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ABSTRACT Electron in a system of two plane quantum waveguides coupled through small window is consid-
ered. The method of matching the asymptotic expansions of the boundary problem solution is used. The
dependence of entropy on the window width is described. for the case of small window in the framework of the
asymptotic approach.
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1. Introduction

A possibility of using coupled quantum (optical) waveguides for quantum computations (see, e.g., [1–4]) stimulates
the interest to investigation of electron (photon) behaviour in the system. It can be useful for many quantum computing
applications (see, e.g., [5–7]. An additional interest to the subject is inspired by widely discussed idea of topological quan-
tum computations [8]. The study of spectral properties of waveguide systems with point defects and coupling apertures
is one of the classical directions in mathematical physics and quantum microscopic. Bound states and resonances are of
special interest [9,10]. It was shown that small perturbation of the waveguide boundary (coupling window or deformation)
can cause the appearance of the discrete spectrum (bound states) or resonances (quasibound states) (see, e.g., [11–16]). In
the present paper, we consider the entropy of the electron bound state in a system of two 2D quantum waveguides coupled
through small window.

2. Description of the system

We consider a system of two planar waveguides Ω+ and Ω− with widths d± (d+ > d−), respectively, coupled
through an aperture of small diameter 2a (Fig. 1). The wave function satisfies the Helmholtz equation with the Dirichlet
conditions on the external boundaries and the Neumann condition on the internal boundary:
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It was previously proven in [11] that such a system has an eigenvalue ka close to the spectral threshold. In [15, 16],
the asymptotics (as a→ 0) of this eigenvalue ka were obtained, which can be conveniently written as
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Far from the aperture, the wave function is expressed through the normal derivative of Green’s function (as a→ 0):
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where the following expansion is known for the derivative of Green’s function:
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FIG. 1. The system of two planar waveguides

Extracting the first term and taking into account the known asymptotics, we obtain
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Note that for the symmetric system (d+ = d− = d), the above formulas are not valid and need to be modified.
Namely, instead of formulas (2) and (4), we have [15, 16]
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3. Results and discussion

We are interested in the Shannon entropy, which is defined by the following integral (see [17–19]):

S = −
∫

Ω+∪Ω−

|ψ|2 ln |ψ|2 dx. (8)

Figure 2 presents the results of numerical calculations for the entropy using formula (8) for the asymmetric system at
various width ratios of the waveguides.

FIG. 2. Entropy of the system of waveguides of different widths (d+ > d−) as a function of the aperture
width, d+ = 1
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Similar calculations were performed for the symmetric system. Fig. 3 shows the results of numerical calculations
(blue line) and the results taken from the article [17] (red line).

FIG. 3. Entropy of the system of waveguides of equal width (d+ = d− = 1) as a function of the
aperture width: red – from [17], blue – the present work

It should be mentioned that direct numerical approach [17] gives one good results for sufficiently large window and
cannot describe the behaviour for a → 0 (see Fig. 2). As for our asymptotic result, it covers this gap - it presents good
description for small window (see Fig. 2).

References
[1] Fu J., Tang S.-F. Quantum computations with transverse modes of an optical field propagating in waveguides. Chin. Phys. Lett., 2003, 20, 1426.
[2] Gavrilov M.I., Gortinskaya L.V., Pestov A.A., Popov I.Yu., Tesovskaya E.S. Quantum computer elements based on coupled quantum waveguides.

Phys. Part. Nucl. Lett., 2007, 4 (2), P. 237–243.
[3] Kok P., Williams C.P., Dowling J.P. Construction of a quantum repeater with linear optics. Phys. Rev. A, 2003, 68, 022301.
[4] Knill E., Laflamme R., Milburn G.J. A scheme for efficient quantum computation with linear optics. Nature, 2001, 409, P. 46–52.
[5] Guselnikov M.S., Gaidash A.A., Miroshnichenko G.P., Kozubov A.V. Properties of multi-moded phase-randomized coherent states. Nanosystems:

Physics, Chemistry, Mathematics, 2025, 16 (3), P. 311–316.
[6] Stepanov I., Goncharov R., Kiselev A.D. Sub-Poissonian light in fluctuating thermal-loss bosonic channels. Nanosystems: Physics, Chemistry,

Mathematics, 2025, 16 (3), P. 333–342.
[7] Latypov I.Z., Chistyakov V.V., Fadeev M.A., et al. Hybrid quantum communication protocol for fiber and atmosphere channel. Nanosystems:

Physics, Chemistry, Mathematics, 2024, 15, P. 654–657.
[8] Pachos J.K. Introduction to Topological Quantum Computation. Cambridge, Cambridge University Press, 2012.
[9] Popov I.Y., Trifanova E.S., Bagmutov A.S., Lytaev A.A. Boundary composed of small Helmholtz resonators: asymptotic approach. Nanosystems:

Physics, Chemistry, Mathematics, 2024, 15 (6), P. 736–741.
[10] Melikhova A.S., Popov A.I., Blinova I.V., Popov I.Y. Mathematical model of weakly coupled spherical resonator chains under the influence of

external magnetic field. Nanosystems: Physics, Chemistry, Mathematics, 2024, 15 (2), P. 155–159.
[11] Exner P., Vugalter S. Bound state asymptotic estimates for window-coupled Dirichlet strips and layers. J. Phys. A: Math. Gen., 1997, 30, P. 7863–

7878.
[12] Borisov D. Discrete spectrum of a pair of non-symmetric waveguides coupled by a window. Sbornik Mathematics, 2006, 197 (4), P. 475–504.
[13] Dittrich J., Kriz J. Bound states in straight quantum waveguides with combined boundary conditions. J. Math. Phys., 2002, 43 (8), P. 3892–3915.
[14] Figotin A. Analytic theory of coupled-cavity traveling wave tubes. J. Math. Phys., 2023, 64, 042705.
[15] Popov I.Yu. Asymptotics of bound state for laterally coupled waveguides. Rep. on Math. Phys., 1999, 43 (3), P. 427–437.
[16] Popov I.Yu. Asymptotics of Bound States and Bands for Waveguides Coupled Through Small Windows. Appl. Math. Lett., 2001, 14, P. 109–113.
[17] Chogle F., Teklu B. Quantum Information Measures of a Dirichlet Waveguide with Neumann Window(s). Adv. Quant. Technol., 2026, 9, e70326.
[18] Chogle F., Olendski O. Bound-state evolution of Dirichlet waveguide with Neumann window(s) in transverse electric fields. Phys. Scr., 2024, 99,

095509.
[19] Olendski O. Comparative analysis of electric field influence on the quantum wells with different boundary conditions. I. Energy spectrum, quantum

information entropy and polarization. Ann. Phys. (Berlin), 2015, 527 (3–4), P. 278–295.

Submitted 5 June 2026; revised 15 August 2026; accepted 17 August 2026



494 E.S. Trifanova, T.S.Yurova, I.V.Blinova, I.Y. Popov

Information about the authors:

Ekaterina S. Trifanova – Information Technologies and Programming Faculty, ITMO University, Kronverkskiy, 49,
197101, St. Petersburg, Russia; ORCID 0000-0003-4320-6917; etrifanova@gmail.com

Tatiana S. Yurova – Institute of Mathematics, ITMO University, Kronverkskiy, 49, 197101, St. Petersburg, Russia;
tsyurova@itmo.ru

Irina V. Blinova – Institute of Mathematics, ITMO University, Kronverkskiy, 49, 197101, St. Petersburg, Russia;
ORCID 0000-0003-2115-2479; irin-a@yandex.ru

Igor Y. Popov – Institute of Mathematics, ITMO University, Kronverkskiy, 49, 197101, St. Petersburg, Russia;
ORCID 0000-0002-5251-5327; popov1955@gmail.com

Conflict of interest: the authors declare no conflict of interest.


