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1. Introduction

In paper [1], the authors studied finite graphene nanostructures—graphene nanoflakes and graphene quantum dots—
from a quantum-mechanical perspective. They showed that when graphene is reduced to nanoscale dimensions, its elec-
tronic properties differ significantly from those of bulk graphene because of finite-size effects, quantum confinement, edge
geometry (zigzag versus armchair), and the shape of the nanostructure. This observation is directly relevant to discrete
Schrodinger models, since finite lattice Hamiltonians naturally reproduce the size-dependent discrete energy levels arising
in such nanosystems. Paper [2] focuses on recent experimental progress in graphene quantum dots. It emphasizes that
graphene quantum dots are model nanosystems for studying quantum confinement of Dirac fermions, quasi-bound states,
Berry phase effects, edge-induced confinement, and single-electron phenomena. Moreover, this work shows that graphene
quantum dots are experimentally realizable nanosystems whose energy levels and localization properties can be naturally
described by discrete lattice Hamiltonians.

The existence conditions for eigenvalues of the discrete Schrodinger operator with a § potential were studied in [3].
The same operator was considered in [4], where the authors investigated the behavior of the spectral edges (embedded
eigenvalues and resonances) at the two ends of the continuous spectrum, in particular it is shown that an embedded eigen-
value does appear for d > 5 but does not for 1 < d < 4. An exact expression for the number of discrete eigenvalues of
discrete Laplacian with finitely supported potential is described in [7]. K. Ando et al. [10] described the spectral properties
of the Schrodinger operators with compactly supported potentials on square, triangular, hexagonal, Kagome, diamond,
subdivision lattices. The inverse scattering for discrete Schrodinger operators with compactly supported potentials on
7% and on the hexagonal lattice were studied in [5] and [6] only for special cases, in these papers, the discreteness of
embedded eigenvalues of these operators was proved.

The absence of embedded eigenvalues for Schrodinger operators with exponentially decaying potentials was proved
in [9] using the unique continuation property. Using basic tools from several complex variables and algebraic geometry,
in particular Hilbert’s Nullstellensatz, Isozaki and Morioka [8] established a Rellich—Vekua type theorem for Schrodinger
operators on the square lattice in the case of finitely supported potentials. The Rellich—Vekua type uniqueness theo-
rem, the unique continuation theorem, and the non-existence of eigenvalues embedded in the continuous spectrum for
discrete Schrodinger operators with compactly supported potentials on periodic lattices including the square, triangular,
and hexagonal lattices were studied in [10], where Kagome lattice and the subdivison of the square lattice, there are
examples of Hamiltonians with compactly supported potentials having embedded eigenvalues. Paper [11] extended the
results of [10] for Schrodinger operators with exponentially decreasing potentials on a class of lattices including square,
triangular, hexagonal lattices and their ladders. The authors discussed the unique continuation property and provided a
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counterexample for Hamiltonians on a ladder of a d-dimensional square lattice with a diagonal matrix potential whose
entries are identical scalars, exhibiting an embedded eigenvalue.

Note that the Schrodinger operators with compactly supported potentials acting on the diagonal entries of ladder
graphs were also studied in [10] and [12] as simple examples of a general class of perturbed periodic operators possessing
embedded eigenvalues. In particular, in [10], the compactly supported potentials were taken to be d-potentials acting on
the diagonal entries. In [12], a broad class of operators obtained by coupling m (possibly different) operators defined
on identical graphs was investigated. The resulting operator decouples into m independent subsystems with different
spectral bands. Consequently, a non-embedded eigenvalue of one subsystem may become an embedded eigenvalue of the
full coupled system if it lies inside a spectral band of another subsystem. Ladder graphs belong exactly to this class. In
particular, Example 2 of [12] considers a non-compact perturbation acting on the off-diagonal entries.

In the present paper, we investigate spectral properties of the discrete Schrodinger operator H on a ladder of d-
dimensional square lattices with a self-adjoint matrix-valued potential whose entries are the scalars A and p. The main
aim of this paper is to determine conditions for the existence of eigenvalues and to describe their exact locations in terms
of the parameters A\ and p for the cases d = 1 and d = 2. In particular, we clarify the existence of eigenvalues embedded
in the essential spectrum of H. Due to the symmetry of the ladder graph, the investigated problem reduces to the study
of the Schrédinger type operators H; and Hy on the lattice Z¢, with delta potentials whose coupling constants are A & /.
Moreover, a non-embedded eigenvalue of H; may become an embedded eigenvalue of the operator H if it lies within
a spectral band of Hj, and conversely. Remark that this reduced problem is similar to that considered in [3], where the
eigenvalues of a Schrodinger operator with a delta potential depending on a coupling constant parameter were investigated.
Although the Schrodinger operator with a §-potential has been studied previously, the reduced operators considered in the
present paper depends on the parameters A + p. Therefore, it is of particular interest to provide a precise description of
the eigenvalues in terms of the parameters A\ and .

2. Basic statements and the main results

2.1. Ladder of d-dimensional square lattice in R

The ladder of d-dimensional square lattice is realized in R, (See [10]) Let £y = {(n1,...,nq,0) : n; € Z}.
Letting p; = (0, ....,0,0) and p2 = (0,.....,0,1), we put
V=V Uy,
where
Vj =p;+ Lo.
Forv € V, we put
Ny, ={weV:|jw—v|=1}, j=12.
The degree of a vertex v € V is the number of vertices adjacent to v . Forallv € V, deg(v) = N, = 2d + 1.
There exists a bijection V 3 a > (ji(a),n(a)) € {1,2} xZ* such that @ = p;(4)+v(n(a)). Then ¢2(V) is isomorphic
to Egz) (Z%), where 6(22) (Z) is the Cartesian product Hilbert space of two copies of 5 (Z%).

Any function f on V is written as f(n) = (fi(n), f2(n)),n € Z9, where fj (n) is identified with a function on
p;j + Lo. Hence £>(V) is the Hilbert space equipped with the inner product

2

(f7 Q)ZQ(V) = Z(fjvgj)degp

j=1

where (f, g)deg denotes the weighted inner product in £5(Z%) defined as (f, g)deg = Z deg(v) f(v)g(v).
veV
Let Lg(’]I‘d) be the Hilbert space of square-integrable functions defined on T¢, T = (—m, ], and let LéQ) (T?) denote

the Cartesian product Hilbert space of two copies of Ly(T¢), where LéQ) (T?) is equipped with the inner product

2
(f,9) @ pay = fi()g;(z)dz.
L% (1) ;/Td

We then define a unitary operator F : {2(V) — LéQ) (Td)7
(Ff)j=@m)~**V2d+1 Y fi(n)e'™,

nezd

where the inverse F ! : Lég) (T?) — £5(V) of F is defined as
_d

(F ) = 20

= \/Tﬁ o eﬂ("’x)f](x)dx
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Recall that the shift operator S}, acts on a sequence (a(n)),,cza as follows:
(Sk(a))(n) = a(n + ex),
where e; = (1,0, ...,0),...,eq = (0,...,0,1), k= 1,d. Then we have
FS), = e 1k F.
The Laplacian A on the ladder V is defined by the following formula

d
Fo(n) + > (fr(n+ex) + fr(n — ex))

o 1
AF)m) = 57— = ,
T A0+ S () + foln— )
k=1

Consider the discrete Schrodinger operator on the d-dimensional ladder V' defined in the form
A——A-7,
where V is a potential defined on 652) (Zd) as a multiplication operator by real-valued, 2 x 2 matrices:
Ao(n)  po(n) {(277)d, forn =0,

V(n) = , v(n) =

where X and y are real numbers with (X, 1) # (0,0), 6 is zero element in Z.
To study spectral properties of H, we consider H = FHF !, where H acts in the Hilbert space Lg) (Td) as

H=H,-V,
Hy is a multiplication operator by matrix

d
2 CcoS T; 1
Ho(a) = 5. =
Y d
1 2 Z cosST;
i=1
and V' is an operator matrix

AV v
Uv AV
with the integral operator v f = f(s)ds. Under these consideration, H is a self-adjoint operator.

Td
We denote by 0(A), 0,(A) and o.45(A) , respectively, the spectrum, the point spectrum and the essential spectrum
of the operator A.
The operator H was previously analyzed in [6], where it was shown that

o(Hp) =[-1,1].
Because V' is a compact operator, Weyl’s theorem for the essential spectrum [14] yields
Uess(H) = O'(Ho).
Let
. H, 0
H = ,
0 Hy
where
H1 :Hlo—(A—FlJz)V, I’Igzlfgo—()\—‘u)v7
H,y and Hyq are multiplication operators on Lg(']I‘d) by functions
d
2

d
1 2 1
E = i d E =—0F R
10(z) 2d+1izzlcosa: 21 an 20(x) 2d+1;cosx +2d+1

respectively.
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Lemma 1. The operator H is unitarily equivalent to the operator H.

Since the operators H and H are unitarily equivalent, they have the same spectrum:

op(H) = 0p(H), 0ess(H) = Uess(ﬁ)~
Therefore, an investigation eigenvalue problem for H reduces to study eigenvalue problems for H; and Ho, since
o(H) =o0(Hy)Uo(Hs).

We note that the Weyl theorem for the essential spectrum [14] implies that the essential spectrum os5(Hy ), o = 1,2
of the operator H,, coincides with the spectrum of the unperturbed operator H g, since v is the one rank operator. In this
case, 0css(H1) and 055 (Hs) coincide with the range of the functions E1 and Es, respectively, i.e.,

2d —1 —-2d+1
R

Tess(H1) = [-1, 2d 1 1] and  0ess(Hz) = [m7

In particular cases for d we have

1 1
Oess(H1) = [—1, §] and  oess(H) = [—g, 1] for d=1,

aess(Hl):[—l,g] and  psy(Ha) [-%,1] for d=2.

Let p
Al(z):l—(/\—Fu) Tdm, Z¢UCSS(H1),
dx
AQ(Z):l—(A—,U/) Tdm, Z¢UCSS(H2)'

Lemma 2. The number z € R\0ess(Hy),« = 1,2, is an eigenvalue of the operator H,, if and only if A,(z) = 0.
2.2. The main results for the case d = 1

The following lemmas describe the location of the eigenvalue z, of the operator H, with respect to the constants A
and p.

1
Lemma 3. For any A\ + pu # 0, the operator Hy has a unique eigenvalue z, lying on R \ [—1, g] and Hy has no any

eigenvalue for A\ = —u. More precisely,
—1—2/1+972(\ 2
(121 € (=00, -1), 2= PITOLIE for At
1 —14 214+ 972(\ 2
(2) 21 € (571), 7= +3 GRAD) for

the essential spectrum o.ss(Hs) ;

1
(3)z1=1for A+pu= —E, i.e. z1 = 1 is the threshold of c.ss(Ha);

1421972\ + u)2
(4 € (Loo), 2= +2¢/ 4—37r( + 1)

1
———— < A+ u < 0. Moreover, in this case z1 lies in

V3

1
for A4+pu<——.
3

1
Lemma 4. For any A — i # 0, the operator Hy has a unique eigenvalue z lying on R\ [—g, 1] and Hs has no any

eigenvalue for A = u. More precisely,

1421+ 9720h — 11)?
(1) 2 € (1,00), 2= +3“( W2 or A=< 0;

1 1—2/14+972(\ — )2 1
(2) z9 € (71,75), 2y = +37T ( M) for 0<A—p< T Moreover, in this case, z3 lies in
T
the essential spectrum o.ss(H1);
1
(3) 20 =—1for \—pu=—,ie 2o =—11isthe threshold of o.ss(H1);
V37

1 =2y/1+972(\ — p)?
B 3 R

(4) 25 € (—00,—1), 29

We introduce the following sets:
o= {(m) s A= 0} I = {(Apr) s A— = 0},

1 1
Dlz{()\,u):—ﬁg)\+/t<0}, Dgz{()\,u):()</\—ugﬁ}.

Combining Lemma 3 and Lemma 4, we immediately obtain the following theorem.
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TABLE 1. Locations of the eigenvalues of the operator H for all (A, ) € R

\ A+
—
1 1 1
00, —— - ——,0 0 0,00
( \/gﬂ) ( \/377) ( Ton ) (0,00)
1
(—00,0) | z1>1 21 =1 21 € (5,1) h 7 < —1
2o >1 zo>1 29 > 1 zo >1 29> 1
1
0 z1>1, z1=1, 21 € (g,l), — 21 < —1
Az B2 Azs Bz
1 1
(0, 7) z1>1 z1=1 z1 € (*, 1) 3921 z1 < —1
\/§7T 1 c 3 S S
ac(-l-3) |2 € (—1,— 1) 2 2o
—1,—= 2 ’ —1,-= —1,-=
(-1,-3) 3 (-L-3) | 1-9)
1 1
— z1 > 1 71 =1 z€(=,1) EiP) z1 < —1
VaT |, = — 1 3 = -1 =-1
2 = R2 = 29 = —1 R2 = 22 =
1 1
(——,00) | z1>1 z1=1 z1 € (5,1)7 h 7z < —1
\/gﬂ— zo < —1 zo < —1 29 = —1 zo < —1 29 < —1

Theorem 2.1. (1) For (\, i) € R?\ (I U ly) the operator H has two eigenvalues z, and zy. Moreover, if (\, 1) €
Dy () Do then 21,2 € 0eos(H) and if (A, p1) € Do\ (D1 [ | D2) , then  zo € 0ess(H), a = 1,2;

(2) For (\, 1) € (I3 Ula) \ (0,0) the operator H has a unique eigenvalue. Moreover, if (A, ) € Dy ﬂlg then
21 € Oess(H) and if (\, 1) € Dy ﬂll then zo € 0.s5s(H).

Table 1 presents the precise locations of the eigenvalues of the operator H for all (A, u) € R, where in some cases
the eigenvalues lie in .45 (H ).

2.3. The main results for the case d = 2

The following lemmas describe the location of the eigenvalue z,, of H, with respect to constants A\ and .
2
Let K (-) be the first-kind Elliptic function then K(g) ~ 1,8096675.

3
Lemma 5. For any A\ + pu # 0, the operator Hy has a unique eigenvalue z, lying on R \ [—1, S] and Hy has no any
eigenvalue for A\ = —pu. More precisely,
(1) z1 € (—oo0,—1) for A\ + > 0;

(2) 21 € (g, 1) for —

—— o < A+ 1 < 0. Moreover, in this case, z1 lies in the essential spectrum o.ss(Hs) ;
20mK (5)

(3)z1=1for \+p=— i.e. z1 = 1 is the threshold of 0.ss(Ha);

20mK(2)’
(4) z1 € (1,00) for A\ + pu < —W.
3

3
Lemma 6. For any A\ — 1 # 0, the operator Hy has a unique eigenvalue zo lying on R\ [—g, 1] and Hs has no any

eigenvalue for A\ = p. More precisely,
(1) z2 € (1,00) for A\ — pu < 0;

3 3
(2) z2 € (=1,—2) for 0 < X\ — i < ————5~. Moreover, in this case zy lies in the essential spectrum o.ss(H);
3) 2= —1forA—p= ———— i 2 = —1 is the threshold of Gees (Hy);
(3) 2o for 1 207TK(§) ie 29 is the threshold of c.ss(Hy)
3
4 € (—o0,—1 A—p> .
(4) 22 € (=00, —1) for A — p 207K (2)

To describe locations of eigenvalues of the operator H, we introduce the following sets:
11:{()\7M)A+/L:O} and ZZZ{()\7M))\_H:O}7

3
Di={O\u):——" <A+pu<0} and Do={\p):0<A—pu<—2" 1.
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The following Theorem 2.2 is established by combining the results obtained in Lemma 5 and Lemma 6.
Theorem 2.2. (1) For (\, ;1) € R?\ (I, Uly) the operator H has two eigenvalues. Moreover; if (\, i) € D, ﬂ Dy then
21,22 € Oess(H) and if (A, 1) € Dy \ (D1 ng) then 2y € 0ess(H), @ =1,2;

(2) For (A, 1) € (I Ul2) \ (0,0), the operator H has exactly one eigenvalue. Moreover, if (A, 1) € Dy ﬂ ly then
21 € Oess(H) and if (A, p1) € Do ﬂ ly then zo € 0cs5(H).

3. Proof of the main theorems and lemmas

Proof of the Lemma 1. Consider a unitary operator U acting in LéQ) (T4) as

1 (I 1
UZT 3
2\r -1

where [ is a unit operator on Lo (Td). Then, we verify the following equality

1 [Hio—Av—puv  Hy—Av+puv
HU* = (Hy—-V)U" = —

V2 Hyy— A v —puv —Hyy+Av—puv
Therefore,
H 0 -
UHU* = =H.
0 Hy

O

Proof of Lemma 2. Necessity. Let a number z be an eigenvalue of the operator H; corresponding to the eigenfunction
¢ € Ly(T), ie

Hip=2z2p, ¢#0.

Then
(Hio —zD)p=(A+p)Vep
or
C
)=+ p)—-"2—, 1
p(@) = ( “)Ew(x)—z (1
since Fyg(z) # z for z € R\o¢ss(H7 ), where
C, = / o(x)dx. )
Td
Substituting (1) to (2), we obtain
dx

Coti®) =0, M) =1-0t) [ —E

Since ¢ # 0, so Cy, # 0. Hence A (z) = 0.

A
Sufficiency. Let Aq(z) =0 for z € R\ 0¢s5(H7). Then, the function p(z) = # belongs to Ly(T¢) and
10\T) — <
satisfies the equation H;p = z, i.e. ¢ is an eigenfunction of the operator H; corresponding to the eigenvalue z.
The theorem for the case o = 2 can be proved similarly. (]

Proof of Lemma 3. To prove lemma, according to the Lemma 2, we investigate zeros of the function

T dx
AI(Z):l_()‘+M)/ 2 1 .
—r 7§COS1’* 3 —Z
We need the classical identity
T dz _ 2msgn(A)

At Bews  yr—pr AZIBI>0 3
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1 2 1
Choosing A = —3 % and B = —3 forz e R\ (-1, §)’ from (3) we have

[t prsgn(-1-2)  2rsga(--2)
2 1 B ’
g —3coST—3—2z \/(_%_2)2_(_%)2 \/22—&—%2—%

Hence, the function A (z) represents as

27 sgn(—3 — z)

Ar(z)=1—(A+p) . @)
24+22-3
1
(1) Let A + p > 0. Then according to (4) A1(z) > 0 for z > 3 For z < —1, the equation Aq(z) = 0 is
224 22— =2r(A+p).
Squaring both sides yields
2, 2 1_ 4.2 2
254 52— 5 =4Am (A +p)
The roots of this quadratic equation are
—142/T+ 972\ + )2
Z4 = .
3
=1 —2/1+972((\ 2
Due to z; > —1, we identify that z_ = VI+972((A+ 40)?) as a unique root of A;(z) = 0. Hence by the

3
Lemma 2, the number z_ is the unique eigenvalue lying in (—oo, —1).
Let A + p < 0. Then Ay(z) > 0 for z < —1. For z > 1 the equation A;(z) = 0 is equivalent to

224+ 22— 1 =-2r(A+p).

—142y/14+972(\ + p)?
3

1
Lemma 2, the number z is the unique eigenvalue lying in (5’ 00).

Then, the number z, =

1
is a unique root of the equation A;(z) = 0 for z > 3 So, by

1 —1 421+ 972(\ 4+ p)? . 1
2)Let — < A+ <0.Then z = <l,ie zy e(=,1).
@ NEY a + 3 + (3 )
One can see that 1
Nz =1for \+py=——
() + H \/gﬂ_
and \/
—142/1+972((A + p)?) 1
)z = >1for A\ +pu< ———. O
) z4 3 L Ton

We omit the proof of Lemma 4, since it proceeds analogously to the proof of Lemma 3.

Proof of Lemma 5. We investigate zeros of the function
Ax(z) =1 - A+ w)I(2),

where
dx

6= [ Byt

(1) Let A+ 1 > 0. Then the function I(z) is positive on (—oo, —1) and strictly increasing, with range (0, 0o). Hence,
from the continuity 7(z), the equation
1—-A+wi(z)=0
3
has unique solution in (—oo, —1). Since I(z) <0 for z € (5, 00), A1(z) > 1. Therefore, according to the Lemma 2

the operator H; has unique eigenvalue z and it lies on (—oo, —1).

-2
B)Let A+ pu = . We show that A, (1) = 0,1i.e. I(1) = —2m

3

dx
(1) = ,
L /]rz =2 (cos 1 + coswg) — ¢

— 2
732 K (=). In the calculation of the integral
207K (2) 3

using (3), we obtain
4 - ].07Td1'1

o \/(20081:1 +6)? —4

(1) =
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By applying the substitution tan x; = ¢, we arrive at the first-kind elliptic integral in the form

& —20mdt
= /_oo V(622 + 10) 22 1 6).

To compute I(1), we use the following identity (See formula 3.147.5 in [13])

/°° dt _ L2
— V(A2 +C)(Bt2+ D) VCDVa
with
b A B
k=14/1—-— == i
o a>b>0, a ok b ok
77 1\’ 1-3)° 1-3-5\° —20m 2 2
— — 2 _ 4 6 . e = — —
where K (k) = 5 1+(2> k +(2'4) k +<2~4-6> k” + . Then we have (1) 3 K(=), K(3)

1,8096675. Thus, A;(1) = 0, hence the number z = 1 is the unique eigenvalue of Hj.

(2) Let _ =3

3
<A < 0. Then f €(=,1),weh
207K (2) +u en for z (5 ), we have

I— A+ pwl(z) <1+ I(z) <1 I(1) =0.

3
207K (2) * 20mK (2)

win

The function I(z) is continuous and strictly increasing on (—, 1). Then from the equality

ol w

lim I(z) = —o0o,
z—>%+0

the equation

A(z) =1— A+ pI(z) =0

3
has exactly one solution in (57 1).

—20 2
71-K(g)),()) holds. Then Aq(z) =1 — (A4 p)I(z) < 0for z € (1,00). So,

For (1, 00) the relation I(z) € (

3
according to Lemma 2, the operator H; has a unique eigenvalue z; € (§, 1) for\+p € (772, 0).
-3
4)Let A+ p < ————5—. Since A =1-(+p)i(z) <0,
@L< oo 1(2) = 1= A+ wI(2)
Mg 1) =1

and I(z) increases on (1, 00), the function A;(z) has a unique zero in (1, 00).

The proof of Lemma 6 is similar to the proof of Lemma 5.

4. Conclusion

In the present paper, we investigate the spectral properties of the discrete Schrodinger operator H on a ladder graph
of d-dimensional square lattices with a self-adjoint matrix-valued potential whose entries are real parameters A and .
The considered operator H can be regarded as a perturbation of the operator studied in [10] by a matrix operator with
off-diagonal d-potentials having coupling constant A\. Due to the symmetry of the ladder graph, the investigated problem
is reduced to the study of the Schrédinger-type operators H; and Hy on the lattice Z¢ with §-potentials whose coupling
constants are A + p. Moreover, a non-embedded eigenvalue of H; may become an embedded eigenvalue of the operator
H if it lies within a spectral band of Hs, and conversely. This reduced problem is similar to that considered in [3], where
the eigenvalues of the Schrodinger operator with J-potential depending on coupling constant parameter were investigated.
Furthermore, by applying methods similar to those used in [3], we obtained a complete description of the eigenvalues in
terms of the parameters A and .
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