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ABSTRACT In this paper, the change of the spectrum of multiplier Hy f(x,y) = ko(z,y) f(x,y) for perturbation
with non-compact partially integral operators is studied. In addition, the existence of resonance is investigated
in the model H = Hy — (’lel + ’}/QTQ).
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1. Introduction

Self-adjoint partial integral operators appear in the theory of discrete Schrodinger operators. The study of the theory
of elasticity [1], continuum mechanics [2—4], aerodynamics [5] and other problems leads to the problem of spectral
analysis of the partial integral operators. In 1969, Uchiyama [6,7] obtained the first results on the finiteness of the discrete
spectrum of N-particle Hamiltonians with N > 2. He found sufficient conditions for the finiteness of the number of
discrete eigenvalues for the energy operators. In 1971, Zhislin [8] assumed the total charge of the system to be less than
—1 and proved that the discrete spectrum of the energy operators is finite in the symmetry spaces of negative atomic ions
of molecules with any mass of nucleus and infinitely heavy nuclei.

Let H be a separable Hilbert space and the operator Hy : H — H be self-adjoint and have only essential spectrum
(0(Hp) = 0ess(Hp)), i.e. the operator Hy lacks the discrete spectrum (o 4;s.(Ho) = (). Let’s assume that the operator
Hj is perturbed by the self-adjoint operator 7', i.e. consider the operator Hy + €7, € > 0. The main questions in the
theory of perturbation of spectra are as follows:

1) How is the structure of the spectrum of the operator Hy + €7 related to the spectrum of the original (unperturbed)
operator Hy?

2) What are the properties of the spectrum as a function of € > 07

Let Hy be a multiplier in L2(2) (@ € R™ — compact): Hof(x) = u(x)f(z), where u(x) is a given real valued
continuous function on , T : Lo(Q) — Lo(€) is a linear self adjoint compact operator. The operator Hy + €T, ¢ > 0,
is an operator in the Friedrichs model. It is known for such an operator that o.s(Ho + €T') = o(Hp) [9]. In addition,
a number of methods have been developed [10-12] to investigate the existence of an eigenvalue in the discrete spectrum
odisc(Ho + €T) and to study the finiteness (infiniteness) of the discrete spectrum o y;s.(Ho + €T'). If the operator T is
non-compact, then there is no general way to study the spectrum of the perturbed operator Hy 4 <7 In [13,14] , a method
is proposed for studying the spectrum of the operator Hy + 7" : Lo (€21 X Q2) — Lo(Q21 x Q) (1 CR™ ) Qo C R™
are nonempty compact sets), when Hj is a multiplier defined by a continuous function ko(x,y) on 1 x Q9 and T =
T) + T is a linear bounded self adjoint operator with partial integrals in Lo (21 x €5), i.e. T7,T» are partially integral
operators (PIO). It should be stressed that 77 and 7, with a non-zero kernel are not compact. In [13] it is proved that
Oess(Ho +€T) = 0(Hy + €T1) U o(Hy + €T3), in the case when the kernels of T} and T are continuous functions.

Consider the multiplier Hy, given by the function ho(z, y), having the following form: ho(x,y) = u(x) + w(zx,y) +
v(z), and PIO T, T with kernels identically equal to one.

Let the multiplier Hy be perturbed by a non-compact operator 7' = ~;71 + 7215, where 1 > 0, 2 > 0. The
purpose of the work is to apply the method from [13] to study the structure of the essential spectrum of the operator
Hy — (v1T1 + 72T>) and to study the existence of resonance in the model H = Hy — (1111 + ¥2712).

We denote by o (+), 0ess(+) and og;s.(+), respectively, the spectrum, the essential spectrum and the discrete spectrum
of the self-adjoint operators.

The number

Enin(H) =inf{\: X € 0.ss(H)}

is called the bound edge (or the lower edge) of the essential spectrum of the operator H.
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2. Non-compact perturbation of the essential spectrum

Let Oy = [0,1]"* C R" and Q3 = [0,1]"2 C R" (v4,v2 € N). In the space L2(€2; x €2), let us consider a linear
bounded self-adjoint operator H of the form

H = Hy— (mTi +7T2), 1 >0, 72 >0, (D

where H is the multiplier given by the continuous real valued function ko(x,y), i.e. Hof(z,y) = ko(z,y)f(z,y), and
the operators 77, 7% in the space Lo(£21 x Q2) are defined by the following formulas:

Tlf(‘ra y) = f(s,y)dul(s), TQf(I7y) = f(l',t)d,u@(t)?
/ /

where /4, () is the Lebesgue measure on 2, j =1,2.

It is known that o(Hp) = [k, k5] C 0ess(H), where k8™ = minko(z,7), k™™ = maxko(x,y), and
Oess(H) = o(Wh) U o (Ws), where Wy, = Hy — Tk, k = 1,2 (see. [13]).

Assume that ko(z,y) = u(z) + v(y), where u(z) and v(y) are real valued continuous functions on € and o,
respectively. Then the operator H (1) will be unitarily equivalent to the operator H; ® E + F ® Hs, where H;, H- are
operators in the Friedrichs model, E is the identity operator and “®” means the tensor product of operators [13]. Using the
spectral properties of the tensor product of operators [15, 16], it can be argued that for all positive values of the parameters
1 and -2, the operator H has at most one eigenvalue outside the essential spectrum and Ey,i, (H) < 0. The eigenvalue
A € 04isc(H) of the operator H is simple and A\ < Fuin (H).

Suppose that ko(z,y) = u(z)v(y), where u(x) and v(y) are non-negative continuous functions on €; s, respec-
tively, and 0 € Ran(u) N Ran(v). Then Ey;,(H) < 0 and the operator H has at most one eigenvalue below the lower
edge of the essential spectrum. The eigenvalue A < Ey;, (H) of the operator H is simple [9, 10].

Let w(z,y) is a non-negative continuous function on €23 x 3 and 0 € Ran(w). Assume that u(6) = v(¢) = 0 and
w(z,0) =w(@,y) =0, = €y, y e N, where the zero element in the corresponding linear space is denoted by 6.

Let the multiplier in (1) be given by the function

ho(l’,y) = ko(fﬁ,y) = U(ZL’) + W(l’,y) + U(y)
Here, we study the spectral properties of the operator:
H = Hy— (mT1 + 72T2), 71,72 >0, (2)

in the case
H()f(xv y) = ho(l’, y)f(l’, y)
and under the following assumptions: the following integrals exist and are finite

[
u(s)’ u(t)
o Qs
For each 3 € (9, we define the self-adjoint operator Hy () : L2(€1) — L2(€2;) in the Friedrichs model:

Hﬂ@ﬂﬂZhMLMw@%~n/¢@m&
Q1

Similarly, for each o € §21, we define the operator Ha(«) : L2(Q3) — L2(€22) in the Friedrichs model:

Ha(a)b(y) = ho(a,)u(y) ~ 22 [ V(i
Qo
Let’s put M (3) = max ho(z, B), Ma(a) = max ho(a, y).

By Weyl’s theorem [1] on the compact perturbation of the essential spectrum, we have o5 (Hy (§)) = [0, M (§)], £ €
Qj, j#k j, k=12
Lemma 2.1. [18] The number \ € R\ [0, M1 ()] is the eigenvalue of the operator H1(S3)if and only if A1(8; 71, A) =
0, where
ds

Al(ﬁ;’h;)\) =1 —71/m-

Q

Let’s define the function h;(3) on €2 by the formula

ds

The function iy () is continuous on the set of Qs and h1(3) > 0, 8 € Q.
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We define [20] non-positive and continuous functions 71 (y) on 25 and w5 () on £ using the following equalities

m(y) = inf (Hi(y)e,e), y € Qy, mo(x) = inf (Ha(x)Y,v), €.
llell=1 l[ll=1

Let’s put 7" = Inin (&), = max mi(§), JF#k, jk=1,2, hg™ = g ho(z,y).
Proposition 2.1. The following conditions hold for the operators Wy and W
a)o(Wr) = [m"", 7™ U o (Ho);
b) o(Wa) = [n3", 75" U o (Hy).

Proof. a) In [13], the equality o (W) = o(Hy) U o1 is proven, where
o1 ={\ € p(Hyp) : A1(Bo; A,v) = 0 for some [y € Qa}.
Let 71 (5p) < 0 forsome By € €. Then, due to the minimax principle, solution Ag(5p) of the equation A1 (Bo; v1, A) =
0, is defined using continuous function 71 (o). i.e. Ao(B0) = m1(Bo). Therefore, m1(B) € o1. If m1(B8) < 0 for all
B € Qa,then A(B) = m1(B) € 01,01 = [7", 7] and 0(W1) = o(Hp)Uoy = [0, hg‘ax]u[ﬁnm,w?ax}. Ifﬂ'.l(ﬂo) =0
for some 3y € (o, then 77" = 0. Hence, we obtain o(W1) = o(Ho) U o1 = [0, hg™*] U [71™", 7] = [m™, hg™™].
The equality o(Ws) = [0, hgy'®¥] U [m3"", 752 is proved similarly.

Proposition 2.2. [f v, < hy (), then o(H(B)) = 0ess(H1(B)) for all B € Q.
Proof. Since
ho(z,y) = u(z) + w(z,y) +v(y) = u(z), =€, yey,

then
Hy(B) > Hi(0), B € Q. (3)
However, Eyin (H1(0)) = 0 and
d
Ay(0;71,A) =1 _WI/WS—X

2
The function Aq(A) = A1(6;71, ) on (—o0,0) is strictly decreasing, while Alim A1(A) = 1 and /\li%l A(N) =
——00 —0—

1 —~1h1(0) > 0. Hence, one obtains that Ay (X)) = Ay(0;y1,A) > 0 for A € (—00,0). Then, according to Lemma 2.1,
oaisc(H1(0)) = 0, i.e. o(H1(0)) = [0, M1(0)]. It follows from (3) that
inf (Hy(B)p,¢) > inf (Hi(0)p,¢) =0, B €.
llell=1 llell=1

However, 0 € o(H1(8)), B € Q2 and consequently | i]lnfl(Hl(ﬂ)go,gp) = Enin(H1(8)) =0, B8 € Qs. Hence, due to
90 =
the minimax principle [1], it follows that o 4;5.(H1(8)) = 0, for all 5 € Q.

Now we define the function hz () on €, by the following formula

dt
ha(e) = / ho(a,t)”

Qo

Obviously, the function hz () is continuous in € and ha(a) > 0, « € Q.

Just as in proposition 2.2, it is proved that if v, < hy ' (6), then o(Ha()) = 0ess(Ho(ar)) for all B € Qs.
Hence, due to Proposition 2.2, the following theorem is proved:
Theorem 2.1. a) if v; < hy ' (6), then c(W1) = o(Hy) = [0, hg*™];
b) if vo < hy*(0), then o(Wy) = o(Hy) = [0, hg™].

We define the sets Dy C 25 and Dy C Qs
Do =1{B€Q:m <h ' (B)}, D1 =02\ Dy.

Lemma 2.2. a) If Dy = Qs (i.e. D1 = 0), then 71 (t) = 0;
b)if Do # 0 Dy # 0, then 7™ < 7% — (;
o)if Dy = 0, then T < 7" < (.
Proof. Obviously, for every fixed 8 € Qs and 1 > 0, the function Ay (X) = A1(8; 71, A) is strictly decreasing on
(—o0,0) and
lim Aj(A)=1and lim A;(A) =1—~1h(B).
A——o00 A—0—

a) Let Dy = Qa. Then 1 — 1k (B) > 0 for all 8 € Q5. Due to monotonicity of the function Aq () for (—oo,0) we
have Ay (B;7y1,A) > 0 for all A € (—00,0) for each 8 € Qa. Hence, by virtue of Lemma 2.1, we obtain o(H;(5)) =
Oess(H1(B)), B € Q. Then, by the minimax principle 71 (¢) = 0 for all ¢ € Qa.
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b) Let Dy # 0. Then there exists a point Sy € Dy C s, such that,
lim7 A1(Bo; 71, A) =1 = v1h1(Bo) = 0

i.e. A1(Bo;y1,A) > 0on (—o0,0). Hence, due to the lemma 2.1, we obtain that o(H1(8o)) = 0ess(H1(Bo)). Therefore,
we have 71 (8p) = 0. Since 71 (¢) < 0, ¢ € Qg, we have 7% = 71(8p) = 0. If D1 # 0, then there exists 51 € D1 C Qo
such that

lim A;(B1571,A) =1 =71hi(81) <O0.
A—0—

Hence, the equation A1(31;91,A) = 0 on (—o0,0) has unique solution A9 < 0. By Lemma 2.1, the number )\, is
an eigenvalue of the operator [1(/31). Hence, following the minimax principle, we obtain that 71 (1) = Ao < 0, i.e.
Finln < 7T1(,81) < 0.

c) Let Dy = (). Then D; = Q5 and therefore for each 5 € 5, we have

lim Al(ﬂ,’yl,A) =1- ’Ylhl(ﬂ) < 0.
A—=0—

Due to the monotonicity of the function A;(8;71,A) on (—o0,0) there is a negative number A = A(f) such that
A1(B;v1,A(B)) = 0, i.e. the number () is the eigenvalue of the operator H; (). Then, by the minimax principle, we
obtain that w1 (3) = A(8), B € Qs. It follows from the continuity of the function 71 (¢) on €25 that 77"** < 0.

We prove that 7Tmm < 7%, Let’s assume the opposite: let 77“““ = 7"%*. Then the solutions A\, A\g < 0, and A1,
A1 < 0 of the equations A1(9 v1,A) = 0and Ay (B;71,A) =0, S € Q, B # 9 coincide, i.e.

A1(0;71,M0) = A1(B571,A0) = 0.

ho (s, B) — u(s) -
/ (@) — o) (ko5 8) —2a) = (4)

However, ho(s, ) — u(s) > 0, s € £y and the function

Therefore, we obtain

ho(s, B) — u(s)
(u(s) = Ao)(ho(s, B) = Ao)
is non-negative continuous on {25 and distinct from a constant. Hence, in accordance with the property of the Lebesgue
integral, we obtain that / Fy (s, B)ds > 0. This contradicts equality (4). Therefore, "' # 752~

Qo

Fl(SaB) =

We put:

hmin = h; d h™ = max h; =1,2, k=1,2, j#k
Inin b ;(£) and 1 . i(§), 1=12, 02, §#

Lemma 2.2 implies the proof the theorem

Theorem 2.2. a)if 71> ( hmin)— then 7" < 0

b)if (hmax) < ’Yl (R then 7M™ < 0 7@ = (;
) if v < (RP™) ™", then my () = 0.

A similar theorem is true for the function 7o (z).

Corollary 2.1. If v, < (R™) ™1 4y < (W)L, then 0oss(H) = o(Hy).
Proof. For the essential spectrum of the operator H , the equality holds (see. [13])

Oess(H) = o(Wy) U o (W),
where W, = Hy — v41%, k = 1,2. Hence, by Theorem 2.2 and Proposition 2.1, we obtain
Oess(H) = o(Ho) = [0, h5™].
Corollary 2.2 Let in (1) v, = hl_l(ﬁ) and o = h;l(ﬁ). Then oess(H) = o(Hy).
Proof. Consider PIO V, defined by the equality
V =Hy— (h{ " (0)Ty + hy ' (0)T).
For ~; = hi'(6), one has

ds
li ; =1—h;! li — =0.
m Aw(B71,4) iy (H)A—lgl—/ho(sﬁ)—)\ 0
o
From the monotonicity of the function A1 (6; h7 (), A) on (—oc0, 0) we obtain that A; (6; h7*(A), ) > 0on (—oc,0), i.
(V) =

o(Ho—h{*(0)Ty) = o(Hy). Similarly, it is shown that o(W>) = o(Hp). Hence, 05 o(Wi)Uo(Ws) = U(HO)
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3. Zero-energy resonance of the operator H

It is said that, the operator H; () (operator H3(6)) )) has a resonance with zero energy [19] if the number 1 is the
eigenvalue of the integral operator Hq : Lo(£21) — Lo(Q1) (Ha @ La(22) — La(£22)), where

R R

and at least one corresponding eigenfunction g (z) (eigenfunction wo(y)) satlsﬁes the condition g (6) # 0 (1o (6) # 0).

1

Theorem 3.1. Let y; = hy ' (0). Then:

a) operator H1(0) has a resonance with zero energy;

) for all B € Qa, B # 0 operator Hy(3) has no negative eigenvalue..

Proof. a) Let ¢o(x) = 1. Then Vipo = v1h1(0) = @o(z), i.e. the equation V3¢ = ¢ has a solution ¢ from C'(€2;)
and ¢ (0) # 0.

b) If 71 = h; *(6), then the condition of Proposition 2.2 is satisfied, and therefore o(H1 () = 0css(H1(f3)) for all
B € §a, i.e. there is no negative eigenvalue for the operators H1(53), 5 € Qo.

Example. Let Q; = Qy = [0,1] and

u(z) = v(z) = 22, wz,y) = (1 — cos gm) (1 — cos gy) .

We have
1

dt

/uﬁf oy

t)
0
The function h; () strictly decreases on [0,1], and hence, h™™ = hy(1) and h"™ = hy(0) = 2. It is obvious that
1 1
4 Lo(Q _—
u(r) e te g

and for all 5 € (0, 1] operator H; (/) has no negative eigenvalue.

S—
S

€ L1(99) \ L2(94). Hence, for v, = 3 the operator H;(0) has a resonance with zero energy

4. Conclusion

Our main goals are the description of the essential spectrum of the operator H and studying its spectral properties.
This work differs from the work of other scientists because we choose the special form of the multiplier Hy and the
non-compactness of the partial integral operators 7% and T, takes place. To summarize, we applied the method of [13]
for the description of the essential spectrum. Additionally, we mainly used the minimax principle from [9] to prove the
theorems and found the exact description of the essential spectrum proved by conditioning the parameters ~y; and s.
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