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We study the existence of an infinite number of eigenvalues (the existence of Efimov’s effect) for a seli-adjoint
partial integral operators. We prove a theorem on the necessary and sufficient conditions for the existence of
Efimov’s effect for the Fredholm type partial integral operators.
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1. Introduction

Linear equations and operators involving partial integrals appear in elasticity theory
[1-3], continuum mechanics [2,4-6], aerodynamics [7] and in PDE theory [8,9]. Seli-
adjoint partial integral operators arise in the theory of Schrodinger operators [10-13].
Spectral properties of a discrete Schrodinger operator H are tightly connected (see [13,14])
with those of the partial integral operators which participate in the presentation of operator
H.

Let ©; and 2, be closed boundary subsets in R** and R"?, respectively. The partial
integral operator (PIO) of Fredholm type in the space L,(£2; x €3), p > 1 is an operator of
the following form [15]

T'=To+Th+1+K, (1)
where operators Ty, 171, 1> and K are defined by the following formulas:

Tof(l',y) = k’o(l’,y)f(f,y),
Tlf(xay) = / kl(x7 S,y)f(s,y)ds,

1951

Tof(z,y) = /

k2($, ta y)f(xv t)dta
Qo

Kf(a:,y):/Q /Q k(x,y;s,t)f(s,t)dsdt.

Here ko, k1, ks and k are given measurable functions on Q; x Qy, Q2 x Q2 Q) x Q
and (2, x Q)% respectively. All integrals have to be understood in the Lebesgue sense.

In 1975, Likhtarnikov and Vitova [16] studied spectral properties of partial integral
operators. In [16], the following restrictions were imposed: k;(z,s) € La(Q1x82), ko(y,t) €
Lo(Q29 x Q) and Ty = K = 0. In [17] spectral properties of PIO with positive kernels were
studied (under the restriction 7, = K = 0). Kalitvin and Zabrejko [18] studied the spectral
properties of PIO in the space L,,p > 1. Kernels of PIO in all mentioned articles are
functions of two variables and 7y = 0. In [19], a full spectral description of self-adjoint
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PIO in the space C ([a,b] x [c,d]) with continuous kernels was given. Self-adjoint PIO with
Ty # 0 were first studied in [10], where theorem about essential spectrum was proved. The
finiteness and infiniteness of a discrete spectrum of self-adjoint PIO arising in the theory
of Schrodinger operators was investigated in [11-13].

In [20], PIOs in some functional spaces were investigated and a number of applica-
tions were considered. Some important spectral properties of PIO in the space L, are still
open. The present paper is dedicated to the mentioned problem.

We study the existence of an infinite number of eigenvalues (the existence Efimov’s
effect) for a self-adjoint partial integral operators.

2. The notations and necessary information

Let A be a linear self-adjoint operator in the Hilbert space 7. Resolvent set,
spectrum, essential spectrum and discrete spectrum of the operator A are denoted by p, o,
Oess and ogs, respectively (see [21]).

We define the numbers

Emin(A) = 1nf{\ : X € 0.55(A)},

Emax(A) = sup{A: X € 0.55(A)}.
We call the number Eyin(A) (Emax(A)) the lower (the higher) boundary of the es-
sential spectrum of A.
Let Q) = [a,b]"", Qs = [¢,d]" and kg, k, ko are continuous functions on € x Oy, Q2 x
0o, Q0 x Q3 respectively, kg is real function, ki (z,s,y) = ki(s, z,y), ko (z, t,y) = ko, y, t).
We define the linear self-adjoint bounded operator H in the Hilbert space Ly(£2; x €3) by
rule

H=T,— (T +T»). (2)
We set

T="T +T1Ts.
For the essential spectrum of the operators H and 7" the equalities
Oess(T) = o(T1) U a(Ty),

Oess(H) = o(Ty — T1) Uo(Ty — T») (3)
are held (see [22],[10]).

Let ki(z,s,y) = a = const > 0, ky(x,t,y) = B = const > 0 in the model (2). Then
at the &, (H) = 0 the Efimov’s effect (the existence infinite numbers of eigenvalues below
the lower boundary &, (H) of the essential spectrum) in the model (2) was demonstrated
by S. Albeverio, S.N.Lakaev, Z.I. Muminov [11] and Rasulov T.Kh. [12].

We study the existence Efimov’s effect in the model (2) in the case Enn(H) #
0. Consider this problem for the function k¢(z,y) of the form ko(x,y) = u(x)u(y) and
ko(z,y) = u(z) + u(y).

Let u(x) and v(y) be a continuous nonnegative function on €y and €., respectively
and suppose ki(x,s,y) = ki(x,s), ka(z,t,y) = ko(y,t). We define the self-adjoint compact
integral operators @ : Lo(21) — Lo(€) and Q2 : Lao(€Qs) — Lo(Qy) by the following
equalities
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Qup(r) = / (. 8)p(s)ds, Quily) = / oy, D) (8)dt

Qo
and suppose that Q1 > 6, Qs > 0.
We define by V; and V; multiplication on the space Lo(£2;) and Ly(£2) are acting by
the following formulas

Vig(x) = u(z)p(x), Vayb(y) = v(y)y(y).
We consider the operators Hy, k = 1,2 in the Friedrichs model:

Hy =V —Q, (4)

Hy =V5— Q. (5)
3. Eifimov’'s eiiect for PIO

Let u(z) >0, z € Qi,v(y) >0, y €N and u 1({0}) #0, v 1({0}) # 0.

Theorem 3.1. Let ky(z,y) = u(z) + v(y), u(x) >0, v(y) > 0 and Q; >0, Qs > 6.

(a) the o.ss(H) = o(H,) iff the o4s.(H) = 0;

(b) if Udisc(H) 7A Q), then O-disc(H1> ?é @ and O'dz'sc(Hg) 7é @,'

(C) if Jdisc(H> 7é @, then gmin<H) = mf{)\ A E Udisc(Hl) U Udisc(HQ)};

(d) Efimov’s effect exists in the model (2) iff Efimov’s effect exists in Friedrich’s
model (4) and c4s.(Hs) # 0 or Efimov’s effect exists in Friedrich’s model (5) and o 4;s.(H1) #

Proof. We define the operator W = H; ® E+ E ® Hj on the space Ly(21) ® La(s).
For the spectrum of the operator W we have [18]

o(W) =o(Hy) + o(Hs).

But, the operators W and H is unitary equivalent (see [10]), i.e. W = H. Consequently,
that

o(H) =0(Hy)+ o(Hs). (6)
Also, if we define the operators A; and Ay by

Al=HiQE+E®V, A,=ViQFE+FEQ®H,
we see A; 2Ty — Ty, Ay 2Ty —T,. Thus we have
o(Ty —Ty) = o(Hy) + a(Va),
O'(TO — TQ) = 0'(‘/1) + O'(HQ).
Then, by the equality (6) for the essential spectrum of the operator H we obtain

Oess(H) = (0(H1) + 0(V2)) U (0(V1) + o(H2)). (7)
On the other hand
Uess(Hk) = 0(‘/16)7 k= 172 (8)
Now, from the equalities (6), (7) and (8) it follows proof of theorem 1. [

Corollary 3.1. Let be ko(z,y) = u(x) +v(y) and ki(z,s,y) = ki(x,s), ka(x,t,y) =
k2(y7 t)
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a) for the existence of Efimov’s effect in model (2) it is necessary, that dim(Ran(Q,)) =
oo or dim(Ran(Qs)) = oo;

b) if dim(Ran(Q)) < oo and dim(Ran(Q2)) < oo, then Efimov’s effect is absent in
model (2).

Suppose, that ko(z,y) > 0,0 € Ran(ky) and T}, > 6,k = 1,2. Let Ny(H) be the
number of all eigenvalues (with account multiplicity) below the lower boundary of the
essential spectrum in model (2), i.e.

No(H) = > np(N),

Aeadisc(H)a >‘<gmin(H)

where ngy(\) — the multiplicity of the eigenvalue A\ of the operator H and N(T) is the
number of all eigenvalues(with account multiplicity) of the discrete spectrum of operator
T, ie.

Theorem 3.2. Let the relation
TO 2 (gmln(H> + SrnaX(T)) B
is hold, where E - identical operator. Then

No(H) < N(T).

Proof. We have
Jess(gmax(T) B — T) = {f . f = gmax(T) - )\7 A€ Uess(T>}~
Then
Oess(Emax(T) - E—T) C [0, 00)
and
0 € Oess(Emax(T) = T), N(Emax(T) - E—T)= N(T).
Hence it follows
gmin(T) - gmin(gmax(T) B — T) =0.
Let the inequality

TO Z (gmln(H) + gmaX(T)) : E
hold. Consequently, we obtain

Emax(T) - E—T < H — Ein(H) - E
Then by lemma 2.1 [23] we have
Nk(gmax(T> B — T) S Mk(H - gmln(H) ’ E), k € {17 27 ) N<T) + 1} (10)
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where {u(A)} - the set of all eigenvalues of operator A below the lower boundary of the
essential spectrum, which was constructed by the mini-max principle. By theorem 2.1 [23]
we have

N ) +1(Emax(T) - E—T) = 0.
Therefore, from inequality (10)
,uN(T)+k(H - gmin(H) : E) = 0, ke NU {O},

i.e. the number of negative eigenvalues of operator H — &,;n(H) - E taking into account
multiplicity, is no more than N(7"). Consequently, the number of eigenvalues of the operator
H below the lower boundary &, (H) of the essential spectrum, also will be no more than
N(T), i.e.

No(H) < N(T). 0
Corollary 3.2. Let be N(T') < oo. If

gmin(H) + 5maX(T) S 07
then Efimov’s effect is absent in model (2).

Let u(x) and v(y) be nonnegative continuous functions on €2; and €2, respectively.
Suppose, that u='({0}) = {z™"},v=1({0}) = {y™"}.

Theorem 3.3. Let be ko(z,y) = u(z)v(y). Then

(a) the equality Enin(H) = — max{||@Q1]], ||@=2||} holds;

(b) if dim(Ran(Q1)) < oo and dim(Ran(Q2)) < oo, then Efimov’s effect is absent in
model (2).

Proof. (a) We define the family {W;(a)}aecq, of self-adjoint operators in Fredrich’s
model on the space Ly(€2) :

Wi(a)e(z) = u(@)v(z)p(z) — Qre(z).
We set

o1 ={\ € (—00,0): for some ay € Qy the number
A is eigenvalue of the operator Wi(ap)}.
Then by the theorem 6 from [24] we have

O'(TO - Tl) =0y U a1,
where og = o(T}). However,

(To =T f, f) = =(Inf, f) = =|@Q1ll, [ € La( x o),

because ||T1]] = [|Q1]|. Conversely, Wi(ymin) = —Q1, i.e. the number —||@Q,] is eigen-
value of the operator Wj(ymin). Consequently, —||@Q:|| € o1, i.e. —|Qi] € o(To — T1).
Then we have Eyin(To — T1) = ||Q1]]. Analogously, for the operator Tj, — T we obtain, that
Emin(To — Ty) = —||Q2]|. Finally, from (3) follows, that pnin(H) = — max{||Q1]|, |Q=||}

(b) By statement (a) of theorem 3.3 we have &uin(H) = — max{||Q1]|, ||Q2]|}. How-
ever, Emax(T) = max{||Q1], ||Q2]|} (see [25]) Consequently, the condition of theorem 2 is
satisfied. Still, by theorem 3.1 from [25] (also see [18]) we have
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N(T) = Z ng, (p) - nq,(q),

p+‘1¢0'ess (T)1
PETGisc(Q1),
q€0disc(Q2)

where o.s5(T) = 0(Q1) U 0(Q2). Then, from the inequality dim(Ran(Q,)) < oo and
dim(Ran(Q2)) < oo, we obtain N(T') < oo. Consequently, by theorem 3.2 Efimov’s ef-
fect is absint in model (2). O

Remark 3.1. The author’s previous work [14] showed the existence of Efimov’s
effect in the case dim(Ran(Q1)) = 1 and dim(Ran(Q2)) = oo in the model (2) for the
gmin(H) 7é 0.

4. The examples

Example 4.1. On Q = [0,1]", we consider the functions
u(z) =™ - o1, v(y) =0

where o, > 0,5; > 0,k,5 € {1,..,v}.

In the space Ly(Q?), we define the operators

ﬁl . /Bu

Y,

Tof(z,y) = (u(z) +v(y))f(z,y),
Tof(x.y) = / exp(lz — s[) (s, y)ds,

Q

Tyf(z,y) = / exp(ly — ) (. t)dt,

where

lz] = Va2 + ..+ 2,2
Ifay+...4a, >2vand B + ... + 5, > 2v, then Efimov’s effect exist for operator
(2).
We define subsets A,,(n € N) and B, (n € N) by the following way

1
A, ={teQ: 0<t;<—, i=1,..,v}, neN,
n

1
B,={teQ: 0<t;<——, i=1,..,v} nelN
n+1

We have B, C A,,, n € N. We set
G, =A\B,, neN.

Then G, NG,, =0 at n #m and G,, C O1(0) N2, where O,(0) - the open ball with radius
r in center § € R”(0 — the zero element of the space R”). For the Lebesque measure u(G,,)
of the set GG,, we obtain

1 1 1 1 1 1

w(Gy) = uw(Ay,) — u(By,) = e m > o o+ 1 - nv(n¥ + 1) > 2n2v
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for all n € N, n > 2. On the other hand
1 al+ ... toy
sup u(t) = (—) , neN.
teGn n

Consequently, if oy + ... + a, > 2v, then the following inequality
sup u(t) < ,u(Gn)t Hel(f} ki(t,u), ne N\{1}.

teGn

holds, i.e. the condition of theorem 4.1 from [26] is satisfied. So, by theorem 4.1 operator
H, = V) — @ has an infinite number of negative eigenvalues.

Analogously, we show that, at the 5 + ... + (8, > 2v the operator Hy = V5 — @@
has infinite number of negative eigenvalues.

Therefore, by the theorem 3.1 £, (H) # 0 and Efimov’s effect exists for the PIO H.

Remark 4.1. The statement of theorem 4.1 from [26] holds for the set Q = [0, 1]¥
for arbitrary v € N. In work [26] proof was given for the simple case v = 1. The proof of
theorem 4.1 [26] for the case v > 2 is analogous to the case v = 1.

Example 4.2. We consider the sequence po =0, p1 =1/2, p, =pn1+1/2" n €
N. We set

where ug(z) = > 9,70 (2),
neN
( P — X

3 lf T e [pImQH-‘rl]a
Px — dr+1

re(z) = Prt1 — T
Prt1 — 4r+1

L 0, il = ¢ [pe, Prsti)s

) il € [qn+17pﬁ+1]a

In the space L»[0, 1], we consider the sequence of orthonormal functions

on(y) = 20" 2gin g, (y), n €N,
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where
7T .
p_—pl(y — Pa-1); il Y € [pe—1,pal,
Eely) =4 7 7
0, il y & [pa_1,pxl-
We define the kernel
2 n
() =3 (3) atident®) (1)

neN
Series (11) converges uniformly in the square [0,1]2. Hence, the integral operator
()2, defined by its kernel ko(y,t), is self-adjoint and positive in L,[0,1]. It is clear, that
dim(Ran(Q1)) = 1 and dim(Ran(Q)s)) = oc.
In the space Lo([0,1]?), we consider the model

H = H() — (’}/Tl +T2), Y Z % (12)
where
Tof(z,.y) = u(z)uly) f(z,y),
T1 $ y / f S y
T f(z,y) —/0 ka(y, ) f(x, t)dt.
Then

Smin(H) = gmin(HO - (7T1 + TQ))
and there exists Efimov’s effect for operator (12) below the lower boundary Ein(H) = —v
of the essential spectrum [14].
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