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ABSTRACT In this article, the Cauchy problem in a half-plane is studied for a fourth-order inhomogeneous
equation with a fractional derivative in the Caputo sense. The uniqueness of the solution is demonstrated using
the Laplace transform. In constructing the solution, partial solutions expressed in terms of Wright functions are
first found. Green’s functions are then constructed using these partial solutions. The solution is constructed
explicitly using the Green function. An explicit form of the fundamental solution is also obtained.
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1. Introduction and statement of the problem

In recent decades, fractional calculus has evolved from a field of purely mathematical research into a powerful tool
for modeling real physical processes. Fractional derivatives become particularly significant when describing phenom-
ena in media with complex internal structures, memory, and nonlocal properties. As noted in [1], fractional dynamics
investigates the behavior of objects and systems characterized by power-law nonlocality, power-law long-term mem-
ory, or fractal properties. Classical continuum models based on integer-order derivatives often prove inadequate when
transitioning to the nanoscale, where effects of structural heterogeneity, anomalous transport, and viscoelastic relaxation
begin to dominate. Work [2] provides a rigorous stochastic justification for this fact: the non-exponential relaxation of
a single nanoobject naturally leads to the description of nanoparticle kinetics using differential equations with fractional
derivatives.

It is noteworthy that the equation studied in this work is of particular interest for nanomechanics. Fourth-order
equations traditionally describe the bending vibrations of beams, membranes, and plates [3]. In the nanoscale range,
such models are applied to analyze the dynamics of nanobeams, nanofilms, and filamentary nanostructures situated in
complex viscoelastic media. Study [4] investigates waves in magneto-elastic nanobeams using a fractional derivative to
model internal damping, while nonlocal elasticity theory allows for the consideration of nanoscale size effects. In [5], a
new mathematical model of thermoelasticity is proposed for analyzing coupled thermomechanical waves in functionally
graded viscoelastic nanobeams. Works [6–8] also demonstrate that introducing fractional derivatives effectively accounts
for the rheological properties of materials: [6] investigates nonlinear vibrations of beams made of fractional-order Zener
viscoelastic material; [7] examines the vibrations of a nanobeam on a fractional-order viscoelastic Winkler-Pasternak
foundation using nonlocal elasticity theory. In study [9], dedicated to an inverse problem for the heat conduction equation
with a load, variable coefficients, and fractional integral operators, a mathematical method for analyzing heat transfer
processes at the nanoscale is developed. Thus, the investigation of equations of type (1) holds not only theoretical but also
direct applied significance for nanotechnologies.

This paper investigates the initial value problem for a fourth-order equation involving the Caputo fractional derivative.
The Cauchy problem for second-order equations with a fractional derivative with respect to spatial variables (diffusion-
wave equations) has been studied in considerable detail in works [10–14]. For equations with the Laplace operator and the
Dzhrbashyan-Nersesyan fractional derivative of order (0, 2), analogous results were obtained in [15], and for equations
of odd order – in [16]. In [17], a solution to the Cauchy problem for an even-order equation with the Riemann-Liouville
derivative of order (0, 1) was obtained. A boundary value problem with the Caputo fractional derivative with applications
in nanotechnologies was also investigated in [18].

Closely related to the topic of this work is the study [19], where the Cauchy problem for a homogeneous fourth-
order equation with the Caputo fractional derivative was reduced to a Schrödinger equation by lowering the order of the
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fractional derivative. However, [19] did not consider the inhomogeneous equation, and the question of solution uniqueness
remained open.

In contrast to the previous works, this paper proves a uniqueness theorem for the solution of the Cauchy problem,
constructs particular solutions using the Wright function and, based on them, formulates the Green function, obtains an
explicit integral representation of the solution for both the homogeneous and inhomogeneous equations, and provides the
explicit form of the fundamental solution.

The proposed approach can be extended to equations of arbitrary even order, which opens up prospects for further re-
search in the field of mathematical modeling of nanosystems, including problems concerning the dynamics of nanobeams,
nanofilms, membranes, and other nanostructures in complex media with memory and nonlocal properties.

Let us proceed directly to the formulation of the problem. Consider the equation in the domain
Ω = {(x, y) : −∞ < x <∞, 0 < y ≤ T}

L[u] ≡
(

CD
α
0y +

∂4

∂x4

)
u = f (x, y) , (1)

where CD
α
0y is the operator of fractional (in the Caputo sense) integro-differentiation of order α, 1 < α < 2, defined by

the relation

CD
α
0yu = Dα−2

0y uyy =
1

Γ (2− α)

y∫
0

∂2

∂τ2u (x, τ)

(y − τ)
α−1 dτ,

here Dα−2
0y is the operator of fractional differentiation in the sense of Riemann-Liouville [20].

A regular solution of equation (1) in the domain Ω is defined as a function u = u(x, y) satisfying the conditions:
∂ku

∂xk
∈ C

(
Ω
)
, k = 0, 3;

∂4u

∂x4
∈ C (Ω) ;

∂mu

∂ym
∈ C

(
Ω
)
, m = 0, 1; CD

α
0yu ∈ C (Ω) .

Cauchy Problem. Find a regular solution u(x, y) of equation (1) in the domain Ω satisfying the initial conditions

lim
y→+0

u (x, y) = φ (x) , lim
y→+0

∂u (x, y)

∂y
= ψ (x) , (2)

where φ (x) , ψ (x) are given functions.

2. Uniqueness of solution

Theorem 1. The Cauchy problem with homogeneous initial conditions, in the class of functions satisfying the

conditions
∣∣∣∣∂mu∂ym

∣∣∣∣ ≤Meσy, 0 < M = const., m = 0, 1, where σ is a fixed constant, has only the trivial solution.

Proof. Let u(x, y) be a solution of the Cauchy problem with zero initial conditions. Consider the Laplace transform
of this function

v (x, p) =

+∞∫
0

e−pyu (x, y) dy,

hence

|v (x, p)| ≤M

+∞∫
0

e−(p−σ)ydy =
M

p− σ
.

Let us find the fourth-order partial derivative with respect to the variable x of the transform

∂4v (x, p)

∂x4
=

+∞∫
0

e−py ∂
4u (x, y)

∂x4
dy = −

+∞∫
0

e−py
CD

α
0yu dy = −pαv (x, p) .

From this, we obtain the problem 
∂4v (x, p)

∂x4
= −pαv (x, p) ,

|v (x, p)| ≤ M

p− σ
.

(3)

The general solution of problem (3) has the form

v (x, p) = eBx (c1 cosBx+ c2 sinBx) + e−Bx (c3 cosBx+ c4 sinBx) , B =

√
2

2
p

α
4 .

By virtue of the condition of problem (3), we obtain

v (x, p) ≡ 0,
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and consequently
u(x, y) ≡ 0.

Theorem 1 is proved.

3. Construction of the Solution

First, we construct some particular solutions. The following lemma holds.
Theorem 2. Functions of the form

uj (x, y) = ybϕ
(
−α
4
, b+ 1;λjxy

−α
4

)
, j = 1, 2,

where

ϕ (−δ, ε; z) =
∞∑
k=0

zk

k!Γ (−δk + ε)

is the Wright function;
x, y > 0, b ∈ R, λ1 = e

3π
4 i, λ2 = e−

3π
4 i,

satisfy equation (1).
Proof. By direct calculation, we obtain

∂4uj (x, y)

∂x4
= −yb−αϕ

(
−α
4
, b+ 1− α;λjxy

−α
4

)
, (4)

∂2uj (x, y)

∂y2
= yb−2ϕ

(
−α
4
, b− 1;λjxy

−α
4

)
.

Furthermore, since
1 + α

4

2
π < |arg λj | < π,

using formula [16]
Dν

0yy
ε−1ϕ

(
−δ, ε;λy−δ

)
= yε−ν−1ϕ

(
−δ, ε− ν;λy−δ

)
, (5)

for

0 < δ < 1,
1 + δ

2
π < |arg λ| ≤ π; ε, ν ∈ R,

we have

CD
α
0yuj = Dα−2

0y

{
yb−2ϕ

(
−α
4
, b− 1;λjxy

−α
4

)}
=

yb−αϕ
(
−α
4
, b+ 1− α;λjxy

−α
4

)
. (6)

From (4) and (6) the validity of Theorem 2 follows.
Theorem 2 is proved.
Let us recall some known properties (see [16]) of the Wright function:

d

dz
ϕ (δ, ε; z) = ϕ (δ, ε+ δ; z) , (δ > −1). (7)

|ϕ (−δ, ε; z)| ≤ C exp
(
−ν|z|

1
1−δ

)
, |z| → ∞, (8)

where
C = C (δ, ε, ν) , δ ∈ (0, 1) , ε ∈ R,

ν < (1− δ)
δ

1−δ cos
π − |arg z|

1− δ
;

1 + δ

2
π < |arg z| ≤ π.

+∞∫
0

ϕ (−δ, ε;λx) dx = − 1

λΓ (δ + ε)
,

1 + δ

2
π < |arg λ| ≤ π. (9)

Following works [16],[17], consider the following function

Gb (x− ξ, y − η) = −λ1(y − η)
b

4
ϕ

(
−α
4
, b+ 1;λ1

|x− ξ|
(y − η)

α
4

)
−

−λ2(y − η)
b

4
ϕ

(
−α
4
, b+ 1;λ2

|x− ξ|
(y − η)

α
4

)
, b ∈ R. (10)

The following theorem holds.
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Theorem 3. Let φ (x) ∈ C4 (R), ψ (x) ∈ C (R) and
∣∣∣φ(k) (x)

∣∣∣ , |ψ (x)| ≤ M = const., k = 0, . . . , 4. Then the
representation

u(x, y) =

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ +

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ, (11)

is a regular solution of the following Cauchy problem CD
α
0yu+ uxxxx = 0,

lim
y→+0

u (x, y) = φ (x) , lim
y→+0

uy (x, y) = ψ (x) .

Proof. First, we show that (11) satisfies the initial conditions. We have
+∞∫

−∞

y−
α
4 ϕ

(
−α
4
,−α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ =

(
j = 1, 2; t =

|x− ξ|
y

α
4

)
=

=

+∞∫
0

ϕ
(
−α
4
,−α

4
+ 1, λjt

){
φ
(
x+ y

α
4 t
)
+ φ

(
x− y

α
4 t
)}
dt,

now, taking into account (8), (9) and the restrictions on the function φ from the conditions of Theorem 2, we obtain

lim
y→+0

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ = φ (x) .

Furthermore, considering (5) and using (7), we have

∂

∂y

+∞∫
−∞

y−
α
4 ϕ

(
−α
4
,−α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ =

=
−2ϕ

(
−α

4 ,
α
2 , 0
)
φtt (x) y

−1+α
2

λ3j

+
y−1+α

λ4j

+∞∫
0

{
φtttt

(
x+ y

α
4 t
)
+ φtttt

(
x− y

α
4 t
)}
ϕ

(
−α
4
,
3α

4
, λjt

)
dt,

now, taking into account (8)-(10), the restrictions on the function φ from the conditions of Theorem 2, and
1

λ21
+

1

λ22
= 0,

we obtain

lim
y→+0

∂

∂y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ = 0.

After performing similar transformations and calculations for the second term in representation (11), we obtain

lim
y→+0

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ = 0,

lim
y→+0

∂

∂y

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ = ψ (x) .

Thus, representation (11) satisfies the initial conditions of the Cauchy problem.
Now we show that representation (11) satisfies the homogeneous equation (1). Taking into account (5) and formula

[20]

CD
α
0yf = Dα

0yf − f(0)

Γ (1− α)
y−α − f ′(0)

Γ (2− α)
y1−α,

we have

CD
α
0yu(x, y) = Dα

0y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ − y−α

Γ (1− α)
lim

y→+0

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ−
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− y1−α

Γ (2− α)
lim

y→+0

∂

∂y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ =

=

+∞∫
−∞

G− 5α
4
(x− ξ, y)φ (ξ) dξ − y−αφ (x)

Γ (1− α)
. (12)

Furthermore, by direct calculation we obtain

∂4

∂x4

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

 =

=
y−αφ (x)

Γ (1− α)
−

+∞∫
−∞

y−
5α
4 ϕ

(
−α
4
,−5α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ. (13)

From (12) and (13) we obtain

CD
α
0y

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

+
∂4

∂x4

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

 = 0.

It is shown similarly that

CD
α
0y

 +∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ

+
∂4

∂x4

 +∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ

 = 0.

Theorem 3 is proved.
Theorem 4. Let f (x, y) = D−γ

0y g (x, y), γ > 0, g (x, y) ∈ C
(
Ω
)
, |g (x, y)| ≤M = const. Then the representation

u (x, y) =

y∫
0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ, (14)

is a solution of the problem 
CD

α
0yu (x, y) + uxxxx (x, y) = f (x, y) ,

lim
y→+0

u (x, y) = lim
y→+0

uy (x, y) = 0.

Proof. First, we show that representation (14) satisfies equation (1). We have

∂

∂x3

y∫
0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ =

=

y∫
0

dη

+∞∫
−∞

∂

∂x3
G 3α

4 −1 (x− ξ, y − η) f (ξ, η) dξ,

taking into account the integration by parts formula [16]
b∫

a

g (s)Dα
ash (s) ds =

b∫
a

h (s)Dα
bsg (s) ds, α ≤ 0,

we obtain

∂

∂x

y∫
0

dη

+∞∫
−∞

∂

∂x3
G 3α

4 −1 (x− ξ, y − η) f (ξ, η) dξ =

∂

∂x

y∫
0

dη

+∞∫
−∞

g (ξ, η)D−γ
yη

{
∂

∂x3
G 3α

4 −1 (x− ξ, y − η)

}
dξ =

= f (x, y)−
y∫

0

dη

+∞∫
−∞

Gγ−α
4 −1 (x− ξ, y − η) g (ξ, η) dξ. (15)
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Next,

∂2

∂y2

+∞∫
−∞

dξ

y∫
0

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dη =

=

+∞∫
−∞

dξ

y∫
0

G 3α
4 −3+γ (x− ξ, y − η) g (ξ, η) dη,

hence

Dα−2
0y

+∞∫
−∞

dξ

y∫
0

G 3α
4 −3+γ (x− ξ, y − η) g (ξ, η) dη =

=

+∞∫
−∞

dξ

y∫
0

g (ξ, η)G−α
4 −1+γ (x− ξ, t− η) dη. (16)

From (15) and (16), it follows that(
CD

α
0y +

∂4

∂x4

)
y∫

0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ

 = f (x, y) .

We show that representation (14) satisfies the zero initial conditions. Let

I (x, y) =

+∞∫
−∞

dξ

y∫
0

(y − η)
3α
4 −1

ϕ

(
−α
4
,
3α

4
;λj

|x− ξ|
(y − η)

α
4

)
f (ξ, η) dη,

make the change of variables

z =
|x− ξ|
(y − η)

α
4
, ξ = x± z(y − η)

α
4 , dξ = ±(y − η)

α
4 dz,

we have

I (x, y) =

y∫
0

(y − η)
α−1

dη×

+∞∫
0

ϕ

(
−α
4
,
3α

4
;λjz

)(
f
(
x+ z(y − η)

α
4 , η
)
+ f

(
x− z(y − η)

α
4 , η
))

dz,

hence
lim

y→+0
I (x, y) = 0.

Similarly, we will have that

lim
y→+0

∂I (x, y)

∂y
= 0.

Theorem 4 is proved.
By Theorem 4, the function G 3α

4 −1(x− ξ, y − η) is the fundamental solution of equation (1).

4. Conclusion

In this paper, we study the Cauchy problem for a fourth-order equation involving a fractional derivative in the sense
of Caputo. In the case α = 2, we have an equation for beam vibrations. The solution is constructed explicitly by finding
Green’s functions. Sufficient conditions for the existence and uniqueness of the solution are found. It should be noted
that the question of the uniqueness of the solution to the Cauchy problem for the beam vibration equation remained open
(see [3]). A fundamental solution to equation (1) is also constructed. In the future, the obtained results can be used
to study boundary value problems for inhomogeneous linear and nonlinear equations, equations with lower-order terms,
inverse problems with an unknown right-hand side, problems with nonlocal conditions, which have various applications in
nanosystems. It should be noted that the problem under study has not only theoretical but also applied significance, since
fractional integro-differential operators are widely used in mathematical models of nanosystem dynamics. In particular,
among mathematical models of transport-diffusion, fractional differential calculus stands out as a tool for describing
transport processes in media with a complex structure.
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