
NANOSYSTEMS: PHYSICS, CHEMISTRY, MATHEMATICS, 2013, 4 (4), P. 538–544

THE CONUCTIVITY LOW ENERGY ASYMPTOTICS
FOR MONOLAYER GRAPHENE

N. E. Firsova

Institut for Problems of Mechanical Engineering RAS, St. Petersburg, Russia

nef2@mail.ru

PACS 02.73

The electron scattering problem in the monolayer graphene with short range impurities is considered. The main

novel element in the suggested model is the band asymmetry of the defect potential in the 2+1-dimensional Dirac

equation. This asymmetry appears naturally if the defect violates the symmetry between sublattices. Our goal in

the present paper is to take into account a local band asymmetry violation arising due to the defect presence. We

analyze the effect of the electron scattering on the electronic transport parameters in monolayer graphene. The

explicit exact formulae obtained for S-matrix for δ−shell potential allowed us to study the asymptotic behavior of

such scattering data as scattering phases, transport cross section, the transport relaxation time and the conductivity

for small values of the Fermi energy. The obtained results are in good agreement with experimental curves which

show that the considered model is reasonable.
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1. Introduction

Recently, much attention has been paid to the problem of the electronic spectrum of
graphene (see the review [1]). Its 2D-structure and the presence of the cone points in the
electronic spectrum make actual a comprehensive study of the external field effect on the
spectrum and other characteristics of the electronic states described by the Dirac equation in
the 2+1 space-time. We consider in the present paper the transport phenomena in the 2+1
Dirac equation model of the monolayer graphene due to the short-range perturbation. We do
not take into account the inter-valley transitions. Particular attention to this case stems from
the effectiveness of short-range scatterers in contrast to the long-range ones: an effect of the
latter is suppressed by the Klein paradox [2]. Short-range potential impurities in graphene were
considered in papers [3–6]. In [6], for instance, electrons were assumed to be confined in a
quantum dot where the dot was represented by a δ(2) (~r)-potential well. Artificially representing
the quantum dot by such a strongly singular potential leads to divergences in the Lippmann-
Schwinger equation. To overcome the problem in [7] the δ-shell model was suggested which
removed the singularity. The Dirac equation for the δ-shell potential is free of such divergences.
In [7] a new model of the short-range impurities in graphene was considered where the shell
delta function potential form was suggested taking into account for the first time the obvious
fact that the Kohn-Luttinger matrix elements of the short-range perturbations calculated on the
upper and lower band wave functions are not equal in a general case. This means that the
perturbation must be generically described by a Hermitian matrix. In [7] the diagonal matrix
case corresponding to a presence of the chemical potential and the mass perturbation was studied
taking firstly into account a local band symmetry violation arising due to the defect presence.
In [7] for the model the characteristic equation for eigenvalues and resonances was obtained
describing their dependence on the perturbation parameters. In [8] in the framework of the
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model suggested in [7] the electron scattering was studied and the exact analytical formula for
S-matrix was found.

In the present paper we analyze the effect of the electron scattering studied in [8] on
the electronic transport in the monolayer graphene. We compare our theoretical results with the
available experimental data.

2. The main results

The Dirac equation describing electronic states in monolayer graphene in the framework
of the model described above (see [6, 7]) reads:[

−ih̄vF
2∑

µ=1

γµ∂µ − γ0 (m+ δm) v2F

]
ψ = (E − V )ψ, (1)

where vF is the Fermi velocity of the band electron, γµ are the Dirac matrices,

γ0 = σ3, γ1 = σ1, γ2 = iσ2,

σj are the Pauli matrices, 2mdv
2
F = Eg is the electronic bandgap, and ψ (−→r ) is the two-

component spinor. The spinor structure takes into account the two-sublattice structure of the
graphene.

We consider firstly the gapless case m = 0. Then we have[
−ih̄vF

2∑
µ=1

γµ∂µ − γ0δm v2F

]
ψ = (E − V )ψ. (2)

To treat this equation mathematically, we make (2) dimensionless dividing it by h̄vFkF .
We get [

−i
2∑

µ=1

γµ∂µ − γ0δm̃

]
ψ =

(
Ẽ − Ṽ

)
ψ. (3)

Here δm̃ = δmvF (h̄kF )−1, Ẽ = E(h̄vFkF )−1, Ṽ = V (h̄vFkF )−1. Ṽ (−→r ) is the local per-
turbation of the chemical potential. A local mass (gap) perturbation, δm̃, related to the local
sublattices symmetry violation, can be induced for instance by defects in the graphene film or
in the substrate (see [8]). We consider here the shell delta function model of the perturbation

δm̃ (r̃) = −bδ (r̃ − r̃0) , Ṽ (r̃) = −aδ (r̃ − r̃0) , (4)

where r̃ = rkF and r̃0 = r0kF are respectively the polar coordinate radius and the perturbation
radius. The finite radius r0 plays a role of the regulator and is necessary in order to exclude
deep states of the atomic energy scale. The finite perturbation radius r0 leads to the quasi-
momentum space form-factor proportional to the Bessel function that justifies our neglect of
transitions between the Brillouin band points K and K ′, [9] .The perturbation matrix elements

diag
(
Ṽ1, Ṽ2

)
δ (r̃ − r̃0) ,

are related to the a, b parameters as follows:

−Ṽ1 = a+ b, −Ṽ2 = a− b.
Solving the Dirac equation (3) in the regions 0 ≤ r̃ < r̃0, r̃0 < r̃ < ∞ and matching

these solutions at the circumference of the circle of the radius r̃ = r̃0, the characteristic equation
was obtained for eigenvalues and resonances, [7]. Calculating the ratio of the outgoing and
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ingoing waves, the formulae for S-matrix components were found in the angular momentum
representation, [8]:

Sj (kr0) = −
F

(2)
j (kr̃0)

F
(1)
j (kr̃0)

, j = ±1

2
,±3

2
, . . . , k = E, (5)

where F (α)
j (kr̃0), α = 1, 2, is given by the formula:

F
(α)
j (kr̃0) =

[
Ij−1/2 (kr̃0)H

(α−)
j+1/2

(kr̃0)− Ij+1/2 (kr̃0)H
(α)
j−1/2 (kr̃0)

]
T (a, b)

[
(a− b) Ij+1/2 (kr̃0)H

(α)
j+1/2 (kr̃0) + (a+ b) Ij−1/2 (kr̃0)H

(α)
j−1/2 (kr̃0)

]
,

α = 1, 2, j = ±1

2
,±3

2
, . . . . (6)

Here,

T (a, b) =

{
tan
√
a2 − b2 /

√
a2 − b2 if a2 > b2,

tanh
√
b2 − a2 /

√
b2 − a2 if b2 > a2,

(7)

where we choose the principal value of the roots. Since for Hankel functions we have for real

variables H(2)
n (x) = H

(1)
n (x) the scattering matrix (5), (6) is unitary on the continuum spectrum

=Ẽ = 0. Using the relation [11],

Ij−1/2 (kr̃0)Nj+1/2 (kr̃0)− Ij+1/2 (kr̃0)Nj−1/2 (kr̃0) = − 2

π (kr̃0)
, (8)

we can rewrite (6) in the form

F
(α)
j (kr̃0) =

−(−1)α
2i

π (kr̃0)
−T (a, b)

[
(a− b) Ij+1/2 (kr̃0)H

(α)
j+1/2 (kr̃0) + (a+ b) I (kr̃0)j−1/2H

(α)
j−1/2 (kr̃0)

]
,

α = 1, 2, j = ±1

2
,±3

2
, . . . . (9)

So the poles of the scattering matrix (5), i.e. the eigenvalues and resonances, are
determined as solutions of the characteristic equation

F
(1)
j (kr̃0) = 0, j = ±1

2
,±3

2
, . . . (10)

or

T (a, b)
[
(a− b) Ij+1/2 (kr̃0)H

(1)
j+1/2 (kr̃0) + (a+ b) Ij−1/2(kr̃0)H

(1)
j−1/2 (kr̃0)

]
=

2i

π (kr̃0)
, j = ±1

2
,±3

2
, . . . . (11)

Using the relations H(1)
n (x) = In (x) + iNn (x), H

(2)
n (x) = In (x) − iNn (x), we can

write S-matrix (5) as follows:

Sj (kr̃0) = −Aj (kr̃0)− iBj (kr̃0)

Aj (kr̃0) + iBj (kr̃0)
=
Bj (kr̃0) + iAj (kr̃0)

Bj (kr̃0)− iAj (kr̃0)
, j = ±1

2
,±3

2
, . . . . (12)
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Therefore, it can be presented in the standard form:

Sj (kr̃0) = exp (2iδj (kr̃0)) , j = ±1

2
,±3

2
, . . . , (13)

where for the scattering phases we have

δj (kr̃0) = tan−1
Aj (kr̃0)

Bj (kr̃0)
, j = ±1

2
,±3

2
, . . . . (14)

The functions Aj (kr̃0), Bj (kr̃0), j = ±1

2
,±3

2
, . . . are determined (see (9)) as follows:

Aj (kr̃0) = −T (a, b)
[
(a− b) I2j+1/2 (kr̃0) + (a+ b) I2j−1/2 (kr̃0)

]
, (15)

Bj (kr̃0) =

2

π (kr̃0)
− T (a, b) [(a− b) Ij+1/2 (kr̃0)Nj+1/2 (kr̃0) + (a+ b) Ij−1/2 (kr̃0)Nj−1/2 (kr̃0)],

j = ±1

2
,±3

2
, . . . . (16)

Lemma1. Scattering phases δj (kr̃0), j = ±1

2
,±3

2
, . . . , of the Sj (kr̃0)-matrix of the Dirac

equation (3) near the Dirac point k = 0, is for low energies (small momentum) i.e. for (kr̃0)→ 0
have asymptotics uniformly on a set of j

δ±j (kr̃0) = −πT (a, b) (a± b)[(
j − 1

2

)
!
]2 (

kr̃0
2

)2j

[1 + o(1)] , kr̃0 → 0, j =
1

2
,
3

2
. . . . (17)

Proof. From (14)–(16) we see

tan δj (kr̃0) =
π (kr̃0)

2
T (a, b)

[
(a− b) I2j+1/2 (kr̃0) + (a+ b) I2j−1/2 (kr̃0)

]
×
[
1 +

πkr̃0
2

T (a, b)
[
(a− b) Ij+1/2 (kr̃0)Nj+1/2 (kr̃0) + (a+ b) Ij−1/2 (kr̃0)Nj−1/2 (kr̃0)

]]−1
,

j = ±1

2
,±3

2
, . . . . (18)

Asymptotic behavior of the scattering phases δj (kr̃0) at kr̃0 → 0 can be obtained
expanding the cylinder functions for small arguments (see [11])

In (x) ∼ (1/n!) (x/2)n, n = 0, 1, 2 . . . , (19)

Nn (x) ∼

{
− (Γ (n)/π) (2/x)n for n > 0,

(2/π) log (γ∈x/2) for n = 0,
(20)

where γE ≈ 0, 577 is the Euler –Mascerone constant and Γ (n)is the gamma-function. From
(18)–(20), we obtain asymptotic uniform on the set of j

tan δ±j (kr̃0) =
πT (a, b) (a± b)[(

j − 1
2

)
!
]2 (

kr̃0
2

)2j

[1 + o(1)] , kr̃0 → 0, j =
1

2
,
3

2
. . . . (21)
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Expanding the function tan−1(tan δ±j (kr̃0) ), kr̃0 → 0, we find

δ±j (kr̃0) =
πT (a, b) (a± b)[(

j − 1
2

)
!
]2 (

kr̃0
2

)2j

[1 + o(1)]

[
1 +O

((
(kr̃0)

2

)4j
)]

,

kr̃0 → 0, j =
1

2
,
3

2
, . . . .

Hence we come to (17).�

Let us now define δ±j(kF r0) = δ±j (kr̃0), Sj (kF r0) = Sj (kr̃0), j = ±1

2
,±3

2
, . . . . Then

the transport cross section can be written in terms of the scattering phases∑
tr

(kF , r0) =
2

kF

(∑
1

)
tr

(kF r0) , (22)

where (∑
1

)
tr

(kF r0) =
(∑

1

)
tr

(kr̃0) =
∑

j=± 1
2
,± 3

2
,...

[sin (δj+1 (kr̃0)− δj (kr̃0))]
2. (23)

The transport relaxation time τtr can be calculated using the following relation:

1/τtr (kF r0) = NivF
∑

tr
(kF , r0) . (24)

The Boltzmannian conductivity is determined by the formula

σ
(
EF,r0

)
=
e2

h
(EF τtr (kF,r0)/h̄) . (25)

Theorem 1. We have for the transport cross section of the problem (2)∑
tr

(kF , r0) = π2T (a, b)2
(
a2 + 3b2

)
kF r

2
0 [1 + o (1)] , kF r0 � 1. (26)

The conductivity for problem (2) for low energies has asymptotics

σ = σ0 [1 + o(1)] , kF r0 � 1, (27)

where

σ0 =
e2

h

[
π2T (a, b)2

(
a2 + 3b2

)
Nir

2
0

]−1
. (28)

Proof. From Lemma 1, we see that δ±j (kr̃0) → 0, when (kr̃0) → 0, j =
1

2
,
3

2
. . . . It means

that expanding, we obtain

sin (δj+1 (kr̃0)− δj (kr̃0)) = (δj+1 (kr̃0)− δj (kr̃0))
(
1 +O (δj+1 (kr̃0)− δj (kr̃0))

2) ,
kr̃0 → 0, j = ±1

2
,±3

2
, . . .

or

sin (δj+1 (kr̃0)− δj (kr̃0)) = (δj+1 (kr̃0)− δj (kr̃0)) (1 + o(1)), kr̃0 → 0, j = ±1

2
,±3

2
, . . . .

So we find that (see (23))
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(∑
1

)
tr

(kr̃0) =
(∑

2

)
tr

(kr̃0) [1 + o(1)] , kr̃0 → 0, j = ±1

2
,±3

2
, . . . , (29)

where (∑
2

)
tr

(kr̃0) =
∑

j=± 1
2
,± 3

2
,...

(δj+1 (kr̃0)− δj (kr̃0))
2. (30)

Transforming (30), we get

(∑
2

)
tr

= 2

δ21/2 + δ2−1/2 − δ1/2δ−1/2 −
∑

j= 1
2
, 3

2
...

[
(δjδj+1 + δ−jδ−j−1)−

(
δ2j+1 + δ2−j−1

)] .

Using asymptotics from Lemma 1, we find(∑
2

)
tr

= 2π2T (a, b)2
(
a2 + 3b2

)((kr̃0)

2

)2

[1 + o (1)] , kr̃0 → 0.

Substituting this equation into (29), we have(∑
1

)
tr

(kr̃0) = π2T (a, b)2
(
a2 + 3b2

) (kr̃0)
2

2
[1 + o (1)] , kr̃0 → 0. (31)

Hence using (22) and (23), we obtain (26).
From (24)–(26) we see

EF τtr/h̄ =
[
π2T (a, b)2

(
a2 + 3b2

)
Nir0

2
]−1

[1 + o (1)] , kF r0 � 1. (32)

And consequently (see (25))

σ =
e2

h

[
π2T (a, b)2

(
a2 + 3b2

)
Nir0

2
]−1

[1 + o (1)] , kF r0 � 1. (33)

So Theorem 1 is proved.�

3. Discussion

The results found above were obtained in the framework of the model assuming the delta
shell form of the potential (2)–(4). For this assumption to be reasonable, the perturbation radius
r0 should be much less than the Compton wavelength (kF )−1 i.e. there should be satisfied the
estimate

kF r0 � 1. (34)

We see that this physical condition (33) of correctness for the considered δ-shell model
also guarantees the correctness of the obtained asymptotics (26), (27). From the point of view of
graphene physics, assumption (33) means that the radius of the circle contains no more than one
unit cell of the graphene hexagon lattice. So the principal term in our asymptotics describes the
physics well enough. For instance the different pairs (a, b) of intensities satisfying the relation

T (a, b)2
(
a2 + 3b2

)
= C,

with the same constant produce the same conductivity.
Consider now the mobility which can be defined as the ratio
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µ = σ/(en), (35)
where the carrier density at low temperature is determined as follows:

n = N/S =
1

2π

(
EF
h̄vF

)2

. (36)

Substituting (33), (36) into (35), we find

µ =
µ0

E2
F

, µ0 = eh̄v2F
[
π2T (a, b)2

(
a2 + 3b2

)
Nir0

2
]−1

[1 + o (1)] , kF r0 � 1. (37)

Notice that the obtained asymptotics for the mobility is in a good agreement with the
experimental results published by Bolotin et al. [12].

Consider now the case m 6= 0. Following the same procedure that we used for the case
m = 0, we finally see that the form of asymptotics for mobility greatly differs from that obtained
for the case m = 0 and from the corresponding experimental results. Thus, it is clear that in
the studied suspended monolayer graphene samples m = 0 i,e., there is no gap in spectrum.

4. Conclusion

In the present paper, using both the framework of the model suggested in [6, 7] and
the exact analytic formula for the S-matrix found in [7], we obtained the asymptotics near the
Dirac point for scattering phases, cross-section, conductivity and mobility. We found that these
asymptotics are in good agreement with the experimental results in the case m = 0, while in
the case m 6= 0, the theoretical asymptotics are very far from those obtained experimentally .
This contradiction means that as a matter of fact, in the samples studied experimentally, m = 0.
So, the experimental study of the sample compared to our theoretical results clearly indicates
whether or not there is a gap in the spectrum.
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