenvalues of Hµ,λ. The existence of eigenvalues
located respectively inside, in the gap, and below the bottom of the essential spectrum of Hµ,λ is proved.
KEYWORDS tensor sum, Hamiltonian, lattice, quantum particles, non-local interaction, Friedrichs model, eigen-
value, perturbation.
ACKNOWLEDGEMENTS The authors thank the anonymous referee for reading the manuscript carefully and for
making valuable suggestions.
FOR CITATION Rasulov T.H., Bahronov B.I. Existence of the eigenvalues of a tensor sum of the Friedrichs
models with rank 2 perturbation. Nanosystems: Phys. Chem. Math., 2023, 14 (2), 151–157.

1. Introduction

The problem of the existence of bound states of quantum particles (from the mathematical point of view the existence
of the eigenvalues of the corresponding Hamiltonian) is very important in modern mathematical physics. Its usefulness is
demonstrated by the particle storage problem. As an example of such an application the storage of hydrogen in nanolay-
ered structures can be given. These systems can be used to produce an effective and safe fuel containers. It is well known
that a particle can be stored in disturbed (curved, deformed, etc.) nanolayers. Experiments show that after intercalation
into a nanolayered structure, hydrogen ions are concentrated near defects of the structure. In terms of mathematics, this
means that the discrete spectrum of the corresponding Hamiltonian is not empty, and the eigenfunctions are localized
near the structure defects. The problem of quantum particles storage in a nanolayered structures is considered in [1]
and the system of a few electrons in 2D quantum waveguides coupled through a window is studied. The bound states
induced by the disturbance are investigated. In [2] a number of numerical results for the bound state energies of one and
two-particle systems in two adjacent 3D layers, connected through a window is presented and the relation between the
shape of the window and the energy levels, as well as the number of eigenfunction’s nodal domains are investigated. For
mathematical models of quantum wave guides, it was shown in [3] that in some situations two interacting particles can be
trapped more easily than a single particle. In this paper, we consider the existence of an eigenvalue for the Hamiltonian
of a three-particle system on a lattice (three-particle discrete Schrödinger operator), the case where the discrete spectrum
of the considered Hamiltonian is not empty. Here, the role of the two-particle discrete Schrödinger operator is played by
the Friedrichs model.

Spectral properties of the operators known as the Friedrichs model [4] are important in the problems of analysis,
mathematical physics, and probability theory. The latter operators act in the Hilbert space L2(M, dµ), where (M, dµ) is
a manifold with measure, according to the rule

(Af)(p) = u(p)f(p)− α
∫
M

D(p, q)f(q)dµ(q), f ∈ L2(M, dµ), (1.1)

where the function u(·) is a function on the manifoldM ⊂ Rd, the function D(·, ·) is a function of two variables on the
manifoldM2, and α is a coupling constant. In [4] it was established that in the case whereM = [−1; 1] ⊂ R, u(q) = q
and α > 0 is small, the operator A up to finitely many eigenvalues has an absolutely continuous spectrum and that this
operator in its absolutely continuous subspace is unitarily equivalent to the operator A0 of the form

(A0f)(p) = u(p)f(p), f ∈ L2(M, dµ). (1.2)

Later, a more general model (in whichM is an arbitrary interval in R, the function f takes values in a Hilbert space H,
and the kernel D is replaced with a bounded operator in H) was suggested in [5], and the results in [4] were transferred
to it. This generalization essentially extended the range of application of the theory. It was shown in [6], developing the
results of [5], and already entirely completely in [7] that the requirement that the parameter α be small can be dropped
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under certain restrictions on the kernelD (namely, under the assumption that it is compact and that it belongs to the Hölder
class with an exponent µ > 1/2). In this case, the spectrum of A0 consists of an absolutely continuous part filling an
intervalM ⊂ R and possibly finitely many eigenvalues with finite multiplicity. The existence of wave operators related
to A0 was also proved in [5] and [7] (also see [8] and [9] for the Friedrichs model).

In the present paper, we consider a tensor sum Hµ,λ, µ, λ > 0 of two Friedrichs models hµ,λ with rank two per-
turbation. The Hamiltonian Hµ,λ is associated with a system of three quantum particles on one-dimensional lattice. We
investigate the number and location of the eigenvalues of Hµ,λ. The existence of eigenvalues located respectively inside,
in the gap, and below the bottom of the essential spectrum of Hµ,λ is proved.

2. Friedrichs model

We denote by T the one-dimensional torus. The operations addition and multiplication by real numbers elements
of T ⊂ R should be regarded as operations on R modulo 2πZ. For example, if x = 3π/5, y = 2π/3 ∈ T, then
x+ y = −11π/15, 10x = 0 ∈ T.

Let L2(T) be the Hilbert space of square integrable (complex) functions defined on T.
We consider the bounded and self-adjoint Friedrichs model hµ,λ acting on the Hilbert space L2(T) as

hµ,λ := h0,0 − µk1 + λk2,

where h0,0 is the multiplication operator by the function u(·) :

(h0,0g)(x) = u(x)g(x),

and kα, α = 1, 2 are non-local interaction (integral) operators:

(kαg)(x) = vα(x)

∫
T

vα(t)g(t)dt, α = 1, 2.

Here g ∈ L2(T); µ, λ > 0 are positive reals, u(·) and vα(·), α = 1, 2 are real-valued continuous functions on T.
It is remarkable that the choice of operators k1 and k2 with different signs allows to study the eigenvalues of hµ,λ

located to the left and to the right of its essential spectrum (see Theorem 2.4).
Throughout this paper, we assume the following additional assumptions.

Assumption 2.1. The function u(·) is a twice continuously differentiable function on T, has minima at the points
x1, · · · , xn ∈ T and has maxima at the points y1, · · · , ym ∈ T.

Assumption 2.2. We suppose that
mes(supp{v1(·)} ∩ supp{v2(·)}) = 0, (2.1)

where mes(·) is the Lebesgue measure on R and supp{vα(·)}) is the support of the function vα(·).

The following example shows that the class of functions u(·) and vα(·), α = 1, 2 satisfying above mentioned As-
sumptions 2.1 and 2.2 is nonempty. To prove this fact, we introduce the functions of the form:

u(x) = 1− cos(3x);

v1(x) =

 sinx, x ∈ [0;π];

0, othervice;
(2.2)

v2(x) = sinx− v1(x), x ∈ T.

Then, it is easy to check that points x1 = 0, x2 = 2π/3, x3 = −2π/3 and y1 = π, y2 = π/3, y3 = −π/3 are the
extremal points for the function u(·). Validness of the condition (2.1) follows from the constructions of vα(·), α = 1, 2.

The spectrum, the essential spectrum and the discrete spectrum of a bounded self-adjoint operator will be denoted by
σ(·), σess(·) and σdisc(·), respectively.

By the definition, the perturbation−µk1+λk2 of the operator h0,0 is a self-adjoint operator of rank two. Therefore, in
accordance with the Weyl theorem [10] about the invariance of the essential spectrum under the finite rank perturbations,
the essential spectrum of the operator hµ,λ coincides with the spectrum of h0,0:

σess(hµ,λ) = σ(h0,0) = [m;M ],

where the numbers m and M are defined by

m := min
x∈T

u(x), M := max
x∈T

u(x).

In order to study the spectral properties of the operator hµ,λ, we introduce the following bounded self-adjoint opera-
tors (Friedrichs model with rank one perturbation) h(1)µ , h(2)λ acting on L2(T) in accordance with the rule

h(1)µ := h0,0 − µk1, h
(2)
λ := h0,0 + λk2. (2.3)
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Let C be the field of complex numbers. We define the analytic functions ∆(1)
µ (·) and ∆

(2)
λ (·) (the Fredholm determi-

nant associated with the operator h(1)µ and h(2)λ , respectively) in C \ [m;M ] by

∆(1)
µ (z) := 1− µI1(z), ∆

(2)
λ (z) := 1 + λI2(z),

Ii(z) :=

∫
T

v2i (t)dt

u(t)− z
, i = 1, 2.

Then the Birman-Schwinger principle and the Fredholm theorem imply that [11, 12] the operator h(1)µ (h(2)λ ) has an

eigenvalue z ∈ C \ [m;M ] if and only if ∆(1)
µ (z) = 0 (∆(2)

λ (z) = 0). From here, it follows that for the discrete spectrum

of h(1)µ and h(2)λ the equalities

σdisc(h
(1)
µ ) = {z ∈ C \ [m;M ] : ∆(1)

µ (z) = 0}; (2.4)

σdisc(h
(2)
λ ) = {z ∈ C \ [m;M ] : ∆

(2)
λ (z) = 0} (2.5)

hold.
The following lemma establishes a relation between eigenvalues of hµ,λ and h(1)µ , h(2)λ .

Lemma 2.3. Let Assumption 2.2 be fulfilled. The number z ∈ C \ [m;M ] is an eigenvalue of hµ,λ if and only if z is an
eigenvalue one of the operators h(1)µ and h(2)λ .

Proof. Let the number z ∈ C\ [m;M ] be an eigenvalue of hµ,λ and g ∈ L2(T) be the corresponding eigenfunction. Then
g satisfies the equation

(u(x)− z)g(x)− µv1(x)

∫
T

v1(t)g(t)dt+ λv2(x)

∫
T

v2(t)g(t)dt = 0. (2.6)

It is easy to see that for any z ∈ C \ [m;M ] the relation u(x)− z 6= 0 holds for all x ∈ T. Then equation (2.6) implies

g(x) =
µv1(x)d1 − λv2(x)d2

u(x)− z
, (2.7)

where

dα :=

∫
T

vα(t)g(t)dt, α = 1, 2. (2.8)

Substituting the expression (2.7) for g into (2.8) and using Assumption 2.2, that is, the condition (2.1), we conclude
that equation (2.6) has a nonzero solution if and only if the system of equations

∆(1)
µ (z)d1 = 0,

∆
(2)
λ (z)d2 = 0

has a nonzero solution, i.e., if the condition ∆(1)
µ (z)∆

(2)
λ (z) = 0 holds. If we set v1(x) ≡ 0 (v2(x) ≡ 0), then by the

definitions of hµ,λ and h(1)µ (h(2)λ ), we obtain that hµ,λ = h(1)µ (hµ,λ = h
(2)
λ ). The last two facts complete the proof. �

By Lemma 2.3, if the Assumption 2.2 is valid, then the discrete spectrum of hµ,λ and h(1)µ , h(2)λ are related by the
equality

σdisc(hµ,λ) = σdisc(h
(1)
µ ) ∪ σdisc(h(2)λ ).

We note that the operators h(1)µ and h(2)λ have a structure simpler than that of hµ,λ, and therefore, the latter equality
plays an important role in further investigating the spectrum of hµ,λ.

In what follows, C1, C2 and C3 denote various positive constants, the values of which are not specified.

Theorem 2.4. Let Assumptions 2.1 and 2.2 be fulfilled. If v1(xα) 6= 0 for some α ∈ {1, 2, ..., n} and v2(yβ) 6= 0 for
some β ∈ {1, 2, ...,m}, then for all values of µ, λ > 0 the operator hµ,λ has two simple eigenvalues E(1)

µ ∈ (−∞;m)

and E(2)
λ ∈ (M ;∞).

Proof. By Assumption 2.1, the function u(·) is a twice continuously differentiable function on T, has minima at the points
x1, · · · , xn ∈ T. Therefore, there exist numbers C1, C2 > 0 and δ > 0 such that

C1|x− xj |2 ≤ u(x)−m ≤ C2|x− xj |2, x ∈ Uδ(xj), j = 1, n. (2.9)

If v1(xα) 6= 0 for some α ∈ {1, 2, ..., n}, then there exist numbers C1 > 0 and δ > 0 such that

v1(x) ≥ C1, x ∈ Uδ(xα). (2.10)
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FIG. 1. Spectrum of hµ,λ

Using estimates (2.9) and (2.10), we have∫
T

v21(t)dt

u(t)−m
≥

∫
Uδ(xα)

v21(t)dt

u(t)−m
≥ C1

∫
Uδ(xα)

dt

|t− xα|2
=∞.

From here, we obtain that ∆(1)
µ (m) = −∞. One can see that ∆(1)

µ (z) → 1 as z → −∞. Since the function ∆(1)
µ (·) is

decreasing on (−∞;m] for the case v1(xα) 6= 0 we obtain that the operator h(1)µ has unique eigenvalue E(1)
µ smaller than

m. By Lemma 2.3, the number E(1)
µ is an eigenvalue of hµ,λ. It is clear that ∆

(2)
λ (z) > 1 for all z < m. Therefore, the

operator h(2)λ has no eigenvalues smaller than m. Consequently, the number E(1)
µ is the unique eigenvalue of hµ,λ.

We note that u(·) is a twice continuously differentiable function on T, has maxima at the points y1, · · · , yn ∈ T.
Therefore, there exist C1, C2 > 0 and δ > 0 such that

C1|x− yj |2 ≤M − u(x) ≤ C2|x− yj |2, y ∈ Uδ(yj), j = 1, n. (2.11)

If v2(yβ) 6= 0 for some β ∈ {1, 2, ..., n} then there exist C1 > 0 and δ > 0 such that

v2(y) ≥ C1, y ∈ Uδ(yβ). (2.12)

Using estimates (2.11) and (2.12), we have∫
T

v22(t)dt

u(t)−M
≤ −

∫
Uδ(yβ)

v22(t)dt

M − u(t)
≤ −C1

∫
Uδ(yβ)

dt

|t− yβ |2
= −∞.

The latter assertion yields that ∆
(2)
λ (M) = −∞. It is easy to check that ∆

(2)
λ (z) → 1 as z → ∞. Since the function

∆
(2)
λ (·) is decreasing on [M ;∞) from the fact v2(yβ) 6= 0 we obtain that the operator h(2)λ has an eigenvalue E(2)

λ bigger
than M . By Lemma 2.3, the number E(2)

λ is an eigenvalue of hµ,λ. By the construction of ∆(1)
µ (·), we have ∆(1)

µ (z) > 1

as z > M . So, the operator h(1)µ has no eigenvalues bigger than M . Therefore, the number E(2)
λ is the unique eigenvalue

of hµ,λ. �

3. Three-particle model operator

In this section, at first, we provide an overview of the model Schrödinger operator.
We consider the discrete Schrödinger operator Â := Â0 − K̂ acting in the space l2(Z2). The kinetic energy Â0 is

given by a convolution with a function of the general form:

(Â0ψ̂)(s1, s2) =
∑

n1,n2∈Z
u0(s1 − n1, s2 − n2)ψ̂(n1, n2),

and the potential energy K̂ is defined as follows

(K̂ψ̂)(s1, s2) = (u1(s1) + u2(s2))ψ̂(s1, s2).

We assume that the functions u0(·, ·) and uα(·), α = 1, 2 satisfy the conditions

|u0(s1, s2)| ≤ C0 exp(−a(|s1|+ |s2|)), a > 0;

|uα(s1)| ≤ Cα exp(−bα|s1|), bα > 0, α = 1, 2,

where Cα, α = 0, 1, 2 are positive constants.
The operator Â is a particular case of the lattice model Hamiltonian studied in [13, 14].
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It is remarkable that in [15] the diffraction approach applications to the quantum scattering problems of three three-
dimensional charged quantum particles are considered for the construction of the Schrödinger operator eigenfunction
asymptotics in different domains of configuration space.

Let L2(Tn) be the Hilbert space of square integrable (complex) functions defined on Tn, n = 1, 2 and F : l2(Z2)→
L2(T2) be the standard Fourier transformation:

(F ψ̂)(x, y) =
1

2π

∑
n1,n2∈Z

ψ̂(n1, n2) exp(i[(x, n1) + (y, n2)]).

Then (see [14]), the operator
A := FÂF−1 : L2(T2)→ L2(T2)

can be represented as A := A0 −K1 −K2, where the operators A0 and Kα, α = 1, 2 are defined by

(A0f)(x, y) = k0(x, y)f(x, y), f ∈ L2(T2);

(K1f)(x, y) =

∫
T

k1(x− s)f(s, y)ds, (K2f)(x, y) =

∫
T

k2(y − s)f(x, s)ds, f ∈ L2(T2).

Here k0(·, ·) and kα(·) are the Fourier transforms of the functions u0(·, ·) and uα(·), α = 1, 2, respectively. Usually,
the operator A is called the momentum representation of the discrete operator Â.

Let Ls
2(T2) be the Hilbert space of square integrable symmetric (complex) functions defined on T2.

Let us consider the Hamiltonian of the form

Hµ,λ : Ls
2(T2)→ Ls

2(T2), Hµ,λ := H0,0 − µ(V11 + V12) + λ(V21 + V22), (3.1)

where H0,0 is the multiplication operator by the function u(x) + u(y) :

(H0,0f)(x, y) = (u(x) + u(y))f(x, y),

and Vαβ , α, β = 1, 2 are non-local interaction operators:

(Vα1f)(x, y) = vα(x)

∫
T

vα(t)f(t, y)dt, (Vα2f)(x, y) = vα(y)

∫
T

vα(t)f(x, t)dt, α = 1, 2.

Here f ∈ Ls
2(T2). By the definition, the operators Vij , i, j = 1, 2 are partial integral operators with degenerate kernel of

rank 1.
It is clear that the operator Hµλ is bounded and self-adjoint in Ls

2(T2).
We note that the operator Hµ,λ is related with the Schrödinger operators of a system of three particles on a three-

dimensional lattice and such type operators were studied in [11, 16–18]. In [16, 17], the sufficient conditions for the
finiteness and infiniteness of the discrete spectrum are found. In [11], the Efimov effect for model discrete Schrödinger
operator was demonstrated when the parameter function w(·, ·) has a special form. In [18], the essential spectrum and the
number of eigenvalues of the typical model were studied for the function w(·, ·) of the form w(p, q) = u(p)u(q).

Main result of the note is the following lemma.

Lemma 3.1. Let Assumption 2.1 and 2.2 be fulfilled. (i) For any µ, λ > 0, the numbers 2E(1)
µ and 2E

(2)
λ are simple

eigenvalues of Hµ,λ. Moreover,

σess(Hµ,λ) = [E(1)
µ +m ;E(1)

µ +M ] ∪ [2m ; 2M ] ∪ [E
(2)
λ +m ;E

(2)
λ +M ];

σpp(Hµ,λ) = {2E(1)
µ ;E(1)

µ + E
(2)
λ ; 2E

(2)
λ }.

(ii) For any fixed a < m and b > M , there are two numbers µ0 = µ0(a) > 0 and λ0 = λ0(b) > 0, respectively,
such that the numbers 2a, a+ b and 2b are eigenvalues of Hµ0,λ0 .

(iii) For any c ∈ [2m; 2M ], there exist two numbers µ1 > 0 and λ1 > 0 such that the number c is an eigenvalue of
Hµ1,λ1

.

Proof. From the definitions of Hµ,λ and hµ,λ, we obtain the representation

Hµ,λ = hµ,λ ⊗ I + I ⊗ hµ,λ,
where I is the identity operator on L2(T).

Therefore, by theorem on the spectrum of the tensor sum of two operators, the equality

σ(Hµ,λ) = σ(hµ,λ) + σ(hµ,λ) (3.2)

holds.
(i) By Theorem 2.4, for any µ, λ > 0, the operator hµ,λ has two eigenvalues E(1)

µ ∈ (−∞;m) and E(2)
λ ∈ (M ;∞).

Hence,
σ(hµ,λ) = {E(1)

µ } ∪ [m;M ] ∪ {E(2)
λ }.



156 T. H. Rasulov, B. I. Bahronov

Then by (3.2), the numbers 2E(1)
µ and 2E

(2)
λ are simple eigenvalues of Hµ,λ. In addition,

σess(Hµ,λ) = [E(1)
µ +m;E(1)

µ +M ] ∪ [2m; 2M ] ∪ [E
(2)
λ +m;E

(2)
λ +M ];

σpp(Hµ,λ) = {2E(1)
µ ;E(1)

µ + E
(2)
λ ; 2E

(2)
λ }.

Moreover, σdisc(Hµ,λ) = σpp(Hµ,λ) if and only if E(1)
µ + E

(2)
λ ∈ (E(1)

µ +M ; 2m) ∪ (2M ;E
(2)
λ +m).

(ii) Let for any a < m, b > M , µ0 = µ0(a) = (I1(a))−1, λ0 = λ0(b) = (−I2(b))−1 the equalities ∆(1)
µ0

(a) = 0

and ∆
(2)
λ0

(a) = 0 hold. By Lemma 2.3, the numbers a and b are eigenvalues of the operator hµ0,λ0
. From equality (3.2)

we conclude that the numbers 2a, a+ b, 2b are eigenvalues of Hµ0,λ0 .
(iii) Let c ∈ [2m; 2M ] be arbitrary. Then for any b > 2M −m, we have c − b < m. Denote µ1 = (I1(c − b))−1

and λ1 = (−I2(b))−1. It is clear that ∆(1)
µ1

(c − b) = 0 and ∆
(2)
λ1

(b) = 0. By Lemma 2.3, the numbers c − b and b are
eigenvalues of hµ1,λ (λ > 0) and hµ,λ1

(µ > 0). From here, we obtain that the numbers c − b and b are eigenvalues of
hµ1,λ1

. From equality (3.2), we obtain that the number c is the eigenvalue of Hµ1,λ1
.

So, in this paper, it was shown that there are two eigenvalues lying, correspondingly, to the left and to the right
of the essential spectrum for the Friedrichs model hµ,λ. The existence of the threshold eigenvalues and virtual levels
(threshold energy resonances) for a generalized Friedrichs model have been studied in [19–21]. We recall also that the
symmetric operators of the form S := A ⊗ I + I ⊗ T , where A is symmetric and T = T ∗ is (in general) unbounded,
is considered in [22] and a boundary triplet ΠS for S∗ preserving the tensor structure is constructed. This paper presents
also an application of the result to 1D Schrödinger operators. Such operators naturally arise in problems of simulation of
quantum particle having point contact to reservoirs.
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