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ABSTRACT In this work, we investigate the effect of quantum coupling between radio fields in a single-atom
maser with two spatially separated resonators. Each atom in a beam, depending on its state, can emit one
photon into the first resonator and absorb another from the second, thereby entangling the quantum states of
two independent modes. Resulting from entanglement, we obtain a coherence between states of two-mode
field with the same total number of photons in the both modes. To study the arising coupling, an analytical
solution of the stationary master equation is found under conditions of a trapped field state and the dependence
of the von Neumann entanglement entropy on the quality factor of the resonators. Numerical analysis reveals
that the best conditions for the appearance of quantum coupling are the low quality factor of the first resonator
and the high quality factor of the second one.
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1. Introduction

A single-atom maser is widely accepted as one of the most efficient tools for observing the quantum effects of
the atom-field interaction [1,2]. An example of its application is the verification of the Jaynes-Cummings model [3].
Multiple publications containing a lot of experimental and theoretical work have also been published [4-14]. The most
important research on the development of a single-atom masers was carried out by G. Walter at the end of the previous
century. Thereby, the quantum properties of a single-atom masers with one resonator has already been described [15, 16].
Despite its success, the technical implementation of such a quantum single-atom maser circuit has proven to be a rather
difficult and complex task. Therefore, further research continued only after the appearance of alternative schemes of
controlled interaction between selected mode and atom. More recent research, most notably, includes the observation
and prediction of new effects using a nanomaser on an ultra-fast driving LC circuit [17-20] as well as experiments on
the study of interaction effects between single atoms and a series of coupled resonators [21-23]. Furthermore, active
development is underway in the theory of single-atom masers [24]. However, in fact, we have not found any work on the
formation of quantum connection between several independent modes using a common pumping system in a single-atom
maser. Therefore, in this work, we build the initial theoretical foundation for this phenomenon with the ultimate goal of
obtaining new physical results in subsequent studies.

Our article describes the initial theory of a single-atom masers that contains two resonators located in the path of
the atomic beam, as shown in Fig. 1. With the use of focused pumping light, beam atoms are excited into a mixed
populational state of lower and upper levels. Then the prepared atoms fly through a pair of resonators. The atomic beam
is considered to be quite sparse, so that only one atom can possibly be located inside a pair of resonators at the same
moment of time. During the propagation through each resonator, the atom periodically moves from one level to another,
either emitting a photon into the mode or absorbing it. After the atom leaves the second resonator, the quantum state of
the atom is destroyed due to the interaction with the environment. The atomic field wave function experiences collapse:
the two-mode field will turn into a statistical ensemble of those states that correspond to the atom that was flew out at the
lower or upper level. The process repeats for each atom in the beam.

Based on the described physical model, we propose a theoretical description for the formation of quantum coupling
between the modes of spatially separated resonators. This coupling is explained by the preservation of the quantum state
of the atom during its flight between the first and second resonators. During the interaction, the information about the field
of the first resonator is recorded into a superposition of quantum states and then transferred to the second resonator by
the atom. The information transfer process looks like this: an atom absorbs a photon from the first resonator and emits it
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FIG. 1. The scheme of a single-atom maser with double resonator. Red and white spheres are atoms emitted from
the source of the atomic beam. There is a scheme of atomic levels on right.

into the second, or vice versa; as a result, coherence is formed between field states with the same total number of photons
in both modes. Strictly speaking, our task is to find an analytical form of the stationary state field modes under atomic
pumping. The analysis of coupling between two cavities containing bosons is important in many theoretical and applied
problems, so this observation may be useful in other studies [25-28].

2. Evolution of two-mode field

To model a single-atom maser with two resonators, we use the density matrix pr, which describes the state of two
coupled field modes. Each mode belongs to its own resonator. The first resonator, an atom flies through which, will be
denoted as a, and the second as b:

prt) = Y Fmlpw Imon) (wv|,  mn,pv € No; (1)
MmN [,V
Im,n) = |m), @ |n),, (v = (ul, ® V], . (2)

Here |k),, is the Fock-state of the resonator mode o with occupation number &, and F,,, ,,|,,,,, are elements of a field
density matrix.

In our case, the beam atoms inside the resonator can be in two orthogonal energy states: lower |d) with energy Eg,
and upper |u) with energy E,,. These two states collectively constitute a two-dimensional subspace Cs, within which all
atomic transformations are described by the algebra of the following operators:

0. = [u)ul —ld)d], oy =lu)ld, o =][d)ul. )

When an atom in the beam propagates through one of the resonators with index o € a, b, then in accordance with the
Jaynes-Cummings model, the evolution of such an atomic field system is described using the von Neumann equations in
the rotating wave approximation [29]:

d )
ZI:F =1 [VompAF] ) (4)
Wa Eu - Ed
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where V,, is the interaction operator; density matrix p4p is represented in the basis of atomic-field’s states; ot and o
are the operators of photon creation and annihilation inside the cavity mode «; w, is the frequency of the mode of the
resonator «; real coefficient g, characterizes the coupling between the mode and the passing atom.

The solution of equation (3) can be written using the operator exponent, since the interaction operators V,, corre-
sponding to different moments of time commute:

PAF(t,> _ e—iVa(t’—t)pAF<t)eiVa(t/—t)_ (6)
Thus, evolution of the atom-field density matrix when an atom passes through a pair of resonators can be written as
Pap = UpGpUt, U = 7T iV, )

where p(f]), is the atom-field density matrix at the moment the atom enter the resonator «v; p’y  is the density matrix at

the moment the atom leaves the resonator b; T, is the time of propagation of an atom through the resonator «.. Before the
interaction begins, the atom of beam and the field are independent, so we can write:

Pf}r = pa ® pr(0), @®)
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where p 4 is the mixed state of the atom after pumping, and pr(0) is the state of the field before the start of interaction
with the atom.

For simplicity, we will assume that the frequency of the atomic transition coincides with the frequencies of the modes
of both resonators: hw, = hw, = E, — E4. Then the evolution operator U in equation (6) can be represented in the
following form:

U= Uplffil,  fiecdu ©)
fri
Ujg = Cq ® Cp — S, ®Sllp Uiwuw = C¢/z ®Cll) — Sz/z ® Sb, (10)
Uiu = =i (S, @Ch+CL5),  Uua=—i(Sa®Ch+Ca®Sy). (11)

The second term in equations (9) corresponds to the re-emission of a photon from one resonator to another through
the passing atom. Operators Cy, C,,, S,, and S, act in the subspace of mode states resonator ««. Using the notation
07 = gaTu Vk, one can present their explicit forms:

Cq |k), = cosO; |k), . Sa k), =sinbp |k —1),, (12)
Cl |k), = cosOp 1 |k), Sl |k), =sinbp, |k+1),. (13)

We consider the case when the time of propagation of an atom through the resonators is short enough to neglect the
relaxation processes for both the atom and the field. The relaxation and its effects will be taken into account later in the
master equation, which describes the dynamics of the field over a long time interval, during which much more than one
atom passes through the resonators.

3. Master equation

The dynamics of the micromaser field over a long time interval is described by the master equation [2,9, 17]. We
modify it for the case of a two-mode resonator, leaving the structure of the equation unchanged. That is, the first term on
the right-hand side describes the transformation of the field due to interaction with the atoms of the beam, and the second
term describes the decay of field modes:

d a
% =7 (<U (pF @ pa) UT}at - PF) - azzab % (aTapF — QapFaT + pFaTa) , (14)
pa = &a|d)Xd| + &u [u)ul. (15)

The quantity Z characterizes the intensity of the atomic beam, and the constants ~,, are equal to the inverse lifetimes
of a photon inside the resonator a. Averaging over atomic states in the first term occurs due to collapse of the atomic
wave function after it leaves the second resonator. Thus, coupling with the field is destroyed.

It can be shown that in the master equation (14) there are no terms inducing the excitation of phase coherence between
field states with different total numbers of photons in both modes. Physically, this can be explained by the fact that the
emission or absorption of one photon while preserving the field phase occurs only with a change of atomic energy.
In essence, coherence can arise only for a pair of atomic-field states in which the atom populates different levels, and
corresponding terms in the master equation (14) are neglected during the trace over atomic variables. As a result, the field
of a single-cavity single-atom maser in a stationary state is always an incoherent mixture of the Fock field states with a
certain number of photons.

In the case of two resonators, the field is not a mix of the Fock states, since an atom can absorb a photon from the first
resonator and emit it into the second, or vice versa. The atom enters and leaves the pair of resonators in the same state.
Consequently, such a photon exchange process will induce the coherence between field states with the same total number
of photons in the system. Formally, this will lead to non-zero off-diagonal elements of the density matrix F.,, x—m|, k—pu>
where k is the total number of photons in a pair of resonators.

The above reasoning allows us to split the field density matrix into non-zero blocks that describe excited field modes
with a certain total number of photons k:

PF=poDp1Dp2D .., (16)
k

Pk = Z }—m,k’—mm,k—,u |m, k — m> <p’ﬂ k — /L| . (17)

m,u=0
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In new notation, master equation (14) takes the form of a linear dynamic system for matrices pg:

1 dpg Lo
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where for any  linear maps £ act from the Hermitian matrix space py, to the Hermitian matrix space py1; £° acts inside
the Hermitian matrix space py; £ acts from the Hermitian matrix space py, to the Hermitian matrix space pi_1.

We are interested in the case of stationary dynamics, in which the process of photons leaving the cavity is completely
compensated by atomic pumping. However, the search for a stationary solution of equation (18) through the recurrence
relation leads to the increasing number of unknown variables due to rank of matrices pg. This problem can be solved for
trapped states.

At a certain moment in time, while atoms propagate through the resonator, the number of photons reaches a maximum
value and stops increasing. This effect occurs due to the integer value of the Rabi oscillations. That is, the atom has time
to emit a photon into the mode and immediately absorb it while propagating through the resonator. In the case of two
micromaser resonators, the condition for appearance of such trapped states must be written for each resonator « separately;
it is expressed through solution (6):

JoTa/ Ny +1 =7k, ko €N, (22)

where N, is the maximum number of photons in the resonator «, after which the atoms in the upper level stop emitting a
photon into the mode; &, is the number of integer Rabi oscillations.

If condition (22) is satisfied for both resonators, then the number of photons % in a pair of resonators does not exceed
the maximum value N, + N,. The matrix p; rank in the case of trapping is determined by the number of all states
|m, k —m) in which the sum of photons is equal to k and the occupation number of each mode does not exceed the
maximum value N:

rank[pr] = min(Ny, k) +1 — k. (23)

The number of non-zero matrices p; becomes finite and equal to N = N, + N + 1, and the first and last matrices have
rank 1. The constraint of the sequence py, allows us to solve the stationary master equation through the recurrence relation:

dpr

= L1+ Lpy + LYpi1 = 0, (24)

Pk =71k + Appri—1, Po = To, (25)

Ap = —(L°4+ LY A1) 1LY, An =0, (26)

ri = —(L 4 LY Apir) T Ly, TN = PN 27)

where py = Fn, n,|N.,N, 18 firstly equal to unity and then calculated using renormalization pp.
In the next chapter, solution (25) of the stationary governing equation (24) is used to observe the entanglement
between modes for different single-atom maser parameters.

4. Entanglement of resonator modes

By varying the parameters v, V5, s Na, Ka» Nb, kb, it is possible to distinguish four stationary regimes of a single-
atom maser, which allow one to observe its main qualitative properties:

(1) Both resonators are high-Q, and the beam consists of atoms at the upper level only;

(2) Both resonators are high-Q, and the beam consists of atoms at the upper and lower levels;

(3) The first resonator is high-Q, the second is low-Q, and the beam consists mainly of atoms at the upper level;
(4) The first resonator is low-Q, the second is high-Q, and the beam consists mainly of atoms at the upper level.

Let us assume that each mode can be excited only up to the one-photon state N, = N, = 1. In this case, the density
matrix contains three elements: pg[l X 1], p1[2 x 2] and pa[1 X 1]. Besides, let k, = k; = 1, that is, the atom has time to
emit and absorb a photon in each mode only once. Explicit form of the density matrices are follow:

Forjo1 Foijo
Po = ( ]:00‘00 ) ) P1 = ) P2 = ( .7:11‘11 ) . (28)
Fiojor  Fiojo
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FIG. 2. Population diagram of the field density matrix. The gray bars show the value of the diagonal elements
Frm,n|uv the numbers under the bars indicate the regime from the list. The black bars show the coherence param-
eters. The parameters for which a stationary solution was evaluated are given in the table above the graph.

TABLE 1. The parameters of four regimes for which a stationary solution (25) was evaluated

regime gd gu Ya Yo
1)) 0 1 1073 1073
) 0.5 0.5 1073 1073
3) 0.2 0.8 1073 1
4) 0.2 0.8 1 1073

Figure 2 shows the results from which we can make a conclusion about the conditions for the emergence of a coher-
ence between the states |0, 1) and |1, 0) in the matrix p;. No other cases are generated in the system, since the rank of the
matrices pg and po is equal to one. To estimate the coherence, we consider the product CP:

_ e A

C=—"—, 29
A2+ M 29

where \; and ), are the eigenvalues of the matrix p; .

B |F0,110,1 — F1,0/1,0]

P=1 .
Fo,110,1 + F1,01,0

(30)

The parameter C tends toward unity if po can be represented as the pure state density matrix, while the parameter P
characterizes the degree of mutual excitation of both modes of a maser and tends to zero if only single of the states |0, 1)
and |1, 0) is populated.

Let us focus to main results. Firstly, in the second regime, the coherence is approximately zero (black bars in the
Fig. 2), despite the high quality of the resonators. We explain this effect by the fact that coherence is formed by atoms
at the lower level and atoms at the upper level with the opposite phases. If all states of the field are populated equally, as
in this regime, then the total contribution to coherence turns out to be practically empty. If the beam consists of atoms
only at the upper level, as in the first regime, then coherence between the states |0, 1) and |1, 0) arises, but these states are
practically unpopulated compared to the state |1, 1). Secondly, in the fourth regime, the coherence is significant increased
(black bars), and the levels |0, 1) and |1, 0) are populated equally (gray bars). It is worth noting that the condition for the
coherence occurrence is the low quality factor of the first resonator into which the atom flies, while the lifetime of photons
in the second resonator should be long. We explain this by the fact that the atoms at the upper level compensate for the
decay process of the field in the first resonator, emit photons into it, and enter the second resonator already in a state of
superposition of two levels.

In addition to observing coherence within a subspace of states with the same number of photons, we looked for
conditions under which two field modes approach to the maximum entanglement. To estimate this one, we used the
entanglement entropy [29] and denoted it by S. Micromaser generates a mix of the field quantum states, therefore we
should calculate entropy for each one and then sum it using the probabilities. Moreover, since the density matrix is a
direct sum (16), the entropy can be calculated for each of the terms p;, independently.

Not+ N, [rankipr rank|py]

]
S= Z Z Pk,iSkj | 5 Sk,j = — Z Akjig I Ak g5 (31
=1

k=0 q=1
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FIG. 3. The dependence of the parameter S defined by equation (30) of the maser’s double-mode field on the
quality factor of the resonators. The calculation was made with the following values: &, = 1,£4 = 0, kq = ky = 3,
Ng = N = 1. The figure contains the density matrix when the maximum entanglement S ~ 0.4 is reached.

where Sy, ; is the bipartite von Neumann entropy for j-th quantum state | ¥y, ;) in the mix described by the density matrix
Pk, symbol \j ; , denotes the g-th eigenvalue of the matrix p;gj.

rank[pk]
pR= Y Priphys  Prg =Pk Thyl, (32)
j=1
prs =D (ml, prj Im), - (33)

m

Figure 3 shows a graph of the entanglement enthropy dependence on the relaxation constants of the resonators. When
plotting the graph (as in the study of coherence), the case of trapped states with N, = N, = 1 is considered, the beam
atoms are at the upper level, and the number of Rabi oscillations is set to new: k, = k; = 3. With these parameters,
entanglement appears especially clearly.

Note that entanglement occurs when the quality factor of the first resonator is much less than the quality factor of the
second resonator. The peak of entanglement at a certain value of the field relaxation rate in the first resonator v, seems
to be curious, as it might show that there is a certain balance between the pumping and relaxation processes, in which the
modes interact with the beam atoms as a single quantum system.

5. Conclusion

In this work, we have proposed the fundamental theory of a single-atom maser with two resonators, the field of which
is pumped by a sparse atomic beam. In the case of trapped field states, a simple form of recurrence relation for the
stationary solution of the master equation of the single-atom maser is obtained. The properties of the stationary solution
indicate the existence of coherence between the states of a pair of modes with the same total number of photons. This
effect was absent in a single-cavity single-atom maser, in which the stationary field is represented as an incoherent mixture
of the Fock field states. The predicted coherence in our case leads to the possibility of generating entangled states, which
was demonstrated by evaluating the entanglement enthropy. In this work, we consider only one special case of trapped
states of a pair of resonators, which is the simplest for qualitative research of the properties of the proposed quantum
system. Other trapped states may exhibit quantum properties that were not discovered in this work, which opens the
prospect for further research.
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