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The paper deals with the problem of quantum particle storage in a nanolayered structures. The system of a few
electrons interacting via a δ-potential is considered. The particles are placed into a two-dimensional deformed
waveguide. From a mathematical point of view, the bound state of the system means that the corresponding
Hamiltonian will have eigenvalues. To treat a multi-particle problem, the Hartree-Fock approach and the
finite element method are used. Three different types of the perturbation are considered: deformation of the
layer boundary, a small window in a wall between two layers and a bent layer. The systems of 2–10 particles
with various total spins are studied. The dependence of the minimal deformation parameter, which keeps
bound state on the number of particles, is given. Comparison of the storage efficiencies in those cases is
made.
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1. Introduction

The problem of the existence of the bound states of quantum particles is very
important in physics. Its usefulness is demonstrated by the particle storage problem. It is
known that a particle can be stored in curved nanolayers. In the terms of math it means the
existence of the discrete spectrum of the corresponding Hamiltonian. The single particle
system in an undeformed nanolayer has an empty discrete spectrum. But deformation of the
layer causes the appearance of an eigenvalue (see, e.g., [1–7]). Increasing the curvature
leads to increasing eigenvalue numbers. In many applications it’s necessary to store more
than one particle and, consequently, to deal with the multi-particle problem [8, 9]. As an
example of such an application, the storage of hydrogen in nanolayed structures can be
given. This can be used to produce an effective and safe fuel container. In this work, the
equations for multi-particle problem are simplified by the Hartree-Fock approach and the
eigenvalue problem is solved numerically by the finite element method.

2. Theory background

Consider a number of interacting electrons placed into a nanolayer or a waveguide.
Neglecting the spin-orbit interaction, one gets the following form for the Hamiltonian of
the multi-particle system:
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where m is particle’s mass, Uk is the external field potential, Vjk is potential of the particles’
interaction. Solving the multi-particle problem is a Herculean task, so one needs to simplify
the equation (1). Application of the Hartree method for two particle problem was described
in [10]. In this case, the wavefunction of the system is sought in the form

ψ(x1, x2, . . . , xn) = ψ1(x1)ψ2(x2) . . . ψn(xn), (2)

where ψi is the single particle function, xi represents the set of four coordinates: three
spatial ones and a spin one. Substituting (2) into (1) and using the variational principle,
one can obtain Hartree equations (see [11]):Ĥk +

∑
j

j 6=k

∫
ψ∗j (xj)Ĥjkψj(xj) dxj

ψk(xk) = Ekψk(xk) (k = 1, n). (3)

The Hartree method is easy to implement but this approach has one significant disadvan-
tage; the electronic wavefunction must satisfy the antisymmetry principle, i.e. it must be
antisymmetric with respect to the interchange of all (space and spin) coordinates of one
fermion with those of another. That is,

ψ(x1, x2, . . . , xi, . . . , xj, . . . , xn) = −ψ(x1, x2, . . . , xj, . . . , xi, . . . , xn). (4)

This drawback was avoided by Fock. The idea of the Hartree-Fock method is to replace the
wavefunction representation (2) by the Slater determinant:

ψ(x1, x2, . . . , xn) =
1√
N !

∣∣∣∣∣∣∣∣
ψ1(x1) ψ2(x1) . . . ψn(x1)
ψ1(x2) ψ2(x2) . . . ψn(x2)
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
ψ1(xn) ψ2(xn) . . . ψn(xn)

∣∣∣∣∣∣∣∣ . (5)

Again, engaging the variational principle, one can obtain (see [11]) the Hartree-Fock
equations:Ĥk +

∑
j

j 6=k

∫
ψ∗j (xj)Ĥjkψj(xj) dxj

ψk(xk)−
∑
j

j 6=k

[∫
ψ∗j (xj)Ĥjkψk(xj) dxj

]
ψj(xk) =

= Ekψk(xk) (k = 1, n). (6)

To find the discrete spectrum, of the system one has to remember that all eigenval-
ues E1, . . . , En must be less than the threshold (the bottom of the continuous spectrum,
Ebot = π2h̄2/(2mL2), where L is the waveguide width at infinity).

3. Numerical model

For the numerical model, we assume zero external field potential Uk and δ-potential
of particles interaction:

Vjk = U0δ(rj − rk), (7)

where U0 is a constant which describes the intensity of the interaction, rj and rk are spatial
coordinates of the particles. We assume every electron has predefined spin s = 1/2 or
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s = −1/2. Applying those assumptions, one rewrites the Hartree-Fock equations (6) in
simpler form:− h̄2

2m
∇2

k +
∑
j

j 6=k

U0 |ψj(rk)|2

ψk(rk)−
∑
j

j 6=k

U0δsj ,sk |ψj(rk)|2 ψk(rk) = Ekψk(rk) (k = 1, n)

or − h̄2

2m
∇2

k +
∑
j

j 6=k

U0(1− δsj ,sk) |ψj(rk)|2

ψk(rk) = Ekψk(rk) (k = 1, n), (8)

where sj, sk are spin values of the corresponding electrons. All problems are solved in 2D.
Three types of geometries are studied: i) a waveguide with deformed boundary (fig. 1);
ii) two layers coupled through window (fig. 2); iii) a bent waveguide (fig. 3). Dirichlet
conditions are valid at the waveguide boundaries and Neumann conditions are assumed
at the ends of the waveguide. For the first configuration, the deformation is described
by an analytical function. Its parameter is H/L (deformation width b is constant). The
parameter of the second configuration is a/L. And for the last one is L/R (the length of
the curved arc is constant). In all cases, larger geometry parameter values correspond to
larger deformations of the waveguide. To find the numerical solution of (8), the FEM is

FIG. 1. Deformed waveguide FIG. 2. Window-coupled waveguides

FIG. 3. Bent waveguide

used. The package FreeFEM++ is engaged. The algorithm of the solution is the same as
in [10]. First, assume all functions ψk to be zero as the first approximation. Then solve the
first equation for ψ1. After that, insert it into the second equation and solve it with respect
to ψ2. The procedure is repeated until the difference between two last approximations
becomes small enough.

4. Results

A number of computations for systems with different number of particles and various
total spin values were made. While the interaction intensity was constant, the critical
value of the geometry parameter was sought. The critical value is the minimal value of
the parameter which maintains the bound state of the system. The results are shown at
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the figures below. As expected, more particles and bigger total spins lead to increasing
deformation which is needed to store the particles. This means that it is more difficult to
store these particles. But, one sees an interesting effect which is valid for all geometries. It
was shown that to store an even number of particles with zero total spin, the deformation
may be the same or even less than that for a system of one less particle. Comparison of
the dependencies slopes in figures 4–6 shows the efficiency of the window-coupled type
deformation. In contrast, the bent waveguide is the least efficient.

FIG. 4. Deformed waveguide: critical value of the geometry parameter

FIG. 5. Window-coupled waveguides: critical value of the geometry parameter
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FIG. 6. Bent waveguide: critical value of the geometry parameter

Acknowledgments

Supported by Federal Targeted Program “Scientific and Educational Human Re-
sources for Innovation-Driven Russia” (contracts P689 NK-526P, 14.740.11.0879, and
16.740.11.0030), grant 11-08-00267 of Russian Foundation for Basic Researches and by
Federal Targeted Program “Researches and Development in the Priority Directions Devel-
opments of a Scientific and Technological Complex of Russia 2007-2013” (state contract
07.514.11.4146) and grants of the President of Russia.

References

[1] P. Duclos, P. Exner, P. Stovichek. Curvature induced resonances in a two-dimensional Dirichlet tube.
Annales de l’I.H.P. Section A. 62 (1), p. 81–101 (1995).

[2] P. Duclos, P. Exner, D. Krejcirik. Locally curved quantum layers Ukrainian J. Phys., 45, P. 595–601
(2000).

[3] P. Exner, S.A. Vugalter. Bounds states in a locally deformed waveguide: the critical case. Lett. Math.
Phys., 39, P. 59–68 (1997).

[4] P. Exner, S.A. Vugalter. Asymptotic estimates for bound states in quantum waveguides coupled laterally
through a narrow window. Ann. Inst. H. Poincare, 65, P. 109–123 (1996).

[5] P. Exner, P. Seba, M.Tater, D. Vanek. Bound states and scattering in quantum waveguides coupled
laterally through a boundary window. J. Math. Phys., 37, P. 4867–4887 (1996).

[6] I.Yu. Popov. Asymptotics of bound state for laterally coupled waveguides. Rep. on Math. Phys., 43 (3),
P. 427–437 (1999).

[7] I.Yu. Popov. Asymptotics of resonances and bound states for laterally coupled curved quantum waveg-
uides. Phys. Lett. A, 269, P. 148–153 (2000).

[8] H. Linde. Geometrically induced two-particle binding in a waveguide. J. Phys. A: Math. Gen., 39,
P. 5105 (2006).

[9] P. Exner, S.A. Vugalter. On the number of particles that a curved quantum waveguide can bind. J.
Math. Phys., 40, P. 4630–4638 (1999).

[10] S.I. Popov, M.I. Gavrilov, I.Yu. Popov. Two interacting particles in deformed nanolayer: discrete spec-
trum and particle storage. Phys. Scr., 3 (6), P. 17–23 (2012).

[11] A. Messiah. Quantum mechanics. V. 2. Moscow.: Nauka, 1979, 583 p.


