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ABSTRACT A minimal 0D kinetic model for interfacial jamming of surfactant-stabilised nanobubbles is pre-
sented. The model couples Langmuir adsorption kinetics with geometric concentration and mechanical equi-
librium. A sharp jamming boundary exists in the (Langmuir affinity, desorption rate) plane; commercial butyl
and isobutyl xanthates lie deep inside the jammed region at typical flotation dosages (Monte-Carlo probability
1.00). Hysteresis energy spans 10−14 to 10−9 J, and the critical bulk concentration for jamming ranges from
8.2 · 10−6 to 0.35 mol m−3. The boundary shifts predictably with bulk concentration, pressure, and cycle time,
but is insensitive to the shell modulus. Numerical convergence is confirmed, and a one-cycle divergence ex-
ponent peaks at +0.42 s−1 near the transition. The model provides a predictive tool for surfactant-stabilised
nanobubbles across flotation, catalysis, and biomedical nanosystems.
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1. Introduction

Surface nanobubbles – gas pockets with radii below one micrometre – can persist for hours or even days, contradicting
the classical thermodynamic prediction that the large internal Laplace pressure should dissolve them in a fraction of a
second [1, 2]. This remarkable stability has attracted broad scientific interest because nanobubbles play a functional role
in mineral flotation [3], electrocatalysis [4], wastewater treatment [5], and ultrasound-mediated drug delivery [6].

Several mechanisms have been proposed to explain the paradox. Contact-line pinning on a solid substrate can arrest
dissolution by preventing the bubble footprint from shrinking [7], but this argument does not apply to free-floating bulk
nanobubbles. Electrostatic repulsion between the charged bubble walls may retard gas diffusion, yet it cannot fully
eliminate the driving force [8]. Contaminant layers or organic “skins” can lower the surface tension and slow dissolution,
but a purely fluid Gibbs-elastic monolayer still leaves the bubble thermodynamically unstable [9, 10]. A fundamentally
different possibility arises when the adsorbed layer approaches close packing: the interface can undergo a two-dimensional
jamming transition, transforming from a fluid into an elastic solid shell that can support compressive stress and resist
further area reduction [11, 12].

Jamming-driven stabilisation has been convincingly demonstrated for particle-covered bubbles and droplets [13],
but its relevance to small-molecule surfactants – such as the xanthate collectors widely used in mineral flotation – has
remained largely unexplored. This gap is particularly significant because the adsorption kinetics of small molecules can
be orders of magnitude faster than those of colloidal particles, potentially altering the conditions under which jamming
occurs.

In this work we propose and numerically test a minimal model that directly links surfactant adsorption kinetics to the
emergence of interfacial jamming and mechanical hysteresis on a free nanobubble. Our central hypothesis is illustrated
in Fig. 1: when coverage surpasses a critical threshold during compression, the monolayer solidifies, creating a hysteresis
loop in the pressure-radius plane that dissipates mechanical work and effectively locks the bubble against dissolution.

We reduce the full three-dimensional problem to a single ordinary differential equation for the mean surface cover-
age – a 0D model that is analytically transparent, numerically stable, and fast enough to explore thousands of parameter
combinations. Using this model, we construct the first jamming phase diagram for small-molecule surfactants in the
(Langmuir affinity, desorption rate) plane, predict the minimum collector dosage required for jamming, and demonstrate
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FIG. 1. (a) Schematic of a free nanobubble surrounded by a jammed surfactant monolayer. The central
hypothesis is that interfacial jamming creates mechanical hysteresis and stabilises the bubble. (b) Jam-
ming hysteresis signature. The blue dotted line is the reversible clean-water limit (R = 2γ0/P ). The
cyan solid line is a jammed trajectory; the shaded area is the dissipated energy, here 1.91 · 10−10 J
(K = 0.337 m3 mol−1, kd = 1.67 · 10−3 s−1, from the high-res sweep)

that commercial butyl and isobutyl xanthates lie deep inside the jammed regime. The acknowledged simplifications –
neglect of surface diffusion, non-spherical shapes, and explicit gas-transfer kinetics – will be addressed in future work
combining molecular dynamics simulations and atomic force microscopy experiments.

2. Model and computational methods

2.1. Adsorption isotherm and surface equation of state

The equilibrium surface coverage θ = Γ/Γ∞ of a surfactant at bulk concentration Cbulk is described by the Frumkin
isotherm, which includes lateral interactions between adsorbed molecules [15, 16]:

θ

1− θ
= KCbulk e

−2a θ. (1)

Here K (m3 mol−1) is the Langmuir affinity and a is the lateral interaction parameter (a > 0 for net attraction). The
corresponding surface equation of state is

γ(θ) = γ0 +RgT Γ∞
[
ln(1− θ) + a θ2

]
, (2)

with clean-water surface tension γ0 = 0.072 N m−1 at T = 298 K. The parameters for butyl xanthate (BX) and isobutyl
xanthate (iBX) were taken from the surface-tension measurements of Han et al. [14] and are listed in Table 1.
Note on kinetic consistency: For the dynamic simulations we adopt a Langmuir kinetic scheme (adsorption rate
kadsCbulk(1 − θ), desorption rate kdθ) with kads = Kkd. At steady state this scheme recovers the Langmuir isotherm
θ = KCbulk/(1 + KCbulk), which is the a = 0 limit of Eq. (1). When a ̸= 0, the steady state of Eq. (5) differs from
the Frumkin isotherm. This simplification is deliberate: it keeps the model transparent and avoids introducing additional
adjustable parameters. We have verified that the qualitative features of the jamming phase diagram – the existence of a
sharp boundary, the relative positions of BX and iBX, and the insensitivity to the shell modulus – are unchanged when the
full Frumkin kinetics is employed.

2.2. Jamming criterion and elastic shell constitutive law

When the fractional coverage exceeds a critical jamming threshold θjam, the monolayer is assumed to undergo a two-
dimensional solidification transition and to behave as an elastic shell with in-plane modulus Es (N m−1) [11, 12]. The
in-plane stress at a patch whose current area is A and whose reference jammed area is Ajam is

σ = Es

(
Ajam

A
− 1

)
, for A ≤ Ajam. (3)

By this definition, a compressed shell (A < Ajam) yields a positive σ; a positive stress resists further compression
and increases the right-hand side of the mechanical equilibrium (Eq. (4)). If the bubble expands while the shell remains
jammed (A > Ajam), Eq. (3) would produce a negative stress (tension). Because a granular monolayer is not expected to
sustain tension, we set σ = 0 for A > Ajam and simultaneously unjam the shell. This choice avoids unphysical tensile
stresses.

Jamming is reversible with hysteresis: if the coverage drops below an unjamming threshold θunjam, the shell returns
to the fluid state. We used θjam = 0.60 and θunjam = 0.35. These values are not derived from a specific experimental
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TABLE 1. Physical parameters and collector data used in the model

Parameter Symbol Value Source

Clean-water surface tension γ0 0.072 N m−1 Standard

Temperature T 298 K -

Bulk diffusivity (xanthates) Dbulk 5 · 10−10 m2 s−1 Han et al. (2018)

Boundary-layer thickness δ 10−6 m -

Shell modulus Es 0.6 N m−1 Estimated

Jamming threshold θjam 0.60 -

Unjamming threshold θunjam 0.35 -

Frumkin interaction parameter a 1.2 Han et al. (2018)

Butyl xanthate (BX)

Max. surface excess Γ∞ 4.0 · 10−6 mol m−2 Han et al. (2018)

Langmuir affinity (literature) Klit 0.337 m3 mol−1 Han et al. (2018)

Desorption rate (literature) kd,lit 1.67 · 10−3 s−1 Han et al. (2018)

Isobutyl xanthate (iBX)

Max. surface excess Γ∞ 3.8 · 10−6 mol m−2 Han et al. (2018)

Langmuir affinity (literature) Klit 0.395 m3 mol−1 Han et al. (2018)

Desorption rate (literature) kd,lit 1.67 · 10−3 s−1 Han et al. (2018)

Simulation settings

Bulk concentration Cbulk 0.1 mol m−3 -

Pressure range Pmin − Pmax 104 - 8 · 105 Pa -

Cycle duration Tcycle 10 s -

Time-step resolution Nsteps 500 -

system but are representative of attractive surfactant monolayers that can solidify well below random close packing [17].
The large hysteresis is plausible for monolayers that remain in a metastable jammed state down to low coverages [18].
We have verified that varying the thresholds by ±0.05 shifts the jamming boundary slightly but preserves all qualitative
conclusions reported here.

2.3. Mechanical equilibrium

For a free spherical bubble of radius R, the excess internal pressure P is balanced by the sum of the surface tension
and any shell stress [19]:

P =
2
[
γ(θ) + σ

]
R

. (4)

Equation (4) is solved implicitly for R at every time step using Brent’s root-finding method [20], with a bracketing
interval [10−9, 10−4] m. When the shell is not jammed, σ = 0 and the radius follows the familiar clean-water Laplace
relation R = 2γ0/P ; the pressure ramp is slow enough (10 s) that quasi-static equilibrium is a very good approximation.

2.4. Kinetic equation for the mean coverage

The time evolution of the average surface coverage is governed by the Langmuir kinetic equation augmented with the
geometric concentration term that results from area changes [21]:

dθ

dt
= kadsCbulk(1− θ)− kdθ − θ

1

A

dA

dt
, (5)

with kads = Kkd. The last term arises from the conservation of the total number of adsorbed molecules: d(θA)/dt =
Adθ/dt+θ dA/dt. The bubble area is A(t) = 4πR(t)2 and its derivative follows from Eq. (4) and the prescribed pressure
ramp.
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Equation (5) is integrated using an explicit fifth-order Runge-Kutta method (RK45) with a relative tolerance of 10−3

and an absolute tolerance of 10−6 [22]. The pressure profile is a symmetric triangular ramp: P rises linearly from 1·104 Pa
to 8 · 105 Pa and returns to 1 · 104 Pa over a total cycle time Tcycle = 10 s, discretised into Nsteps = 500 equally spaced
points.

2.5. Hysteresis energy

The work dissipated per cycle is the area enclosed by the pressure-volume loop [23]:

∆W =

∮
P dV, V =

4

3
πR3.

The integral is evaluated with the trapezoidal rule on the 500-point trajectory. For a bubble in contact with an external
reservoir at constant pressure, ∆W corresponds to the net mechanical work that must be supplied to dissolve the bubble;
a positive ∆W therefore represents an energetic barrier against dissolution.

2.6. Parameter space and computational campaigns

To map the jamming behaviour over a broad range of collector properties, we performed five computational cam-
paigns :

(1) A high-resolution phase diagram sweep of K and kd on a 50× 50 log-spaced grid (K: 10−4–102 m3 mol−1, kd:
10−4–100 s−1). Each point produces a jamming flag and the hysteresis energy (Fig. 2).

(2) A Monte-Carlo uncertainty propagation (5000 samples per collector) that samples K and kd from log-normal
distributions centred on the literature values [14] with a relative standard deviation of 0.1 (Fig. 4).

(3) A critical dosage sweep that identifies the minimum Cbulk required for jamming on a 20× 20 grid (Fig. 5).
(4) Sensitivity analyses in which the jamming boundary is recomputed after individually varying Cbulk, the maximum

pressure Pmax, the cycle time Tcycle, and the shell modulus Es (Fig. 6).
(5) A Lyapunov stability analysis along the jamming boundary, obtained by running pairs of trajectories with initial

coverages differing by 10−3 and measuring the divergence over one cycle (Fig. 8).

TABLE 2. Summary of key quantitative findings

Quantity Value / Range Source

BX jamming-onset K 1.0 · 10−3–20 m3 mol−1 Fig. 2

iBX jamming-onset K systematically lower, down to ∼ 10−4 m3 mol−1 Fig. 2

Monte-Carlo jamming probability (BX, iBX) 1.00 (5000/5000 samples) Fig. 4

Hysteresis energy range 10−14–10−9 J Fig. 2

Representative jammed loop energy (BX lit.) 1.91 · 10−10 J Fig. 3a

Critical bulk concentration Ccrit 8.2 · 10−6–0.35 mol m−3 Fig. 5a

Jamming guaranteed at K ≳ 0.3 m3 mol−1 at 0.1 mol m−3 – Fig. 5b

Shell modulus effect on boundary no effect Fig. 6d

Numerical convergence (rel. shift, Nsteps ≥ 500) < 1% Fig. 7

Peak one-cycle divergence exponent +0.42 s−1 (kd ≈ 0.17 s−1) Fig. 8

Minimum one-cycle divergence exponent −3.25 s−1 (kd ≈ 3.5 s−1) Fig. 8

All simulations were performed in a Python environment using only standard libraries (NumPy, SciPy, Pandas). A
single pressure cycle executes in approximately 10−3 s on a standard laptop, enabling exhaustive exploration without
high-performance computing. Convergence with respect to the time-step resolution was verified by repeating the phase-
diagram sweep with Nsteps = 250, 500, and 1000 (Fig. 7); the relative shift in the jamming-onset K between 500 and
1000 steps is below 1 %.

2.7. Limitations

The 0D model intentionally neglects several physical effects. Surface diffusion along the bubble interface would
smooth coverage gradients but is unlikely to alter the mean jamming threshold. Non-spherical shape deformations, partic-
ularly buckling of the jammed shell, could produce additional dissipation channels that are not captured here. Gas transfer
across the interface is treated only implicitly through the pressure-volume work; a fully consistent treatment would couple
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Eq. (5) to a diffusion equation for the dissolved gas. These effects will be addressed in future work combining molecular
dynamics simulations and AFM force-cycle measurements on single nanobubbles, broader collector parameter validation
is reserved for subsequent study as well.

3. Results and discussion

3.1. Jamming phase diagram

Figure 2 presents the central result of our numerical investigation. The colour map shows log10 of the hysteresis

energy ∆W =

∮
P dV on a 50 × 50 grid spanning four decades of Langmuir affinity K (10−4 to 102 m3 mol−1) and

four decades of desorption rate kd (10−4 to 100 s−1). The energy ranges from the colour-bar floor of 10−14 J (dark,
unjammed) to the ceiling of 10−9 J (bright, strongly jammed). This five-order-of-magnitude span directly reflects the
transition from a reversible, fluid-like interface to a dissipative, jammed solid shell.

FIG. 2. Jamming phase diagram. Colour map: log10 hysteresis energy, ranging from −14 (dark, un-
jammed) to −9 (bright, strongly jammed). Solid green line: BX jamming onset. Dashed crimson line:
iBX jamming onset. White circle: literature BX point (K = 0.337m3 mol−1, kd = 1.67 · 10−3 s−1)

The jamming boundary for butyl xanthate (BX) is the solid green contour in Fig. 2. It runs from approximately
K ≈ 1.0 · 10−3 m3 mol−1 at the lowest kd to K ≈ 20m3 mol−1 at the highest kd. The boundary for isobutyl xanthate
(iBX) is the dashed crimson line, which lies at systematically lower K values for any given kd. This shift arises from the
interplay between the Frumkin surface equation of state (Eq. 1) and the mechanical equilibrium (Eq. 4): iBX has a smaller
maximum surface excess Γ∞ than BX (3.8 · 10−6 vs. 4.0 · 10−6 mol m−2, Table 1), which reduces the surface-tension
lowering per unit coverage and alters the geometric dilution term through the pressure-radius coupling. The net effect is
to make jamming accessible at lower K for iBX.

The literature point for BX (K = 0.337m3 mol−1, kd = 1.67 · 10−3 s−1) is marked by a white circle and sits deep
inside the jammed region, far from the boundary. This is our first major finding: at a typical flotation bulk concentration
of 0.1mol m−3, commercial BX is predicted to form a jammed shell during a pressure cycle. The robustness of this
conclusion is examined in Section 3.

The boundary is sharp but continuous, with no abrupt jump in the energy. The isopleths of constant log10(∆W ) run
roughly parallel to the boundary, indicating that the hysteresis energy is controlled primarily by the distance from the
jamming threshold.
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3.2. Hysteresis loops and coverage evolution

To visualise the mechanical signature of jamming, we selected one representative cycle from the unjammed region
(K = 1.0 · 10−4 m3 mol−1, kd = 1.0 · 10−2 s−1) and one from the jammed region (K = 0.337m3 mol−1, kd =
1.67 · 10−3 s−1, the literature BX point) and plotted their pressure-radius curves and coverage transients in Fig. 3.

FIG. 3. (a) Pressure-radius hysteresis loops. Purple dash-dot: reversible clean-water limit. Semi-
transparent green: unjammed trajectory (K = 1.0 · 10−4 m3 mol−1, kd = 1.0 · 10−2 s−1). Solid
crimson: jammed trajectory (K = 0.337m3 mol−1, kd = 1.67·10−3 s−1). The shaded area corresponds
to ∆W = 1.91 · 10−10 J. (b) Coverage evolution for the same two cycles. Dashed line: θjam = 0.60;
dotted line: θunjam = 0.35. The jammed trajectory approaches 0.60 at peak pressure and declines to
∼0.50 by the end of the cycle, remaining above the unjamming threshold

Panel (a) shows the P-R loops. The reversible limit (purple dash-dot line) is the clean-water Laplace curve R =
2γ0/P ; because the vertical axis is clipped to 100—350 nm, the purple curve enters the plot window only above ∼4 bar
and descends to roughly 180 nm at the maximum pressure of 8 bar. The unjammed trajectory (semi-transparent green)
lies very close to the reversible limit: the small but non-zero coverage (θmax = 0.06, panel (b)) slightly lowers the surface
tension, but the resulting deviation from the clean-water curve is barely visible on this scale. There is no measurable
hysteresis for this cycle. The jammed trajectory (solid crimson) deviates clearly from the reversible limit, opening a
narrow loop with a dissipated energy of 1.91 · 10−10 J, as annotated on the plot.

Panel (b) shows the corresponding coverage evolution. The unjammed cycle begins at its equilibrium coverage of
approximately 1.0 · 10−4, rises to a maximum of only 0.06 during the compression stroke, and returns to near zero by the
end of the cycle. The jammed cycle starts at the Langmuir equilibrium θ ≈ 0.033, rises during compression, approaches
the jamming threshold θ = 0.60 near the peak pressure, and remains close to that value for a brief interval before declining
to about 0.50 by the end of the cycle. This particular trajectory therefore jams but does not unjam: the coverage never
falls below the unjamming threshold of 0.35.

It is important to clarify the relationship between the kinetic parameters and the likelihood of unjamming. During the
expansion stroke, the coverage decreases through two mechanisms: the geometric dilution term −θ(dA/dt)/A and the
desorption term −kdθ. Points with higher kd (faster desorption) experience a larger desorptive loss during expansion and
are therefore more likely to drop below θunjam and complete a full jam-unjam cycle. Points with very low kd (such as the
literature BX point shown here) jam during compression but remain trapped in the jammed state throughout the expansion,
producing a loop that closes only partially. The strongly jammed cycles that exhibit the largest hysteresis energies (up to
∼ 10−9 J, visible in the upper-left region of Fig. 2) correspond to parameters where the coverage significantly overshoots
θjam during compression and drops below θunjam during expansion, creating a wide, fully open loop.

3.3. Monte-Carlo uncertainty propagation

The jamming prediction for commercial collectors relies on literature values of K and kd that carry experimental
uncertainties. To assess the robustness of the conclusion that BX and iBX lie inside the jammed region, we performed a
Monte-Carlo propagation: for each collector, 5000 pairs (K, kd) were drawn from independent log-normal distributions
centred on the literature values (K = 0.337m3 mol−1 for BX, K = 0.395m3 mol−1 for iBX; kd = 1.67 · 10−3 s−1 for
both) with a logarithmic standard deviation of 0.1. Each pair was evaluated with the same 0D kinetic model used for the
phase diagram.

Figure 4 shows the resulting jamming-probability maps, constructed from a 2-D histogram of the 5000 samples and
smoothed with a Gaussian filter. The colour scale runs from 0 (no sample jams) to 1 (all samples jam). The black contour
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marks the 50 % probability boundary; it delineates the parameter region where jamming is more likely than not, given
the experimental uncertainties. The white circle in each panel indicates the literature point, and the annotation reports the
probability at that exact location.

FIG. 4. Monte-Carlo jamming-probability clouds for (a) BX and (b) iBX. Colour map: jamming prob-
ability from 5000 samples. Black contour: 50 % probability. White circle: literature point; annotation
reports the probability at that location

For both BX and iBX, the probability at the literature point is 1.000 – every one of the 5000 samples jammed. This
result confirms that the positioning of commercial xanthates deep inside the jammed region (Fig. 2) is not an artefact of
the nominal parameter values; it is robust against plausible experimental uncertainties. The practical implication is that at
typical flotation concentrations (Cbulk = 0.1mol m−3), the formation of a jammed shell is essentially guaranteed for both
collectors.

3.4. Critical collector dosage

A practical question for flotation operators is: “What is the minimum bulk concentration of collector required to
guarantee a jammed shell during a compression cycle?” To answer this, we performed a critical-dosage sweep on a
20 × 20 grid of K and kd. For each (K, kd) pair, we used bisection to determine the smallest Cbulk – denoted Ccrit – for
which the bubble jams during the standard 10 s pressure cycle.

FIG. 5. (a) Critical bulk concentration Ccrit required for jamming. Colour map: log10(Ccrit/mol m−3);
cyan dashed contour marks the typical flotation dosage of 0.1 mol m −3. The colour scale saturates at
both ends of the true Ccrit range. (b) Cross-sections at four representative desorption rates kd. Magenta
dashed line: typical dosage. All curves show that stronger adsorption (larger K) reduces the critical
dosage

Figure 5a maps log10(Ccrit) over the (K, kd) plane. A cyan dashed contour marks the typical industrial flotation
concentration of 0.1 mol m−3. Points with Ccrit below this contour require less collector than the standard dosage to
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achieve jamming; points above require higher concentrations or more active collectors. The colour scale in panel (a)
saturates at both ends of the Ccrit range: the true values extend from approximately 8 · 10−6 mol m−3 (below the colour-
bar floor) to about 0.35 mol m−3 (above the colour-bar ceiling). The underlying physical trend – that higher affinity and
slower desorption reduce the critical dosage – is more clearly seen in the cross-sections shown in panel (b).

Figure 5b plots Ccrit as a function of K for four representative desorption rates. All curves decrease monotonically
with K, confirming that strong adsorption (large K) lowers the dosage threshold. At low K (10−2 m−3 mol−1), the
fastest-desorbing collector (kd = 1.0 s−1, red curve) requires the highest dosage (∼0.2–0.3 mol m−3), while the three
slower-desorbing collectors cluster near 10−2 mol m−3. At high K (101 m−3 mol −1), all four curves converge to
approximately 10−5 mol m−3 – roughly four orders of magnitude below the typical flotation concentration. The magenta
dashed line at 0.1 mol m−3 provides a direct visual reference: for K ≳ 0.3 m3 mol−1, even the fastest-desorbing collector
jams at or below the standard dosage.

These results translate into a straightforward design guideline for flotation: choose a collector with the largest possi-
ble K (strongest adsorption) and the smallest possible kd (slowest desorption) to minimise the concentration required
for jamming. For the commercial xanthates studied here, the literature values (KBX = 0.337 m3 mol−1, KiBX =
0.395 m3 mol−1) both lie comfortably in the region where the critical dosage is well below 0.1 mol m−3, consistent
with the Monte-Carlo finding that jamming is essentially guaranteed at that concentration.

3.5. Sensitivity to process parameters

To assess how robust the jamming boundary is to changes in operating conditions, we recomputed the boundary while
individually varying the bulk concentration Cbulk, the maximum pressure Pmax, the cycle time Tcycle, and the shell modulus
Es. The results are shown in Fig. 6.

FIG. 6. Sensitivity of the jamming boundary to variations in (a) bulk concentration Cbulk, (b) maximum
pressure Pmax, (c) cycle time Tcycle, and (d) shell modulus Es. In all panels, the blue solid line is the
baseline boundary. Legend entries: (a) Cbulk = 0.05, 0.2, 0.5mol m−3; (b) Pmax = 4·105 Pa, 1.2·106 Pa;
(c) Tcycle = 2, 5, 20 s; (d) Es = 0.3, 1.2N m−1 (dashed). The shell modulus does not affect the onset of
jamming

Increasing Cbulk (Fig. 6a) shifts the boundary toward lower K: at a fixed desorption rate, a higher bulk concentration
provides a larger adsorptive flux, allowing the surface to reach the jamming threshold at a weaker affinity. The effect is
strongest at low K and diminishes as K increases, consistent with the saturation of the Langmuir isotherm.
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Decreasing Pmax (Fig. 6b, teal curve) shifts the boundary to higher K: a weaker compression produces a smaller
geometric concentration effect, requiring a stronger affinity to achieve jamming. Increasing Pmax (purple curve) has the
opposite effect, moving the boundary to lower K.

Shortening the cycle time (Fig. 6c, yellow curve) also shifts the boundary to higher K, because the adsorption has
less time to raise the coverage above the jamming threshold. Lengthening the cycle (red curve) allows more adsorption
and moves the boundary to lower K.

The shell modulus Es (Fig. 6d) has essentially no effect on the jamming boundary: the curves for Es = 0.3N m−1

and Es = 1.2N m−1 lie exactly on top of the baseline. This result confirms that the jamming transition is governed by the
adsorption kinetics and the geometric concentration – not by the mechanical properties of the shell. The shell modulus
influences the shape of the hysteresis loop after jamming occurs, but it does not control whether jamming occurs in the
first place.

These sensitivity tests demonstrate that the jamming boundary is physically well-behaved: the shifts are monotonic,
consistent with the underlying kinetic equations, and can be rationalised by simple physical arguments. This strengthens
the credibility of the phase diagram as a predictive tool for selecting collectors and process conditions.

3.6. Numerical convergence

To confirm that the jamming boundary is independent of the time-step resolution, we repeated the phase-diagram
sweep (Sect. 2.6) with Nsteps = 250, 500, and 1000 time points per cycle, keeping all other parameters at their baseline
values. The resulting jamming-onset boundaries are overlaid in Fig. 7.

FIG. 7. Convergence of the jamming boundary with time-step refinement. Boundaries computed with
Nsteps = 250 (soft blue), 500 (ochre), and 1000 (magenta) are virtually indistinguishable across the
entire parameter range, confirming grid-independence

The three curves are virtually indistinguishable across the entire (K, kd) plane. A tiny divergence becomes visible
only at the extreme upper-right corner of the simulated range – where K ≳ 10m3 mol−1 and kd approaches 1 s−1 – with
the N = 1000 curve lying fractionally above the N = 250 curve. Everywhere else the lines overlap to within the pixel
resolution. The maximum relative shift in onset K between N = 500 and N = 1000 is below 1 %.

This result confirms that Nsteps = 500 is sufficient to resolve the jamming boundary across the entire parameter space
explored in this work, and that all phase-diagram and sensitivity results reported here are numerically converged.

3.7. Dynamical sensitivity along the jamming boundary

To quantify the sensitivity of the jamming transition, we measured the one-cycle divergence of nearby trajectories
along the jamming boundary (Fig. 8). For each kd on a 30-point log-spaced grid spanning 10−2 to 102 s−1, we located
the onset affinity Konset and ran two pressure-cycle simulations with initial coverages differing by ∆θinitial = 10−3. The
one-cycle divergence exponent was computed as

Λ =
1

Tcycle
ln

(
∆θfinal

∆θinitial

)
,

where ∆θfinal is the absolute difference in coverage at the end of the 10 s cycle. This quantity measures the average
exponential growth rate of perturbations over a single cycle; it reduces to the largest Lyapunov exponent in the limit of
many cycles, but here we report it as a practical, finite-time indicator of critical sensitivity.
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FIG. 8. One-cycle divergence analysis along the jamming boundary. Crimson line with white circles:
one-cycle divergence exponent Λ. Light crimson shading: region of positive Λ (critical sensitivity).
Grey dashed line: Λ = 0. The exponent peaks at +0.42 s−1 near kd ≈ 0.17 s−1, drops sharply to
negative values, and displays a secondary recovery bump at high kd

The resulting curve displays three distinct regimes. At low desorption rates (kd ≲ 0.05 s−1), Λ is near zero, rising
gradually to a plateau peak of +0.42 s−1 at kd ≈ 0.17 s−1. This positive region (shaded in Fig. 8) indicates that the system
is critically sensitive: a tiny change in initial coverage can determine whether the bubble jams. At kd ≈ 0.25 s−1, Λ drops
sharply, becoming negative, and continues to decrease to a minimum of −3.25 s−1 at kd ≈ 3.5 s−1. This large negative
exponent signals a strongly stable, non-jamming response.

Beyond kd ≈ 3.5 s−1, the curve exhibits a pronounced recovery bump: Λ rises from −3.25 to −0.95 at kd ≈
25 s−1, then gradually declines to about −1.15 at the rightmost point (kd ≈ 80 s−1). This non-monotonic feature reflects
the competition between very fast desorption kinetics and the geometric dilution term at the extreme upper end of the
parameter space.

The positive peak in Λ provides a clear, testable prediction for interfacial rheology or AFM force-cycle experiments:
the variance of the measured mechanical response should be maximal at the collector parameters corresponding to this
peak.

4. Conclusion

A sharp jamming boundary exists in the (K, kd) plane (BX onset K ≈ 10−3–20m3 mol−1; iBX boundary at system-
atically lower K). Commercial butyl (K = 0.337m3 mol−1) and isobutyl xanthate (K = 0.395m3 mol−1) lie deep inside
the jammed region, with a Monte-Carlo jamming probability of 1.00 at the typical flotation dosage of 0.1mol m−3. The
hysteresis energy spans 10−14 to 10−9 J, and the critical bulk concentration Ccrit ranges from 8.2 ·10−6 to (0.35mol m−3.
The boundary shifts predictably with the operating parameters Cbulk, Pmax, and Tcycle, but is insensitive to the shell mod-
ulus Es. Numerical convergence is confirmed (relative shift below 1 %), and a one-cycle divergence exponent peaks
at +0.42 s−1 near the transition, indicating critical sensitivity. The minimal 0D model provides a predictive tool for
surfactant-stabilised nanobubbles across flotation, catalysis, and biomedical nanosystems; the acknowledged simplifi-
cations will be addressed in future molecular dynamics and single-bubble experiments while a multi-source parameter
library for collectors will also be established in future work.
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