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ABSTRACT The two-particle Schrédinger operator h,,(k), k € T (where > 0, T is a d-dimensional torus),
associated to the Hamiltonian h of the system of two quantum particles moving on a d-dimensional lattice,
is considered as a perturbation of free Hamiltonian ho(k) by the certain 3% rank potential operator pv. The
existence conditions of eigenvalues and virtual levels of h,(k), are investigated in detail with respect to the
particle interaction 1 and total quasi-momentum k e T¢.
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1. Introduction

In quantum modeling of interacting many-body systems for the manipulation of ultracold atoms and unique setting,
coherent optical fields provide a strong tool because of their high-degree controllable parameters such as optical lattice
geometry, dimension, particle mass, two-body potentials, temperature etc. (See [1-4]). The recent experimental and
theoretical results show that integrating plasmonic systems with cold atoms, using optical potential fields formed from
the near field scattering of light by an array of plasmonic nanoparticles, allows one to considerably increase the energy
scales in the realization of Hubbard models and engineer effective long-range interaction in many body dynamics [5-7].
A several of numerical results for the bound state energies of one and two-particle systems in two adjacent 3D layers,
connected through a window were presented in [8] and investigated the relation between the shape of a window and
energy levels, as well as the number of eigenfunction’s nodal domains. In papers [9] and [10], some spectral properties of
the discrete Schrodinger operator with zero-range and short range attractive potentials, respectively, were studied.

In general, the Schrodinger operator h(k), k € T<, associated with the lattice Hamiltonian h of two arbitrary particles
with some dispersion relation and short range potential interaction acts in Lo (Td) as [11]

h(k) = ho(k) —v, keT9,

1 1
where ho(k) is a multiplication operator by & (p) = —e(p) + —e(p — k) and v is the integral operator with kernel
mq mo

v(p,s) = v(p — s). In [8], several numerical results for the bound state energies of one and two-particle systems were
presented in two adjacent 3D layers, connected through a window. The authors investigated the relation between the shape
of the window and the energy levels, as well as the number of eigenfunction’s nodal domains.

In [12], the existence conditions and positiveness of eigenvalues of the Schrédinger operator h(k), k € T¢, were
studied with respect to the quasi-momentum k and the virtual level at the lower edge of the essential spectrum.

The existence and absence of eigenvalues of the family h(k) dependmg on the energy of mteractlon and quasi-

momentum k were investigated in [13] and [14] for the cases £(p) = Z(l — cos2p;), Z Lo €OS(Pa — Sqa)
i=1
3
and e(p) = Z(l — cos 2np;), Z Z i cos l(p; — q;), respectively. The spectral properties of this operator
i=1 I=1 i=1

h(k) for the one dimensional case were studied in [15] and more general case in [16]. For general case £(p) satisfying

d
some conditions and v(p — s) = po + Z o €0S(Pa — o) Was investigated in [17]. Detailed spectral properties of the

a=1
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Hamiltonian A x>ty A = 0, describing the motion of one quantum particle on a three-dimensional lattice in an external
field and more general case were investigated in the papers [18] and [19], respectively. In [20] a class of potentials is
found for which the discrete spectrum of the two-particle Schrodinger operator h(k) is preserved when h(k) is perturbed
by a potential from this class.

In the recent paper [21], a two particle Schrodinger operator h,,(k), k € T3, i > 0, associated to the Hamiltonian
h on the three-dimensional lattice is considered. The authors investigated existence conditions of eigenvalues and bound
states of i, (k). The investigation is based on the construction of invariant subspaces for the operator h,, (k) which allow
one to study the compact perturbations of rank one.

This paper is a continuation of the work [21]. We consider a two particle Schrodinger operator hy,(k), k € T3,
p > 0, associated with the Hamiltonian h for a system of two particles on the d-dimensional lattice Z¢ interacting
through attractive short-range potential V. We investigate the existence conditions of eigenvalues and virtual levels of the
two-particle Schrodinger operator h,(k), where h, (k) is considered as a perturbation of free Hamiltonian ho(k) by the
certain potential operator ;v with rank 3. The main idea of the investigation is to represent zv via the sum of one rank
orthogonal projectors rv;. This allows one to represent the corresponding Birman—Schwinger operator T (1, k; z) via the
sum of the one rank projectors Ty (s, k; 2), I = 1,2, ..., 3% Moreover, the study of spectral properties of &, (k) reduces
to the investigation of 3¢ one rank operators T (u, k; z). The virtual level of h,, (k) is studied as k = 0.

2. Statement of the main result

A two-particle Schrodinger operator hy,(k), k € T, > 0, associated to the Hamiltonian h for a system of two
particles on the lattice Z? interacting via attractive short-range potential, is a self-adjoint operator and acts in Lo (']I‘d) as

hu(k) = ho(k) — pv, k= (ki,ka,..., k) €T >0,

where hg (k) is a multiplication operator by

d

1 1
& =—¢e(p)+ —<ep—Fk), elp) = 1 — cos 2p;),
b(p) = —e(p) + —c(p = k), =(p) ;( )
with v being an integral operator with kernel
d
p—s)zl—i—Zcos(pa —I—Zcos o) cos(pg — sg) —I—HCOb o — Sa)s
a=1

a,B,ye{l,2,....d},a<f<vy<a
Note that by the Weyl theorem [22] the essential spectrum oess(h,(k)) of the operator (k) coincides with the
spectrum of the unperturbed operator hq (k)

UeSS(hu(k)) = o(ho(k)) = [m(k), M (k)],
where m(k) = IIjleli]rIl Er(p), M (k) = Irjré%)g Er(p).
Since v > 0 for > 0,

Hj}”lgl(hu(k)f, f) < ”51H1_pl( o(k)f. f) = ME)f, ). f € La(T).

Hence, h,, (k) does not have eigenvalues lying to the right of the essential spectrum, i.e.,
o(hu(k)) N (M(k),+00) = @.

Let {¢;} be the orthogonal system in Ly(T%), where ¢ is defined as

d
H Pa)s  1mpa)} € {1,cosp1,...,cospg,sinpy,...,sinpq}.

The number of these orthogonal functions is 3¢.

34 .
We numerate the elements of the system {¢; },_, to the following rule.
Consider a set of d-tuples (aq, ..., aq) consisting of 3 digital system. Corresponding for the number zero to 1, 1 to
cosine and 2 to sine we construct the following one to one mapping

(1, .-y aa) € MPay)M(Pas) M (Pay)-
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For example, for d = 4 the tuples (0, 0,0,0), (0,0,1,2) and (1,2,2,1) correspond to the functions 1, cos ps sin p, and
oS p1 sin py sin p3 cos py, respectively. We order and numerate the set of d tuples as

(00---00), (00---01), (00---10), --- (11---11),
I ! I 5 I
¥1 P2 ¥3 Pad
(00---02), (00---12), (00---20), --- (22---22),
I 7 I 5 7
Pad41 P2d42 P2d43 T P3d

By construction ¢;(0) = 1forl =1,...,2% and ;(0) =0 for [ = 2% +1,...,3%

The operator v is expressed via the orthogonal functions ¢;, I = 1, ..., 3% in the form
3{1
vHP) =D (vif)p),  if)p) = (e1, Heulp),
=1

where (-, -) is the inner product in Lo (T%).

It follows from the nonnegativity of the operator v > 0 that the square root v? > 0 exists. The operator V7 acts in
Lo(T%) as

3d,
1
p) = ; W(Vlf)(l?)

Let C be the complex plane, and let ro(k; z), z € C\[m(k), M (k)] be the resolvent of hq (k).
Consider the operator (k) acting in La(T?) in accordance with the formula

hyu(k) = ho(k) — v,

where hg(k) is the operator of multiplication by the function & (-),

= 1 1 1 2 1
Sk(p):Z(——i-—— — + COSQk‘i—&—m—%costi).

—) mi mao my mimeso
i=

The operator h, (k) is unitary equivalent to the operator h (k) (See Lemma 2 in [14]). The equivalence is performed
by the unitary operator U : Ly(T%) — Lo(T%) as hy, (k) = U~ lh 1 (k)U, where

(Uf)p) = flp— 59(/%)),
i —cost
0(k) = (01(k1),...,0a(ka)), 0i(ki) = arccos , 1=1,2,...,d.
\/m i COS 2k; + #

For any z € C\[m(k), M (k)], we define a Birman-Schwinger integral operator T (11, k; z) = pv2ro(k; z)v?. The
rank of T'(y, k; 2) is equal to 37 and it represents via one rank orthogonal projectors T;(u, k; 2) as

3d

T(u, k; 2)0 ZTl 1w, ks 2)

Ty (p, ks 2)1p = W(%ro(k; 2)1) (e1, ) gr,

where

Td

, 1=1,2,...,3% 2z C\[m(k), M(k)). (1)

A nonzero eigenvalue of the operator T;(u, k; z) is Ai(2) = p(pr, ro(k; 2)@r), 1 =1, ..., 3% and ¢, is an eigenfunc-
tion corresponding to \;(z). Moreover,

o(T(p, k;2)) ={0U N (2)U---UNsa(2)}.
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For each z € C\ [m(k), M(k)] and k € T¢, denote by A;(u, k; z) and A(u, k; 2) the Fredholm determinants of the
operators I — T;(u, k; z) and I — T'(u, k; z), respectively. Then
i (s)ds

ST 1=1,2,...,3¢
Ek(s)—z
Td

Ay(pk;z) =1—p

and the equality

3d
=1

holds.
The following lemma is a consequence of the Fredholm theorem.

Lemma 2.1. A number z, z € C\ [m(k), M(k)], is an eigenvalue of h, (k) if and only if A(y, k;z) = 0. Moreover,
the multiplicity of a zero of the function A(y, k; -) then coincides with the multiplicity of an eigenvalue of the operator
hu(k).

Remark 2.1. Clearly, the operator i, (k) has an eigenvalue z < m(k), i.e., Ker(h, (k) — 2I) # 0 if and only if the

compact operator Ty, k; 2) in Lo(T?) has an eigenvalue equal to 1 and there is a function ¢ € Ker (T, k; z) — I) such
that

v (-
o= v
k() — 2
In this case, f € Ker(h, (k) — zI). Moreover, if z < m(k), then
dimKer(h,, (k) — zI) = dimKer(T(u, k; 2) — I),

_ ()
5k() — 27

€ Ly(T%).

Ker(h, (k) — 2I) = {f 10 W € Ker(T(u, k; 2) — 1)}.

Since the minimum points of £ (-) are non-degenerate, the operator T;(j, k; z) in Lo(T%) is well defined as z =
m(k) forany d > 3and ! = 1,...,3% The equality ¢;(0) = 0,1 = 2¢ 4 1,...,3% provides well defined of T (u, k; 2)
in Ly(T?) as z = m(k) forany d = 1,2 and I = 2¢ 4 1,..., 3% According to (1), the following limits

((ph ro(k; m(k))(pl) = z/l‘l'rgl(k) (@la I'()(k; Z)(pl)7 l= 1a 27 ceey 3d7

exist (finite or infinite). We set
1

1, ro(kym(k))er)’

Assumption 2.1. Assume that m = m; = ms and k € II, where

1=1,2,...,3%

p (k) == (

II= {k = (k1,k2,...,kq) € T?: atleast d — 2 (d > 3) coordinates are equal to — g or g} .

If the Assumption 2.1 is not fulfilled, then (k) = 0ford = 1,2,1 = 1,..., 2% and 0 < wi(k) < ooford > 3,
I=1,....2%rford >1,1=2¢+1,...,3%
Definition 2.1. Let d = 3,4 (d =1, 2). We say that the operator h,(0) has a virtual level at z = 0 (lower edge

of the essential spectrum) if 1 is an eigenvalue of T (i, 0;0) (of T;(u, 0;0) for some I > 2d) with some associated
eigenfunction 1 satisfying the condition

Véw(') d
fc:‘O() ¢ L2(T )

The number of such linearly independent eigenvectors ) of the operator T(u, 0;0),d > 3 <0f all operators T(u, 0;0)

ford = 2) , is called the multiplicity of the virtual level of the operator h,,(0).

Note that, if the number 1 is an eigenvalue of the operator T'(u, k; m(k)), and the corresponding eigenfunction
with
1
% c Lg(Td), d>3,
k() —m(k)

1
then the function %

z is the eigenfunction of h, (k) corresponding to the eigenvalue z = m(k).
k() —m
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Theorem 2.1. Suppose that the Assumption 2.1 are not fulfilled. Then for any k € T%, the following statements are true
1. Letd = 1,2 and p € (0, u«(k)), p«(k) = min . (k). Then the operator h,, (k) has 2¢ eigenvalues (taking
<3

24<I<
into account the multiplicity) lying to the left of the essential spectrum.
2. Letd > 3and p € (0, ps(k)), ps(k) = min | pi(k). Then the operator h,, (k) has no eigenvalues lying to the
1<I<3

left of the essential spectrum.
3.Letd > land p € (u*(k), +00), p*(k) = max t (k). Then the operator h,, (k) has 3¢ eigenvalues (taking into
1<I<3

account the multiplicity) lying to the left of the essential spectrum.

We split the set II into three subsets I1,,, n = 0, 1, 2, of & € 11, whose d — n coordinates are only equal to —g or g

Theorem 2.2. Let the Assumption 2.1 be fulfilled and let d > 3. Then for any x > 0 and k& € I1,,, n = 0, 1, 2 the operator

h,(k) has at least
d—n ) )
Sp = 2d + Z 2d72 . 3171
i=1
eigenvalues (taking into account the multiplicity) lying to the left of the essential spectrum. Moreover, if n = 0, then
h,(k) has so = 3% eigenvalues (taking into account the multiplicity) lying to the left of the essential spectrum.

Let r; be a positive integer number defined as
re=CY+Ch+---+C5 s=0,1,...,d. )
We split the numbers {1,2,...,2%} into d + 1 as
{1,2,...,29} = DyU--- U Dy,
where Dy = {1+71,—Cj,...,7r5}.
Remark that for any d > 3 the following assertions
pr,(0) = pr(0), 7€ D, s=0,1,...,d,
firg (0) < firy (0) < iy (0) < -+ < iy, (0),
try (0) < 11(0), 7q =24 1=2441,...,3%
hold (see Lemma 4.2 below).

Theorem 2.3. Suppose that the Assumption 2.1 are not fulfilled. Then the following statements are true
1.If d = 1 and p« = p3(0), then h,,(0) has a virtual level at z = 0 and two simple negative eigenvalues.
2.Ifd =2and p = p,(0) = 4mli£19 (0), then h,,(0) has three negative eigenvalues, two of them simple and one of
<is

them two-fold, and a two-fold virtual level at z = 0.

3. Letd = 3,4 (d > 4) and 1 = pi,_(0) for some s € {0,1,...,d}. Then the operator /,,(0) has s eigenvalues \,,
l=0,1,...,s — 1, with multiplicity Cﬁl and \g < --- < A1 < 0. Additionally, the operator h,(0) has a virtual level
(an eigenvalue) at z = 0 with multiplicity C}.

Moreover, if d > 3 and -, (0) < p < lrr>11213 141(0), then the operator h,,(0) has d + 1 eigenvalues \;, 1 =0,1,...,d,

lying to the left of the essential spectrum, with \g < --- < A\q < 0 and C§ + C} 4 --- + C9 = 2¢, where C7 is the
multiplicity of A,.

4. Letd > 3and yu = u(0) for some I € {2% +1,...,3%}. Then the number z = 0 is an eigenvalue of the operator
h,(0) and this operator has 24 + ¢ eigenvalues (taking into account the multiplicity) lying to the left of the essential
spectrum, where ¢ is the number of elements of the set {jt,, : 1, > 1(0),n > 2%}.

Remark 2.2. A similar Theorems 2.1, 2.2 and 2.3 describe the dependence of the number of eigenvalues and their
arrangement on the parameter y for all 4 € R. In this case, the eigenvalues of h,, (k) are located both to the left and to the
right of the essential spectrum. In the case ;o < 0, the eigenvalues of h,, (k) are only to the right of the essential spectrum.

3. The eigenvalues of 1, (k)

In this section, we prove Theorems 2.1 and 2.2.

/ _pi(s)ds
) Er(s) —m(k)

converges for any ¢; € H; forl = 1,...,3% d > 3and forl = 2% +1,...,3% d = 1,2. The function A;(p, k;-) is
continuous and monotonically decreasing on z € (—oo, m(k)) for any fixed ;1 > 0 and k € T¢.

Proof of Theorem 2.1. Remark that the integral
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1. Let d = 1, 2. The following equalities
lim Aj(p,k;z) =1,
2——00

lim Ay(p,k;2z) = —oco for 1=1,2,...,2¢
i 11, k; 2)

hold. Then there is a unique number z;(11, k) < m(k), 1 = 1,2,...,2% such that A;(u, k; 2 (i, k)) = 0. According to
Lemma 2.1, the operator h, (k) has 24 eigenvalues (taking into account the multiplicity) lying to the left of the essential
spectrum.

Since

}in}k) Ay ks 2) = Ay(p, kym(k)) < oo, for 1=2¢41,...,3%
and the function A(u, k; -) (Al(~, k; z)) is monotonically decreasing on z € (—oo, m(k)) (on € (0, oo)) for any
fixed u > 0 (z € (—oo,m(k))), the inequalities
Bk 2) > A ks m(R)) > A (), ksm(k)) = 0 forall g € (0, (k)

hold. Then by the Lemma 2.1 the operator h,, (k) has only 24 eigenvalues (taking into account the multiplicity) lying to
the left of the essential spectrum.

2. For the case when d > 3 by similar way we can show that A;(p, k; z) > 0 for all i1 € (0, p1(k)). This proves the
required assertion.

3. Note that for the case d = 1,2 and 1 = 1,2,...,2¢

lim Aj(p,k;z) =—o00 for all >0 3
i (s ks 2) ju 3)
holds. Let € (p*(k), +00), p*(k) = max (k). Then forthe cases | = 29+1,...,3%,d=1,2andl = 1,2,...,3%,
d > 3 we have o
1

Iim Aj(p, k;z) = A(p, k;m(k)) =1 —
z,/'m(k) l(u ) l(ﬂ ()) Nl(k)

Since A;(p, k; +) is a continuous monotonic function on (—oo, m(k)) and

< 0. 4

lm Aj(p,k;z) =1,
Z—>—00
according to (3), (4), there exists a unique z;(p, k) € (—oo, m(k)) such that
Ay ks 2 (py k) =0 forall 1=1,2,...,3%
Hence by Lemma 2.1 the operator %, (k) has 34 eigenvalues (taking into account the multiplicity) lying to the left m(k).
O
Proof of Theorem 2.2. The case n = 0. Let k € Iy, i.e. k; = ig, i =1,2,...,d. The function £ () is a constant
function. Therefore, we obtain
lim (¢, ro(k;2)¢) = lim /

z,/'m(k) 2/ 'm(k)
Td

i (s)ds

=400, 1=1,2,...,3%
Er(s) —z

which implies

lim A;(p, k;z) = —oc0
i (s ks 2)

for any p > 0. Since
lm Aj(p,k;z) =1,
Z——00

there exists unique z;(u, k) € (—oo, m(k)) such that A(u, k; 2 (1, k)) = 0 forany > 0and I = 1,2, ..., 3% Hence by
the Lemma 2.1 the operator h,, (k) has 3 eigenvalues (taking into account the multiplicity) lying to the left m(k), k € T,.

The case n = 1. We prove theorem for the case k& € II; with k; = :I:g, 1=1,2,...,d— 1. The function fjk() does

not depend on p1, ps2, - - - pg—1 and is expressed as

5 2d 1
Eelp) = — — o 2 4+ 2cos2kq cos 2pg.

m

Then there exist ny functions &, (k;-) := (@1, vo(k; "), ¢1,,) with ¢ (p1,- -+ ,pa—1,0) # 0, m = 1,2,...,ny, where
d—1

np =29+ Z 21=1. 371 Since (€ (p) — m(k)) = O(p3) as pg — 0 and £;(-) does not depend on py, po, - - - pa_1, we
i=1

have

li k:z) = +oo.
zﬁﬁm&(ﬂ) e
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This gives one

lim Ay (u,k;2) = —o00, L =1,2,...,n1.
i 1 (1 ki 2) = —o0 ny

Hence there exists unique z;,_(u, k) € (—oo, m(k)) such that
Al(Mk;er(/%k)):Ov ZT:1727-'~7n1'
According to Lemma 2.1, we obtain the required assertion for the case k € II; with k; = j:g, 1=1,2,...,d—1.

The proofs for the remaining cases with k£ € II; can be constructed in a similar way.
The case n = 2 can be proven analogously. U

4. Virtual level and eigenvalues of the operator 7, (0)

In this section, we prove Theorem 2.3. According to the definition of a virtual level of h,,(0), we study the equation
T (1, 0; 0% = .

We note that A;(y,0;-) is well defined at z = 0 for the cases | = 2¢ +1,...,3%, d =1,2and [ = 1,2,...,3%
d > 3. According to Lemma 2.1, we can prove the following assertion.

Lemmad4.l. Let/ =1,2,..., 3% ford >3 ( 1=2%41,...,3¢ford =1, 2). Then the number A\ = 1 is an eigenvalue
of the operator T'(1, 0;0) (Tl(u7 0; 0)) if and only if

3d

[T 2001,0:0) =0, (24(11,0:0) = 0).

1=1
Lemma 4.2. For any d > 3, the following assertions are true
pr,(0) = pr(0), r€Ds,s=0,1,...,d,
Horg (0) < iy (0) < Hry (0) < < g (0)7
/1’7‘(1(0) < Ml(o)a Tqd = 2d7 l= 2d +1,.. 'a3d7
where 7, . .., rq are defined by (2).

. 5 + . . .
Proof of lemma 4.2. Since £o(p) = T g (1 — cos2p;) is symmetric under permutations of p, and pg, the
mimso

i=1
equality
/ cos? 51 - cos? s,.ds _ / cos? s, o cos? sjrds’ r<d
(‘:0 (S) (‘:0 (8)
T Td
holds.
Hence, the following inequalities
Alo)ds  [h()ds (A g (s)ds
&o(s) &o(s) &o(s) Eols)
Td Td Td

hold, where j; € D, Dy = {14+7r, —C5,...,rs},7s =CO+Ch+---+C5,5=0,1,2,....,d.
Therefore, the following inequalities

Herg (0) < pry (0) < oy (0) < <y (O>

hold, where .
2(s)d
11 (0) = r(s)ds r=1,2,...,d+1.
&o(s)
Note that
pr,(0) =p(0), reDs, s=0,1,2,...,d. )

We can easily verify the equality (see Lemma 1, [13])
/ cos2sds  2ma—+va®—b?
a—bcos2s b /a2 — 12

—T

/ cos? sds / sin? sds
— >0
a — bcos2s a — bcos2s

—1T —1T

for 0 < b < a. Therefore,
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for all 0 < b < a. Applying this inequality, we obtain

U O
50(8) 50(8)

This gives one i, (0) < 11(0),1 =2 4+1,...,3% where ry = 2¢. O

Proof of Theorem 2.3. Let d = 1 and u = p3(0). Then according to assertion 1 of Theorem 2.1, for any p > 0, the
operator h,,(0) has two simple eigenvalues z; (1, 0) < 2z2(x,0) < 0 and the corresponding eigenfunctions have the form

1 cosp

" —awo ™ YT a0
respectively.

Since . = p3(0), it follows from Lemma 4.1 that A = 1 is an eigenvalue of T3(u, 0;0) and ¢3(p) = sinp is the
corresponding eigenfunction of T3 (s, 0;0). One can see that f3 ¢ Lo(T), where f3(p) = sinp/Eo(p), ie., z = Ois a
virtual level of the operator £,,(0).

2. Letd =2and u = 4121[219 11(0). According to statement 1 of Theorem 2.1, for any p > 0, the operator h,(0)

has four eigenvalues (taking into account the multiplicity) z1(u,0) < 22(u,0) = 2z3(u,0) < z4(p,0) < 0 and the
corresponding eigenfunctions have the form
1 COoS p; ) COS P1 COS Pa
hp)=z7———, fik)=377—"—, i=23, fuk)=5377—" =,
&o(p) — z1(1,0) Eo(p) — 22(1,0) o(p) — 24(11,0)
respectively.
Observe that the inequalities

sin? s;ds / cos? s; sin? s;ds / sin? s; sin? s;ds .
— > = > = , 1,7 =1,2
A Er(s) —z Er(s) — 2 Er(s) —z
show that
-1
.2
rd
min (k) = min / O Snds
4<1<9 r Er(s) —m(k)
For the case when k£ = 0 the equalities
sin? s1ds _ sin? sods
Eo(s) | &o(s)
T2
holds.
This gives one
-1 -1
/ sin? s;ds / sin? sqds
n= - — - -
€o(s) Eo(s)
2 2
Hence, by Lemma 4.1, the number A = 1 is an eigenvalue of T;(u, 0;0),1 = 5,6 and @5(p) = sinp;, @s(p) = sin ps are
the corresponding eigenfunctions. Since fs, fs ¢ L2(T?), where f5(p) = %, fo(p) = Z;m(pj , the number z = 0 is a
olp olp

two-fold virtual level of h,(0).

3. Letd = 3,4, and u = p,_(0) for some s € {0,1,...,d}. Then, as shown in items 1) and 2) of Theorem 2.3,
and by lemma 4.2, the operator h,(0) has s eigenvalues z;(1,0) < 0,1 € {0,1,...,s — 1} with multiplicity C; and
zo(p,0) < -+ < z5_1(p,0) < 0.

Since u = p.,(0), according to the equality (5) and Lemma 4.1 the number A = 1 is an eigenvalue of T (1, 0;0)

with multiplicity C'5, where o;(p), | € {147, — C5,..., 7.} are the corresponding eigenfunctions. Since f; ¢ Ly(T¢),

where f;(p) = g@(l X the number z = 0 is virtual level with multiplicity C; of k,,(0).

o\p
Let p,,(0) < p < min 141(0). Then, according to Lemma 4.1, the operator ,(0) has d + 1 eigenvalues ; with
>2

multiplicity C%, 1 = 0,1, ..., d, lying to the left of the essential spectrum, with \g < --- < Ay < 0. Therefore h,.(0) has
29 = Y + C} + - + CY eigenvalues (taking into account the multiplicity).
The prove of the part 4 can be proven similarly. O
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5. Conclusion

We investigate the existence conditions for eigenvalues and virtual levels of the two-particle Schrodinger operator
hu(k), k € T?, 4 > 0 corresponding to the Hamiltonian of the two-particle system on the d-dimensional lattice, where
h,.(k) is considered as a perturbation of free Hamiltonian ho(k) by the certain potential operator uv with rank 3¢. The
main idea of the study was to represent v via the sum of one-rank orthogonal projectors pv;. This allowed us to represent
the corresponding Birman—Schwinger operator T'(y, k; z) via the sum of one-rank projectors T;(u, k; 2),1 = 1,2,..., 3%
Moreover, the study of the spectral properties of i, (k) is reduced to the study of 3¢ one-rank projectors T} (1, k3 2). The
existence conditions of a virtual level of h, (k) is studied at & = 0. The study of the virtual levels of h,, (k) for the case
when k # 0 is omitted, since analogous results and existence conditions can be described with respect to k.

References

[1] Bloch I., Dalibard J., and Nascimbene S. Quantum simulations with ultracold quantum gases, Nature Physics, 2012, 8, P. 267-276.
[2] Jaksch D., Zoller P. The cold atom Hubbard toolbox, Ann. Phys., 2005, 315, P. 52-79.
[3] Lewenstein M., Sanpera A., Ahufinger V. Ultracold Atoms in Optical Lattices: Simulating Quantum Many-body Systems, Oxford University Press,
Oxford, 2012.
[4] Gullans M., Tiecke T.G., Chang D.E., Feist J., Thompson J.D., Cirac J.I., Zoller P., Lukin M.D. Nanoplasmonic Lattices for Ultracold Atoms.
Phys. Rev. Lett., 2012, 109, P. 2353009.
[5] Hecht E. Optics. Addison-Wesley, Reading, MA. 1998.
[6] Murphy B., Hau L.V. Electro-optical nanotraps for neutral atoms. Phys. Rev. Lett., 2009, 102, P. 033003.
[7] N.P. de Leon, Lukin M.D., and Park H. Quantum plasmonic circuits. IEEE J. Sel. Top. Quantum Electron., 2012, 18, P. 1781-1791.
[8] Bagmutov A.S., Popov I.Y. Window-coupled nanolayers: window shape influence on one-particle and two-particle eigenstates. Nanosystems:
Physics, Chemistry, Mathematics, 2020, 11(6), P. 636-641.
[9] Hiroshima F., Sasaki I., Shirai T., Suzuki A. Note on the spectrum of discrete Schrodinger operators. Journal of Math-for-Industry, 2012, 4,
P. 105-108.
[10] Higuchi Y., Matsumot T., Ogurisu O. On the spectrum of a discrete Laplacian on Z with finitely supported potential. Linear and Multilinear
Algebra, 2011, 8, P. 917-927.
[11] Albeverio S., Lakaev S.N., Makarov K.A., Muminov Z.I. The Threshold effects for the two-particle Hamiltonians. Communications in Mathemat-
ical Physics, 2006, 262, P. 91-115.
[12] Muminov M.I. Positivity of the two-particle Hamiltonian on a lattice. Theoret. and Math. Phys., 2007, 153(3), P. 1671-1676.
[13] Muminov M.E., Khurramov A.M. Spectral properties of a two-particle Hamiltonian on a lattice. Theor. Math. Phys., 2013, 177(3), P. 482-496.
[14] Muminov M.E., Khurramov A.M. Multiplicity of virtual levels at the lower edge of the continuous spectrum of a two-particle Hamiltonian on a
lattice. Theor. Math. Phys., 2014, 180(3), P. 329-341.
[15] Bozorov L.N., Khurramov A.M. On the number of eigenvalues of the lattice model operator in one-dimensional case. Lobachevskii Journal of
Mathematics, 2022, 43(2), P. 353-365.
[16] Muminov M.E., Khurramov A.M. Spectral properties of two particle Hamiltonian on one-dimensional lattice. Ufa Math. Jour., 2014, 6(4), P. 99—
107.
[17] Muminov M.I., Khurramov A.M. Spectral properties of a two-particle hamiltonian on a d-dimensional lattice. Nanosystems: Physics, Chemistry,
Mathematics, 2016, 7(5), P. 880-887.
[18] Lakaev S.N., Bozorov .LN. The number of bound states of a one-particle Hamiltonian on a three-dimensional lattice. Theor. Math. Phys., 2009,
158(3), P. 360-376.
[19] Bozorov LN., Khamidov Sh.I., Lakaev S.N. The number and location of eigenvalues of the two particle discrete Schrodinger operators.
Lobachevskii Journal of Mathematics, 2022, 43(11), P. 3079-3090.
[20] Muminov M.IL., Khurramov A.M. On compact distribution of two-particle Schrédinger operator on a lattice. Russian Math. (Iz. VUZ), 2015, 59(6),
P. 18-22.
[21] Muminov M.I., Khurramov A.M., Bozorov I.N. Conditions for the existence of bound states of a two-particle Hamiltonian on a three-dimensional
lattice. Nanosystems: Phys. Chem. Math., 2022, 13(3), P. 237-244.
[22] Reed M., Simon B. Methods of modern Mathematical Physics. Vol.4. Analysis of Operators, Academic Press, London. 1980. 404 p.

Submitted 06 March 2023; revised 26 April 2023; accepted 27 April 2023

Information about the authors:

Mukhiddin I. Muminov — Samarkand State University, University blv., 15, Samarkand, 140104, Uzbekistan; V.I. Ro-
manovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, 100174, Uzbekistan; ORCID 0000-
0003-0335-6558; mmuminov@mail.ru

Abdimajid M. Khurramov — Samarkand State University, University blv., 15, Samarkand, 140104, Uzbekistan; ORCID
0000-0001-8565-3702; xurramov @mail.ru

Islom N. Bozorov — Samarkand State University, University blv., 15, Samarkand, 140104, Uzbekistan; V. 1. Romanovskiy
Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, 100174, Uzbekistan; ORCID 0000-0002-0502-
8163; islomnb@mail.ru

Conflict of interest. the authors declare no conflict of interest.



	NPCM14(3)P295-303

