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We consider Green’s function for layered system. We express it in terms of the well-known scalar s and p ones.
For a single NIM layer in vacuum and with a single dispersive Lorentz form for equal electric and magnetic
permeabilities (w) and p(w), we obtain an explicit form for Green’s function. Also we find Green’s function for
multilayered system and obtain recurrence relations for its coefficients.
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1. Introduction

Metamaterials are artificial materials engineered to have properties that may not be
found in nature. In particular, they may have negative refractive index. Such materials are
called negative index materials (NIMs). In general, a NIM system is defined by the property
that for certain frequencies w the electric permeability ¢(w) or the magnetic permeability p(w)
becomes negative. The NIM situation is the case where both at the same frequency w become
negative and are equal —1. Recently, NIMs have come under increased scrutiny (see [1], [2]).

The existence of NIMs has been debated in previous theoretical literature (see [3-8]). In
particular, the sign of the index of refraction, which involves taking a square root n = +, /e,
has been the subject of discussion. Naively it equals +1, in both vacuum and a NIM system
but this result is challenged for the NIM situation. The use of the phenomenological Maxwell’s
equations should solve possible ambiguities.

2. Model

As in [9], where the following model is fully described, the starting point is the set
of phenomenological Maxwell’s equations for the case where the permanent polarization and
magnetization are absent (g9 = g = 1),

oD (z,t) =0, x H(x,t), OB (x,t)=—0, x E(x,t),
Oy - D (z,t) =0, 0,-B(x,t) =0,

with the constitutive equations

(1

D (z,t) = E(x,t) + P (z,t), P (z,1) :/tdsxe(a:,t—s) - E(z,1),

to

t
H(e.t) = Blod) = M{nt), M(at)= [ dsxn(ot=s)Hot),
to
where x. (x,t) and x,, (z,t) are the electric and magnetic susceptibility tensors. We assume that
the system is dispersive, nonabsorptive and use causality and passivity conditions. Causality
requires that the susceptibilities x. (x,t) = xum (z,t) = 0 for t < tg (to = 0). Passivity means
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1
that the electromagnetic energy e, (t) = 3 / dx {E (x,t)* + H (v,t)°} cannot increase as a

function of time. We use the Fourier transform,

Fo) = [Cdteslit 50, 50 = 5 [ dzepl-int] o),

where [ is a path running from —oo to +o00 at some distance 6 > 0 parallel to the real axis,
z=w+1i0, 0 = 0 (Jz > 0). We consider the isotropic system, x(x, z) = x(z, z)U where U is
the unit matrix 3 x 3, and we are dealing with a single dispersive Lorentz contribution &(w) =
02 0?2
pw) =1— ————=. Then & = {/wg + 5 is the NIM frequency as (+w) = pu(+tw) = —1.
Maxwell’s equations (1) can be expressed in terms of Fourier transforms,

Le(z)-E(x,z) :ge(xvz)> Lm('z)f{(xvz) :gm(xv'z)a
where

Lf(z) = 2%e(x,2) + (€ -p) - @, 2) " - (€ p),
L™(2) = 2°p(x, 2) + (€ -p) - e(x,2) " - (€ p),
9°(z,2) =izE(x,0) +i(€ -p) - {pu(z,2)"" - H(z,0)},
9" (z,2) =izH(x,0) —i(€ -p) - {e(z,2)"" - E(z,0)}.
Here L°(z) and L™(z) are the electric and magnetic Helmholtz operators, € is the
Levi-Civita symbol, and p = —i0, so (€ -p) - f =10, x f. Let now
R(z) = L(2)™", R™(z)=L"(z)"
Then X
E(z,z) = R°(2) - ¢°(z,2), H(z,2) = R"(2) - g"(z,2).
Next we introduce Green’s functions
G (2, y,2) = (x[R*"|y) ,
Le™(z) - G“™(z,y, 2) = 6(x — y)U.

Then E(z,t) is given by the inverse Fourier transform of

Bz, 2) = / WyG(z,9,2) - 9(y, 7).

where ¢(y, z) is some integrable initial field configuration or an external current density.

We only consider the electric Green’s function and drop the superscript e. We also
assume that the system is layered, and layers are parallel to the X, X5-plane and there is the
translation invariance in the X; and X, directions (the three Cartesian axes are denoted by X,
X5 and X3 with corresponding unit vectors e, e; and e3). Then the permeabilities only depend
on rs,

e(z,2) =e(x3,2) = €j(2),  plx,2) = plxs, z) = p(2).
We denote x = T3, Y = Y3 and let k = (kl, kZQ, ]{33), R = (l{il, kz, 0) = R€x = k'J'Leg,
2

C2($, K, Z) = Z2‘€<I7 z),u(:v, Z) — k.
We obtain
1
Glay.2) = o= [ drexplin: (a* — y")) Gl 2)

GK(:'U7 y? Z) - GS(‘/’U’ y? Z? Ii) + Gp(x7 y? Z7 K)?
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where
Gs(z,y,2,k) = Gs(x,y, 2, K) €3 X ex€3 X €,

Gp(z,y, 2, k) = (e,{ +

%&063) (eﬁ — %;)281»63) Gy(z,y, 2, K),

s-polarization part G5 and p-polarization part GG, of Green’s function are scalar and satisfy
2
(et 2 Gl = 8o - )

3. Results
3.1. Single NIM layer

In [9] the simplest layered system, i.e., two half spaces filled with NIM and vacuum
was considered and the expressions for Green’s function were found. In our investigation we
considered the single NIM layer in a vacuum,

[ e(z), z€(a,b) B (2), =€ (a,b)
E(x’z)—{ 1, x¢(ab) ’ “(x’z)—{uL v ¢ (a,b)

with point perturbation located in a vacuum (y < a). For G, G, with frequencies z = £ we
find explicit expressions for case w > « (radiative regime) and expressions in asymptotic form
for case w < k (evanescent regime) the same way [9]. We denote

p(w) = \/

In the reflection case (x,y < a < b), the receiver located in = and the point perturbation
located in y are on the one side of the layer (see Fig. 1), and for & > &,

p(@)

2iw?

W (1 =/ (w2 —w}))” — K2

Gplz,y,+0) = £ explEip(w)|z — yl],
1
+0) = +—— exp|+ip(@)|z —
Gs(x,y, ) 2Z.p(w)e><p[ ip(w)|z —yll,

where the term responsible for reflection is absent, i.e., there is no reflection at the frequencies
+w for which e(+w) = pu(+w) = —1.

vacuum NIM vacuum

Egjy gxa b

FIG. 1. Reflection case (z > y)
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For w < k,

z—Fw

Gp(xa ya Z) ~

p((':)> exp [—p(dj)\x - yH + Q? p(dj)g (1 B 4p((;))2)
202

402k2 (2 —w) (2 4+ W)

exp[—p(@)(a —z +a—y)],

Gz, y,2) =*

g P @ = ol + 5 S A

exp[—p(@)(a— o +a—y),
where the reflection term is still present, but we encounter dampening behavior, typical for the
evanescent situation.

In the refraction case (y < a < x < b), the receiver is in the NIM layer (see Fig. 2),
and for w > k,

Gy, %) = 222 exp [ip(@)(a — 7+ 0 — )],

2iw?
~ 1 o
Golw,y, 20) = 25775 e [Fip(@)(a —w +a —y)],
for w < K,
Gp(l', Z/; Z) Z—:\:“t@
02 p(@)* (1+4p(@)?) ) 2p(&)? A
1022 (z—0) (2 + @) exp [—p(@)(z —y)] — 7 &P [—p(@)(a —x+a—1y)],
G3<.’L', Y, Z) 27\:’&@

@ p(&) (14 40()?)
4k? (z — W) (2 + )

exp [—p(w)(y — )] — 2p(w) exp [—p(@)(a —z +a —y)].

vacuum NIM vacuum

_@y a’%cb

F1G. 2. Refraction case

In the transmission case (y < a < b < x), the receiver and point field source are located
on different sides the NIM (see Fig. 3), for w > &,

Gy, .%0) = £ exp [ip(@) (a — y — 200 — ).

1
sy, W) = £—
Gs(x,y, £0) )

exp [Fip(w) (r —y — 2(b—a))],
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for w < K,
z w 2p(w 3 ~
Gy(r..2) % 2 e [ p(@) (2~ y — 20— ).

Gilw,y,2) 7 2p(@) exp [—p(@) (z — y — 2(b — a))]..

vacuum NIM vacuum

ﬁy a b ;>x

F1G. 3. Transmission case

In retrieving E(x,t), the pole contributions in Green’s function give rise to terms that
oscillate in time according to exp[+iwt], so no dampening occurs in a time dependent fashion,
a property observed earlier in [2] for the single layer case.

3.2. Multilayered system

Also, we find Green’s function for the multilayered system. The point perturbation is
located in layer number 0. There are n layers in the positive direction of the x-axis and m
layers in the negative, m + n + 1 layers in total (see Fig. 4).

Layer
#-3 #-2 #-1 #0 #1 #2 #3

X-2| X Xo ﬁvy X1 Xz x,> X3 >

F1G. 4. Multilayered system

Let e(z,2) = ep(z) and u(x,z) = p(z) if © € (xg, 441), where k = —m, ..., n,
T g = —00, Tpy1 = +00. We consider below only the p-polarized part Green’s function,
omitting subscript p,

G(z,y,z) =
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erme_iC—mz7 x € (—OO, $—(m71));
B,(mfl)e—iC—(m—nr + C,(m,l)e—iC—(m—nm + D,(m,l)e_ig‘(m‘”m, 2 € (T o) T(m2);
A_(m_g)e*iC—(m—mw + B_(m_z)efl(_(m_z)z + C_(m_Q)efi(_(m_Q)x_i_

+D_ (g€ C-n-2)% T € (T (m_2), T—(m-3));

A_lefic_lx + B_lefig_lx + C«_lefz(_wc + D_lefiC—lﬂc7 (Z 1, ZL’())
= q Age ™% + Bye 10T 4 Coe 0% + Doe 0 + F_e~ 07, € (20, Y);
Ape™ 0T 4 Bye~02 4 Che™0% 4 Dye~%0% 4 7, eit0?, € (y, 21);

€ (

Aje™0% 4 BiemiT 4 O™ 1% 4 Dyem i, Ty, T3);
An_Qe_iCn—Qx + Bn_2€_i<n—21’ _|_ Cn_2€_l<n—2x + Dn_2€_ign—2x7 T 6 (In_27 xTL—:l)J
Ap e By e O e, T € (Tp-1, Tn);

| Ajemion x € (z,, +00).

Here coefficients A, are for waves that come from left outside of current layer, coeffi-
cients B, are for waves reflected from the nearest left interface, coefficients C, are for waves
reflected from the nearest right interface and coefficients D, are for waves that come from right
outside of current layer. Coefficients £, are for waves that come direct from point perturbation
located in y. We denote

Gk, 2) = 2ei(2) i) — w2,
Co + i £ &G
2i22€o7 & giCj

Ky =

and introduce the Fresnel reflection coefficients

T = GG &G or 1= A
iy = LT T NF
i + ;G A
As is easy to see r;; = —r; ;. After some calculations, we obtain £ = KoeTV that
means Eet%0% = Koez@lx_y' and Green’s function is the same for = € (xy, 7). Denoting

ap = 26_'L<k5’7k7 b = )‘Zkfle_zgk_lxkv Cp = QBZCkwk’ dy = )\];kile—le—Wk’

_ o, ikT _ vt ( x — Y~ WKk =\, i z
er = 2e Ck RHLf= ) elCk+1 B g = 2e Gk Lpy = /\k:,k:—l—le Ck+1Tk+1

ke k41
we obtain for k =1,...,(n— 1),

dy, hi

Ay = aA,, B = —%A,, Cp=—apndn, Dio1 = aiAy,

Ck gk

fork=—-(m-—1),...,0,
dk hk
Ay = apAn + B, Br = (’Yk:A +0x), Cp= p (ags1An +0k+1),  Dr—1 = A, + O,
k

h . )

but Cy = —OalAn and A_(,,_1) = 0, where ay, Bk, Y, O satisfy the following recurrence
go

relations
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ad

= QpQpt1 — <_bc) Vi1 and o, = Qyy,
k

G = ﬁ 1 adeh
T e befag),)’
hk ah
Ve = b_ —Oék+1 + Ve+1 and 7,1 = o ;
k g n—1

d , d .
Br = anBry1 — (a_> dkt1 and By = K (elCoy — (a_) e’<0y> ,
be k bc 0

6k 51@-1—1 + 5k+1 and 50 Ko_elCoy
bk bo

where

C bkck
A,,. In our investigation we obtain

) d d .
Here we use the notation (Z—) — Gk " Hence coefficients Ae, B., C,, and D, depend on
k

6—0n—U
A_(m—1) '

Solving these recurrence relations and finding the explicit expressions for Green’s func-
tion is the actual problem.

A, = —
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