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ABSTRACT In this work, we investigate an alternative approach to phase modulation for information encoding
and decoding in quantum key distribution systems. Specifically, we propose pulsed phase modulation, i.e. it
has an envelope in addition to previously considered only harmonic temporal behavior of modulation index
(depth), as a replacement for the conventional use of both intensity and phase modulators, which enables
a more compact and cost-effective optical design. We further analyze how the principal parameters of this
scheme affect the interference observed at the receiver and, consequently, their contribution to the quantum
bit error rate in a subcarrier-wave quantum key distribution implementation.

KEYwWORDS Phase modulation, quantum key distribution, subcarrier wave quantum key distribution.
ACKNOWLEDGEMENTS This work was done by order of JSCo Russian Railways.

FOR CITATION Gaidash A.A., Miroshnichenko G.P., Kozubov A.V. Pulsed phase modulation with harmonic
electric control signal for quantum key distribution implementations. Nanosystems: Phys. Chem. Math.,
2026, 17 (1), 39-45.

1. Introduction

With the ongoing transition of quantum key distribution (QKD) [1] from the laboratory [2—11] to commercial de-
ployment [12-18], research emphasis has shifted from foundational aspects toward applied implementations, including
network applications [19-24]. The reliable preparation and measurement of quantum states lies at the core of any QKD
protocol. In practice, the majority of QKD schemes employ weak coherent states (it can be phase-randomized [25]), where
information encoding and decoding are realized using phase and intensity modulators. Commercial deployment of QKD
places emphasis not only on performance but also on cost, and modulators constitute one of the most expensive elements
in the transmitter (Alice) setup. It becomes even more crucial in terms of quantum networks and quantum Internet of
Things. In this work, we focus on the subcarrier wave (SCW) QKD protocol [26—-31], whose distinguishing feature is that
information is encoded in the frequency spectrum rather than in the phase difference between spatial modes, as in con-
ventional phase-coding schemes. In this protocol, intensity modulators are commonly used to align the prepared quantum
states with the temporal gating of the detectors. Nevertheless, the phase-encoding structure of SCW QKD allows one to
dispense with intensity modulation altogether. A natural solution is to replace the continuous-wave laser with a pulsed
source. Yet, in practice, the implementation of such a source is nontrivial, as it requires meeting stringent conditions on
both spectral width and pulse repetition rate.

To address this issue, we propose an alternative approach to phase encoding, referred to as pulsed phase modulation.
We analyze the general framework of this modulation scheme and examine how its key parameters influence the resulting
interference observed at the receiver and, as a consequence, contribution of their non-ideal alignments to quantum bit
error rate (QBER, Q) of a SCW QKD setup.

The article is organized as follows. In Section 2 preliminaries of phase modulation with harmonic electric control
signal is considered. Section 3 is dedicated to the description of the proposed idea that modulation index can be time-
dependent. In Section 4, two cases of rectangular and Gaussian shapes of modulation index envelops are thoroughly
examined. Section 5 concludes the article.

2. Preliminaries
Coherent state after a phase-modulation with an applied harmonic electric control signal, proportional to m 4 sin(Qt+
®a),is as follows [27,32]:
s
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where oy denotes the amplitude of initial coherent state at frequency wo, d>.(3) is the Wigner d-function, 25 + 1 is a
. ma . . . . .
number of interacted frequency-modes, 54 ~ —— can be considered as an efficient modulation index proportional to

the amplitude of an electric control signal m 4, €2 and ¢4 is the frequency and the phase of the electric control signal
respectively, w,, = wp + nf is the resulting optical frequency. After the second modulation, where the electric signal is
proportional to m g sin(Qt + ¢ ), a kind of interference may be observed in the following structure of the resulting state:

S
[W(0a,65)) = X) laods, (B)e™ ), 2)
n=-—S5
cos(3) = cos(B4) cos(Bp) — sin(Ba)sin(Bp) cos(pa — ép), 3)

and ¢’ is a phase that we are not interested in.

3. Time-dependent modulation

Further, we explore how slow changes of modulation index, namely m(¢;), would affect the described interference-
like structure of double-modulated state. Note, we assume slowly varying envelope approximation, so that there is almost
no significant change of modulation index during the time necessary for a light to travel through a modulator (73,,;). In
other words, we divide time interval in some discrete intervals, characterized by their mean values ¢;, that are comparable
to the interaction time 75,,, see Fig. 1. Thus, we treat modulation index during time interval ¢; as a constant. This is
necessary to assure that the model from [32] can be applied, where adiabatic process is assumed.

Other assumptions are as follows. We also consider a case of standard modulators, namely, a number of interacting
modes is indefinitely large, S — oo. The latter implies the following approximations applied to the Eq. (3):

B(t:) ~ @ — 0, “4)
cos(B'(t;)) ~ 1 — M, 5)
cos(Ba(t;)) cos(Bp(t;)) =~ 1 — w, (6)
sin(Ba(t:))sin(Bp(t:)) =~ Ba(ti)Be(t:), (7)
resulting in
(B'(t:))? = BA(ti) + 28a(t:)Bp(t:) cos(pa — d5) + B (t:). (®)

Detection of the obtained signal involves filtering out the central (initial) frequency wy since the latter does not contain
any phase related to the first modulation, and it only provides energy for sidebands to flow in. In turn, detection rate is
proportional to the mean number of photons at sidebands p, that can be expressed as follows:

1= po(1 = |d5o(8'(t:))1%), 1o = |awl*. )

A relation with the classical case (see Appendix A) immediately follows from the following observation and proportion-
ality of 8 and m:

lim dy () = Jn-r(m), (10)
S—o0
where .J,, (m) is the Bessel function of the first kind. Thus,
0= o (1= T2 (1), (an
! (t) = \[/mA (t) + 2ma(t)ma (t:) cos(6a — bp) +mi (t:). (12)

Also, if n}tax(m(ti)) < 1, that is a common value for an SCW QKD system, then the following approximation of Bessel

function takes place:
m’ tl‘ 2
(') (2)) . (13)

In addition, further we consider energetic characteristics of an optical signal depending on a phase difference ¢4 — ¢p
proportional to the following form:

K= Ho

o0

E(da—op)~ Y (m'(t). (14)
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For the sake of simplicity, it is more convenient to consider dependencies on continuous time (assuming interaction time
T;n¢ rather small). Hereinafter, we assume the following substitution, see Fig. 1:

oo

E(¢a—op)~ Y (m/(t:)* > /_Oo (m/(t))?dt. (15)
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FIG. 1. Left: visualization of slow change of modulation index m(t;) with respect to chosen time-
intervals ¢;, t;41 — t; = Tj;,, where the latter is the time necessary for a light to travel through a
modulator; we assume small amount of change of modulation index during 75,,;. Right: for the sake of
simplicity, it is more convenient to consider dependence of modulation index m(¢) on continuous time,
assuming interaction time 73, rather small, and allowing approximation as in Eq. (15)

4. Special cases

Further, in the section, several special cases of specific time-dependent m(t) will be considered. In particular,
pulse-shaped modulation is relevant in SCW QKD. It can be viewed as an alternative to pulse generation provided by
an amplitude modulator, so the latter is no longer necessary. At this point, influence of relative shape difference for
modulation-pulses on QBER, namely

-~ E(r)
Q= i (16)

(0) + E(m)’
where E(¢4—¢p) is the total energy of detected optical signal dependent on the phase difference between two modulation

signals, should be investigated. Without loss of generality, shapes of pulses can be estimated without absolute values but
with relative scaling as well as E(¢4 — ¢ ) can be estimated up to a common factor due to @ is a ratio.

4.1. Rectangular pulses

Consider rectangular modulation pulse:

mA(t)zrect(t):@(H%) —@(t—%), (17)
mp(t) = rect(t - At) —s@(r-ar+¥) o(t-ar- 1)), (18)

where ©(t) is the Heaviside function, 0 < x < 1 denotes mismatch of modulation amplitude, y > 0 denotes pulse-width
mismatch, and At > 0 is time-shift. Considering Eq. (13) as the mean photon number per time, total amount of energy at
sidebands in pulse is proportional to the following integral, where Eq. (12) is used:

E(a — ¢5) ~ / (! ()%dt = 1 + 2y + 20 f(At,y) cos(da — Op), 19)
where
0, At> %
Y, At<|y_ |andy§1
f(Aty) = ly 21 (20)
1, At< andy > 1
1y ly — 1] y+1
—+Z A <At Z——
5 + 5 t, t >
Finally, QBER can be estimated as follows:
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Further, we will consider several special cases in order to determine influence of each parameter mismatch on Q).
(1) Mismatch of only modulation amplitude of the envelope implies that y = 1 and At = 0. Then,
(1 —a)?
which is well agreed with the known case, where m 4 # mp and both are constants. The latter dependence is
shown in Fig. 2(a). Observe, that

(22)

1
Q(=) = Q). 23)
Also, for a small modulation depth mismatch, i.e. |z — 1| < 1, the following approximation takes place:
1—2x)2
Q) ~ L7 (24)
(2) Mismatch of only pulse-width, z = 1 and At =0, yields as follows:
— —0(= 25
’ 2(1+4y) ‘ ( ) 25)
and it is shown in Fig. 2(b);
(3) Displacement in time with z = 1 and y = 1 results in the following expression:
A
t, At <1
Q(AL) = ¢ . (26)
-, At>1
2
The obtained dependence is shown in Fig. 2(c).
4.2. Gaussian pulses
Consider Gaussian-shaped modulation pulse:
1 —t2
ma(t) = ez, 27
(1) = e~ 5 (28)
m = e Y ,
b V2my

where = > 0 denotes mismatch of modulation amplitude, y > 0 denotes pulse-width mismatch, and At is time-shift. In
this case, the total amount of energy in the pulse is as follows:

E(¢pa—¢p) ~ /OO (m!(t))%dt ~ 1 + T + x\f@mw?) ———cos(da — ¢B), (29)
—o0 Y Vyz+1
where we are not interested in common factors to be neglected. Thus,
—(at)?
Q- 1 B xy\fe2<1+y2> . (30)

2 (y+a?)VyP+1
Dependencies of () on each misalignment are as follows:

(1) Mismatch of modulation depth  with y = 1 and At = 0 dictates the same dependence as in the previous case of
rectangular pulse, that is shown in Fig. 2(a);
(2) Pulse-width mismatch (with x = 1 and At = 0) results in the following dependence:

1 V2 1
Q) =5 - — = =0(). 31
2 (y+1)Vyr+1 Yy
It is shown in Fig. 2(d) and can be approximated as follows in case of small deviations, i.e. [y — 1| < 1,
3
—(y—1)% 32
Q) ~ 1 —1)7% (32)
(3) Time-shift of one Gaussian relative to another, assuming y = 1 and = 1, contributes to () as follows:
1 _(an?
— e~ 4
QA = ———— (33)
The latter is shown in Fig. 2(e); in case of small time-shift |At| < 1, it has the following approximation:
At)?
Q(AL) ~ (&%) . (34)
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FI1G. 2. Graphical representation of estimated QBER value () dependent on various parameters of
modulation-pulse shape: (a) according to Eq. (22) for both Gaussian and rectangular pulse shapes,
(b) according to Eq. (25) for rectangular pulse shape, (c) according to Eq. (26) for rectangular pulse
shape, (d) according to Eq. (31) for Gaussian pulse shape, (e) according to Eq. (33) for Gaussian pulse
shape

5. Discussion and conclusion

In the article, utilization of time-dependent (pulsed) modulation index in a phase modulation with harmonic electric
control signal is proposed, especially for implementation in SCW QKD systems. Due to the latter, necessity of an
additional intensity modulation in absent. It is required that both sender’s and receiver’s pulses should be equal, that
is not always true for a practical implementation. In the paper, we have examined how misalignment of these pulses
(modulation depth scaling x, relative width y, and relative time-shift At) affect the QBER value, one of the most crucial
characteristics for a QKD device. Obtained dependencies may be used in order to retrospectively estimate admissible
bounds for misalignment parameters in case of a given QBER threshold.

Two types of pulse shapes were considered: rectangular and Gaussian, as the most simple examples. Despite the
real pulse may have slightly more peculiar envelope, obtained dependencies, shown in Fig. 2, for a given examples share
general features. Nonetheless, results, provided in Eqs. (11) and (12), are of a general form suited for any temporal
envelope shapes of modulation index. However, during the derivation of the resulting expressions we employ several
assumptions in regard of adiabatic dynamical regime, that should be met. In particular, a too rapid change of modulation
index may break the mentioned assumptions and, as a result, this scenario should be considered properly. We believe, that
described rapid changes may result in temporal delay between controlling electrical signal and actual change of refraction
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index that causes modulation. Namely, change of refraction index do not catch up with applied electric field. Rigorous
study of this problem requires thorough examination of the quasi-energy operator’s eigenvalues behavior that is far beyond
of the article’s scope, leaning towards practical implementation.

In addition, the obtained results can be viewed as a transition of optical transformations, e.g. action of intensity
modulator, to the domain of electrical ones, e.g. manipulation of modulation index envelope. From the perspective,
various families of these manipulations with applied to the crystal electric field can be considered further. In particular,
what kind of modulation is required in order to simulate the action of an optical filter? Or is it possible to concentrate
energy in spectrum closer to the central frequency? The problem of several harmonics multiplexing is also of interest.
Provided expressions (11) and (12) are the first step forward in solving these problems that may result in significant
simplifications of QKD optical schemes and vastly improving their performance in various ways.

A. Appendix: Classical phase modulation with harmonic electric control signal

Classical approach for phase modulation with harmonic electric control signal is rather straightforward and well
known. Consider the optical signal as a plane-wave, i.e. Ae’“, that traverses a crystal with changing refraction index due
to applied external electric field. Namely, plane-wave obtains phase-shift (proportional to) m sin(Qt + ¢1). Using the
Jacobi-Anger expansion formula,

eiz cos(0) — Z Jn (m)eine’ (35)
the expression for the modulated light is as follows:
Aeiwteim sin(Qt+¢1) _ Z (AJn(,,n)eiszl)ei(w—‘,—nQ)t7 (36)

where AJ,,(m) and n¢; can be considered as amplitude and phase, respectively, of a plane-wave with frequency w + n{Q.
If one utilizes a second modulator with modulation index m sin(§2¢ + ¢2), that differs only in phase, then the total energy
(or power) of all sidebands (n # 0) is proportional to

S (A (maenn) itenen?

n#0
= |APQ1 - J2 (2mcos (@)) =
AP (1 = 73 (m/2(1+ cos(61 — 02) ), (37)

where we have used identities given by

|Aeiwt6im sin(Qt+¢1)eim sin(Qt+¢2) |2 _

_ iwt i(2m cos 4)1;4)2 sin Qt+@ Y2 _
= |Ae™’e > =

mo = 2m cos (Ll;@), ¢ = L ;@}

— |Aeiwt€i(mo sin(Qt+¢o)) |2. (38)

Expression (37) is fully agreed with Eq. (11) and (12) in this simple example, where modulation index m is constant.
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