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ABSTRACT We evaluate the ground state energy of an off-centre Coulomb impurity in an asymmetric Gaussian
GaAs quantum dot under a constant magnetic field. Using a unitary transformation, we take into account the
combined effect of the Rashba and Dresselhaus interactions treating the coupling terms up to quadratic order.
We next treat the transformed Hamiltonian using a variational approach with a suitable ansatz. The findings
reveal that the ground state energy increases with growing impurity distance from the confinement centre and
with increasing potential asymmetry. Finally, we examine how the asymmetry in the Gaussian confinement
influences the magnetic moment and susceptibility of the impurity.
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1. Introduction

Quantum dot (QD) systems have attracted significant interest due to their applications in semiconductor technol-
ogy and their ability to probe quantum phenomena at the nanoscale [1–10]. Their discrete energy spectrum and strong
confinement lead to a range of novel physical properties, as demonstrated in numerous studies [11–29].

In realistic systems, the presence of impurities is unavoidable, making their influence on the QD properties particu-
larly important. In this regard, two key aspects are of primary interest: the role of impurities on quantum dot characteristics
and the modification of impurity states under quantum confinement. Bastard [30] first considered a Coulomb impurity
in a quantum well and employed a variational approach to determine its energy spectrum. Following his work, various
authors have investigated impurity-related effects in low-dimensional nanostructures. For example, Shaer et al. [31] have
examined the influence of a Gaussian impurity on the electrons confined in a lateral QD.

Another important interaction in QD systems is the relativistic spin-dependent interaction or the spin–orbit (SO)
interaction (SOI) which forms a fundamental driving factor in the development of spintronic research. The key idea in
spintronic devices is to utilize the electron spin, rather than its charge, as the primary carrier of information [32–35].
In solid-state systems, SO coupling generally arises from two primary mechanisms. The first is the Rashba spin–orbit
interaction (RSOI) [36], which originates from structural inversion asymmetry, while the second is the Dresselhaus spin–
orbit interaction (DSOI) [37], resulting from bulk inversion asymmetry. The degree of coupling of the DSOI is essentially
determined by the intrinsic properties of the QD, whereas the RSOI can be tuned by both structural parameters and
external fields [38]. This tunability of RSOI has been widely exploited in spintronic applications [39, 40].

In recent years, many authors have analysed how SOIs shape critical material characteristics and key attributes of
quantum-confined geometries. Kumar et al. [41] have examined the role of RSOI on the energetics and magnetic proper-
ties of a many-electron harmonic QD using the Johnson-Payne model potential [42] for the electron-electron interaction.
Elsaid and collaborators [43] have examined the thermodynamic and magnetic features of a parabolic GaAs QD under
electric and magnetic fields factoring in the impact of impurities and the Rashba coupling. Li et al. [44] have investigated
the influence of RSOI on the electronic states of a D0 impurity in a GaAs/GaAlAs quantum well. Khordad [45] has
examined the combined effects of electron–electron interaction, Rashba coupling, and an external magnetic field on the
magnetic susceptibility of a parabolic QD at finite temperature. Gisi et al. [46] have analyzed the role of Rashba interac-
tion and magnetic field on the optical absorption properties of a parabolic quantum wire. Saini et al. [47,48] have reported
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the binding energy of the D0 and D− impurities in a GaAs QD considering the Gaussian function as the confinement
potential under the influence of RSOI and DSOI.

In most of the earlier investigations, the impurity has been assumed to be at the bottom of the confinement potential,
and such an impurity is normally referred to as an on-centre impurity. Later, of course, quite a few investigations have also
considered off-centre impurities [50–52]. However, a comprehensive analysis of both RSOI and DSOI on an off-center
Coulomb impurity within an asymmetric GQD (AGQD) placed in a magnetic field has remained hitherto unexplored.
Our work endeavours to explore this aspect. We will consider an off-centre hydrogenic impurity in a GaAs AGQD and
calculate its ground state and binding energies, and the magnetic properties.

2. Theoretical model and Mathematical formalism

An off-centre D0 impurity situated in an AGQD with RSOI and DSOI and placed under a magnetic field can be
modelled by the following Hamiltonian:
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In Eq. (1), e(m∗) refers to the charge (Bloch mass) of the electron, r(x, y, z) represents the position of the electron,
p (px, py, pz) its momentum, D is the position of the D0 impurity, ε is the dielectric constant of the medium, V0(R)
represents the depth (range) of the confinement potential, A denotes the vector potential defined by the equation: B = ∇×
A, where B(0, 0, B) is the magnetic field applied in the z-direction, I is a unit matrix of order 2 andHR andHD describe
respectively the Rashba and Dresselhaus interactions. In Eq. (2) and Eq. (3), σx, σy, σz are the Pauli spin matrices, αR

and βD denote the RSOI and DSOI constants. We use the symmetric gauge and choose: A = B(−y/2, x/2, 0).
We first deal with the SOI’s. In order to incorporate the effect of SOI’s, we apply on H a unitary transformation:

U = eS with S = i
(
m∗/ℏ2

)
[αR (yσx − xσy) + βD (xσx − yσy)]. This transformation was first used by Aleiner and

Falco [53] and later by Rodriguez et al. [54] and Kumar et al. [55]. This diagonalizes the Hamiltonian in the spin space
to order α2

R and β2
D. In the transformed frame, the eigenstates are orbitals with well-defined spin and orbital angular

momentum. In this method, terms higher than α2
R and β2

D are neglected and we get
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where ωc = (eB/m∗c), ρ2 =
(
x2 + y2

)
and Lz = −iℏ(∂/∂φ). We are interested in a variational GS of H̃ and so we

adopt an appropriate variation ansatz: ψ (r) = [1 + γ e−α(r−D)]e−βr2−imφ, where γ, α and β are to be selected by the
optimization process. The proposed variational ansatz has been designed to adequately describe the dominant physical
characteristics of the GS of (2). Let E(e−) and E(D0) denote the lowest energy states of a single electron and a neutral
donor complex, respectively, confined within the AGQD. We also calculate the magnetic moment (M ) and suscepility (S)
of the D0complex, which are defined as: M = − (∂E/∂B); S = (∂M/∂B).

3. Quantitative findings and discussion

Although the formalism developed here is fairly broad in scope and applicable to any QD system, we specifically
consider a GaAs QD dot for concreteness. All physical quantities will be expressed in SI units, with energy in meV and
length in nm. For GaAs, the electrical permittivity is taken as ε = 12.4 and the electron band mass as m∗ = 0.06m0,
where m0 denotes the free electron mass. The magnetic field is given in Tesla (T), and the SOI parameters are given in
meV·nm.

Figure 1 illustrates how the GS energy (E) of an off-centre donor D0 within a GaAs AGQD evolves relative to
the donor position (D), comparing three distinct pairs of asymmetry parameters a and b. As D enhances, E rises and
gradually approaches a constant value at large D. This behaviour can be interpreted using a straightforward semiclassical
framework where the effective potential function on minimization provides the system’s lowest energy. The GS energy
decreases with decreasing asymmetry along the z-direction. Furthermore, in cases when D0 is separated farther from the
confinement centre, the influence of asymmetry becomes increasingly significant.

Figure 2 demonstrates how E changes with V0 in the case of a GaAs AGQD for different values of αR and βD and
a certain value of D (D = 10 meV). The GS energy decreases with increasing V0, which is consistent with expectations.
Additionally, both RSOI and DSOI lower the GS energy, with the RSOI contribution being more significant.
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FIG. 1. Plot showing the variation of the GS energy E (in meV) of an off-centre D0 impurity within a
GaAs AGQD with respect to the distance of D0 from the stable equilibrium potential minimum (D in
nm) for three sets of asymmetry parameters

FIG. 2. Plot showing the variation of GS energy E with respect to V0 for a D0 impurity within GaAs
AGQD with D = 10 nm and for four sets of SOI parameters

FIG. 3. Plot of E against R in the case of a D0 impurity in a GaAs AGQD for a few sets of asymmetry parameters
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Figure 3 illustrates the dependence of E on R in the case of a GaAs AGQD for a three sets of asymmetry parameters
with the impurity position D = 10 meV. The values of other parameters are specified within the figure. The figure
shows that for small QD sizes, the effect of the asymmetry parameter is not very significant. However, as the QD size
increases, the GS energy is impacted by the asymmetry parameter in a more pronounced way. The graph, of course, also
demonstrates the accepted behavior that the GS energy rises with increasing QD size.

FIG. 4. Plot showing how E depends on the asymmetry parameter a in the case of an off-centre hydro-
genic complex within a GaAs AGQD

FIG. 5. Plot showing how E depends on the asymmetry parameter b in the case of an off-centre hydro-
genic complex within a GaAs AGQD

Figure 4 and Fig. 5 describe how E depends on the asymmetric parameters a and b for four pairs of values of αR and
βD with V0 = 120 meV, R = 50 nm, D = 10 nm and B = 2T . The graphs indicate that the energy is a growing function
of the asymmetry parameters a and b. Furthermore, the directional asymmetry along the Z exhibits a more pronounced
impact in lowering the energy than the x-y asymmetry. The combined impact of RSOI and DSOI gives rise to a further
reduction in the GS energy in both cases.

Figure 6 displays the trend of the GS energy against B for V0 = 300 meV, D = 4 nm, R = 10 nm, αR = 1, βD = 1
with different values of the asymmetry parameters. In all cases, a positive correlation is observed between E and B.
Moreover, reduction in asymmetry along the z-direction results in lower energy.

Figure 7 exhibits how theature of the moment (M ) is governed by B for V0 = 300 meV, D = 4 nm, R = 10 nm
and αR = 1 and βD = 1 and for three sets of asymmetry parameters. The behaviour distinctly indicates the diamagnetic
nature of M . The figure also suggests that |M| is a monotonically increasing function of B. It is also visible that a lower
asymmetry along the z-direction results in an increased magnitude of magnetization. However, for small B values, the
dependence of M on the QD potential asymmetry is rather feeble.
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FIG. 6. Dependence of E on B in the case of an off-centre hydrogenic complex in a GaAs AGQD for
a few sets of asymmetry parameters

FIG. 7. Dependence of magnetic moment (M ) of an off-centre impurity in a GaAs AGQD on the
applied field B for three sets asymmetry parameters

FIG. 8. Correlation between the Magnetic susceptibility (S) and B for an off-centre system in a GaAs
AGQD for three sets of asymmetry parameters
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Figure 8 presents the correlation between the magnetic susceptibility (S) and the applied field B in the case of an
off-centreD0 system in a GaAs AGQD. The figure distinctly demonstrates the diamagnetic behaviour of the susceptibility
S. In addition, the impact of the asymmetry parameters on S is significant at low small B, but becomes negligible as B
increases. The susceptibility increases as a function of B for all asymmetry parameters and exhibits a gradual saturation
at higher magnetic fields.

4. Conclusion

We have examined how the GS energy (E), Magnetization and the susceptibility (S) of an off-centre D0 complex in
a GaAs AGQD are influenced by the depth, range and the asymmetry parameters of the QD potential under a magnetic
field. It is observed that E increases with the increase in the impurity distance D and the asymmetry parameters of the
QD potential. It is furthermore found that deepening or widening the potential well results in a lower bound-state energy,
the effect of the range being much more stronger. We finally demonstrate that the magnetic field enhances the energy and
also the magnetization strength and susceptibility.
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