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ABSTRACT In the present paper, we consider a lattice spin-boson model 4, with a fixed atom and at most two
photons. We construct the first Schur complement S; () with spectral parameter A corresponding to A,. We
prove the Birman—Schwinger principle for A, with respect to S;(\). We investigate an important properties
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constant a > 0.
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1. Introduction and statement of the problem

The spin-boson model is a well-known quantum-mechanical model which describes the interaction between two-
level atom and photon field. We refer to [1] and [2] for excellent reviews respectively from physical and mathematical
perspectives. Despite the formal simplicity of the spin-boson model (from the physics viewpoint), its dynamics is rather
complicated and rigorous spectral and scattering results are usually very difficult to obtain, especially in the case when
the number of photons is unbounded. In this connection, it is natural to consider truncated models [3—6] with at most m
(m € N) photons.

The truncated model in RY with m = 1,2 was completely studied in [4] for small values of the parameter o and the
case m = J is considered in [6]. The existence of wave operators and their asymptotic completeness are proven there.
In [3,5], the case of arbitrary m are investigated. It should be mentioned that in these papers the smallness of the coupling
constant « is important, in our analysis (in the lattice case) this constant can be arbitrary. A lattice spin-boson model A,
with m = 1,2 is considered in [7, 8]. In particular, in [7] the location of the essential spectrum of A5 is described; for
any coupling constant the finiteness of the number of eigenvalues below the bottom of the essential spectrum of As is
established (with a sketch of the proof). The paper [8] is devoted to the study of the geometrical structure of the branches
of the essential spectrum of Aj.

Let us introduce a lattice spin-boson model with at most two photons. Let T be the d—dimensional torus, Lo ((T9)
be the Hilbert space of square integrable (complex) functions defined on T¢, C? be the state of the two-level atom and
Fi(L2(T?)) be the symmetric Fock space for bosons, that is,

Fi(La(TY)) :=C P Lo(TY) @ LY ((TH?) @ ... ...

Here L3™ ((T9)") is the Hilbert space of symmetric functions of n > 2 variables. For m = 1,2 we denote L,, :=
C*® .Fk()m) (L2(T9)), where

FLa(T) = CoLy(T?), A (La(T9)) := Co Lo(T) @ L™ (T%)?).
We write elements F of the space L in the form F = { £\, £ (ky), £ (k1, k2);s = +}. Then the norm in L5 is
given by
1
IR =30 | 167 + / A () Pk + / 157 (k) Py | (1.1)
Td

s=+ (Td)2
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We recall that the lattice spin-boson model with at most two photons A5 is acting in L5 as the 3 x 3 tridiagonal block
operator matrix

A Apr O
Az = A5 A Aig )
0 Aj, Ax

where matrix elements A;; are defined by

Aoof(gs) = Sff(gs), A01fl(s) = Oé/v(t)ffis)(t)dt
Td
(A ) k) = (se +wlk)) P (k1),  (Af) (k) = o / o(t) 57 (k)
']I‘d
(Ao f§) (k1 ka) = (s¢ + wki) + w(ko)) f8 k1, ka), = {8 10, 1858 = £} € Lo,

Here A7; denotes the adjoint operator to A;; for i < j with 4, j = 0,1, 2; w(k) is the dispersion of the free field, av(k) is
the coupling between the atoms and the field modes, « > 0 is a real number, so-called the coupling constant. We assume
that v(-) and w(-) are the real-valued continuous functions on T¢. Under these assumptions the lattice spin-boson model
with at most two photons A5 is bounded and self-adjoint in the complex Hilbert space Ls.

A main goal of the paper is the study of the main spectral properties of 45 related to the number of eigenvalues.
More precisely, the following results are obtained: using a unitary dilation the lattice model A5 of radiative decay with
a fixed atom and at most two photons is reduced to the diagonal operator and it’s spectrum is described; the first Schur
complement corresponding to the both diagonal entries of As is constructed; the relation between the eigenvalues of A,
and the first Schur complement (Birman—Schwinger principle) is established.

Throughout the paper, we use the notation o (), gess(+), op(+) and oqisc (), respectively, for the spectrum, the essential
spectrum, the point spectrum and the discrete spectrum of bounded self-adjoint operator.

2. The first Schur complement corresponding to 4>

To study the spectral properties of A2, we introduce the following two bounded self-adjoint operators A§S>, s = &+,
which act in ]-"ém (Ly(TY)) as

(s) ._ n 1(s
Ay = Ay AR A
0 Aj, Af)
with the entries
A\E;O)fQ = S€f0, A\Olfl = a/v(t)fl (t)dt,
’]I‘d
(A F) (1) = (=se + w(k1) frlkr),  (Arafo)(kn) = @ / v(t) fo ks, t)dt,
Td
(A53 f2) (k1 o) = (s2 + w(kr) +w(ka)) falkr, k), (fo, fr, fo) € FP (La(T9)),
It is easy to check that
(A5 fo) (k1) = av(kr) fo;
(Ao f1) (k1 ko) = o (v(ky) fr(ka) + v(ka) fr(k1) . (fo, f1) € Fo (La(TY)).
In order to describe the essential spectrum of A5, we define an analytic function AW (1) in C\ [se + m;se + M] by
v2(t)dt

AG(N) m g — ) 2/7
) woA-a se +w(t) — N

Td
where the numbers m and M are defined by

m := min w(p), M := maxw(p).
min w(p) maxw(p)

Let 0(®) be the set of all complex numbers A € C such that the equality A®) (A — w(k;)) = 0 holds for some k; € T

Then (see [9]) for the essential spectrum of Aés), we have

aess(Aés)) =0 U [se + 2m;se + 2M].
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Consider the permutation operator ® : Lo — fk()Q)(LQ (TY) @ .7-}()2) (Lo(T%)) defined as

1) p(5) p(B) p(5) p(H) (- 1) p(5) () p(5) () g
N N N N N N e

One can trivially verify that the operator @ is unitary. From the construction of A5, Aés) and @, it follows that the following
equality takes place dA,® ! = diag{.Ang), Agf)}. The latter facts mean that the operators As and diag{.AgH, Aéf)}
are unitarily equivalent. Therefore, o(Az) = U(A(2+)) U J(Ag_)). Moreover,
Ocss(A2) = Tess (A§+)) U Oess (-Agi))? op(A2) = op (Agﬂ) Uop (Agi))'
Since the part of Udisc(Aés)) can be located in Uess(Agfs)), we have
Odisc (AQ) g Odisc (A(2+)) U Odisc (Aé_) ) .

1= Min Opgs (,A;S)) for s = + and Fpip := min oegs(Az) = min{EraltI)l, Er(n_u)l}, then

Oaisc(Az) N (=00; Emnin) = {0aisc(A§™) U Gaise (A5™)} 1 (=005 Bunin)- @.1)
Next, we represent the space ]—'é2)(L2 (T4)) as a direct sum of two Hilbert spaces .7-'[()1) (Lo(T%)) and L™ ((T)?),

that s, ]—'[EZ) (Ly(T9)) = ]—'l()l) (Lo(T9)) @ L™ ((T9)?). Then the first Schur complement of the operator Ags) with respect
to this decomposition (see [10]) is defined as

SO0 - AV (La(TY) = F(La(TY), A€ p(AR));

If we set E(S)

min

s A\(()So) Aot 0 s 3 ~,
s = N S0 A L @A )T Ay,
Ap Ay Az

Define

S0 A A SO =

SO = Ay, ST = AT = A= Ap(AR) - 0)HAY,,
Then the operator SF) () has the form
@ [ ST S
Si7(A) = © "
Sio (A) - Si7(A)

For convenience, we represent the operator Sﬁ) (M) as a difference of two operators

S = DO — KO,
where the operators D™ (\), K®) () : Ly(TY) — Ly(TY) are defined by
(DO (k1) = AP\ = w(kr)) f(ka);

(KON (k) = a’v(k) / = wv((‘”i){g)jit) -
Td

Forafixed A = \g € p(/TgSQ)) ands € {—1,1}, we define
a?v(k1)v(kz)
se +w(kr) +w(ka) — Ao

a:=se — Xo, u(ky) := A®(Ng —w(ky)), K(ki, ko) :=

Then the operator matrix S is) (Ao) can be written as

S (2g) = Hoo Ho, 22
Hy Hy, - K
with
Hoofo = afo, Hor := Ao, (HY, f1) (k1) = u(ky) fi(kr), (K fu)(ky) = /K(/’fht)fl(t)dt-
'ﬂ‘d

The operator matrix of the form (2.2) is appeared in a series of problems in analysis, mathematical physics, and prob-
ability theory and known as generalized Friedrichs model. This model operator itself was introduced in [11], where its
eigenvalues and “resonances” (i.e., the singularities of the analytic continuation of the resolvent) were studied. Note that,
the number and location of the eigenvalues of the generalized Friedrichs model in the case where the kernel function
K(-,-) is degenerate of rank 1, was studied in [12, 13].
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The Schur complement is named after Issai Schur who used it to prove Schur’s lemma, although it had been used
previously [14]. Haynsworth was the first to call it the Schur complement [15]. The Schur complement is a key tool
in the fields of numerical analysis, statistics, and matrix analysis. The general properties of the Shur complement have
been studied in many works, for detailed information see [10]. Construction of Schur’s complement for exactly solvable
models of mathematical physics and proof of important properties that have not been properly studied in general for such
special cases, can be considered as one of the actual problems of the operator theory.

3. Main properties of the first Schur complement
In this Section, we will study some important properties of the first Schur complement
. + -
S1(A) = diag{s{” (V). 517 ()}

for the lattice spin-boson model with at most two photons A5.

Proposition 3.1. The number \ € C\ 0ess(A2) is an eigenvalue of the operator A, if and only if the operator Sy (\) has
an eigenvalue equal to zero. Moreover, the eigenvalues A and 0 have the same multiplicities.

Proof. Since o,(Az) = Up(Ag+)) Uop (Ag_)), it is enough to prove the assertion of the Proposition for the operators
Aés) and st)(/\).
Let the number A € C \ 0.s5(.A2) be an eigenvalue of the operator Aés) and f = (fo, f1, f2) € ]-'152) (L2(TY)) be the
corresponding eigenvector. Then elements fj, f1 and f, satisfy the system of equations
(géso) — N fo+ Ao f1 = 0;
Ay fo+ (AT =N fi + Arafo = 0; 3.1
Appfi + (A5 - N =0.
Since A € C \ 0egs(A2), from the third equation of system (3.1) for fo we have
fo=—(A) — N)TLAL 1. (3.2)

Substituting the expression (3.2) for f5 into the second equation of system (3.1), we obtain the following system of
equations

(AS) = N fo + Agif1 = 0;
Ay fo+ (AT — A — Ap(AF) — N T AR L =0,

System of equations (3.3) has nontrivial solution if and only if the equation

soo [ )= ("

fi 0

(3.3)

has nontrivial solution (fo, f1) € fél)(Lg(Td)).

Let now the number A € C \ aess(.Aés)) be an eigenvalue of Aés) with multiplicity n and number O be an eigenvalue
of S %S) (A\) with multiplicity m. We will prove that n = m.

Assume that n < m. Then there exist linearly independent eigenvectors f(i) = ( féi), fl(i)) € ]-'él)(Lg(']I“d)), i =
1, m, corresponding to the eigenvalue 0 of the operator S§S) (A). Foreachi € {1,...,m} weput f) := (f(gi)7 fl(i)7 fg(i)),
where the function f2(i) is determined by formula (3.2), with fl(i) taken instead of fi. Then the vector f () satisfies the

equation Aés) f@ = Xf@ fori =1,...,mandhence itis an eigenvector of Aés) corresponding to the eigenvalue ). Since
n < m, the eigenvectors f (i), ¢ = 1, m are linearly dependent. Therefore, there is a non-zero vector (a7, ..., ) € C™

such that Z i f® = (0,0,0)", but at the same time, it satisfies the inequality (Z Oéiféi), Z Q; 1(i) # (0,0)" (since
i=1

i=1 =1

( éi), 1(i)), i = 1, m are linearly independent). From the last two assertions and the construction of f () we have
> aif 5
0 i=1
0 | => aif= > aif” #| 0
i=1 i=1

0 © 3 [N g 1O
—Ry3 (M)Al Z @i fq
i=1
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where Rgsz) (A) = (A\;SQ) — A)~*. This contradiction shows that the inequality n < m is not true.

Let now n > m. In this case, there exist linearly independent eigenvectors f*) = ( fél), fl(l), fQ(Z)), i = 1,n corre-
(1) p(4)
0 »J1

sponding to the eigenvalue A of the operator A§S>. One can easily show that f(i) =( ), 4 = 1,n is an eigenvector

corresponding to the eigenvalue O of the operator Sf) (M\). Arguing similarly, from the inequality n > m, we obtain that

n n
there exists nonzero vector (81, -+, 8,) € C" so that Z,Bif(i) = (0,0)". At the same time Zﬁif(i) # (0,0,0)".
i=1 i=1
From the last two assertions and the construction of f(¥), and also linearity of the operators ETQ and R;SQ) (A), we have

> Bifs”
i=1

0 N = 0
0 | #D 8D = > Bt =1 o
i=1 i=1
0 © i (S g 0 0
—Ry) (VAL (D Bify
i=1
This contradiction shows that the inequality n > m is not valid. Therefore, n = m. Proposition 3.1 is proved. O

Proposition 3.2. \ € 04s5(A2) \ 0(A22) if and only if 0 € 0ess(S1(N)).

Proof. We prove that A € 0ss(AS)) \ 0(AS)) if and only if 0 € 7ess(SL¥(N)). Let Ran(w) be the range of the function

u(+). Since for any fixed A € R\ O'(A\(;Q)), the kernel of the integral operator K ®)()) is continuous in (T%)?, it is the
Hilbert-Schmidt operator. By the Weyl theorem on the invariance of the essential spectrum under compact perturbations

and by the continuity of the function A®) (X — w(-)) as A € R\ a(géz)) on the compact set T, we obtain
Tess (S (V) = Ran(A® (A — w(-)). (3.4)

Let Ay € Tess (,A;s)) \J(A\g) Then Ay € o® \a(ggz)) From the definition of o), it follows that there exists point
po € T9 such that A(S)()\o — w(kg)) = 0. Taking into account equality (3.4), we have 0 € aess(Sf)()\o)).

Letnow 0 € O’eSS(Sis) (A1)) for some Ay € R\ U(A(;Q)). Then by virtue of equality (3.4), there exists a point p; € T¢
such that A® (A, — w(p;)) = 0. Using the construction of (), we obtain \; € o®) C aeSS(Aés)). O

From Propositions 3.1 and 3.2, we obtain the following two corollaries.
Corollary 3.3. Let A € C\ 0oss(A2). Then X\ € p(Az) <= 0 € p(S1(N)).

Corollary 3.4. Let A\g € R\ 0ess(A2). If (Mo; Ao +7) € p(Asz) (resp. (Mo —7; o) € p(A2)) for some v > 0, then there
exists a number § = () > 0 such that (0;6) € p(S1(Xo)) (resp. (=6;0) € p(S1(X0))).

e definition of the set o'/ 1mplies that the inequalit —w(Kky)) > olds for all k1 € an < :
The definition of th ) implies that the inequality A®) (A — w(k;)) > 0 holds for all k; € T¢ and A < E*)

Therefore, for such A, the inclusion aess(Sis) (A)) C (0; 400) holds.
For a bounded self-adjoint operator A acting in a Hilbert space H we denote by N(_;)(A) the number of eigen-
values of A to the left of A\, A < min oegs(A).

Theorem 3.5. For any A < Er(;)n the equality
Ncoon (A57) = Ncooio) (57 (V)
holds.

Proof. For any A < Er(ji)n, the operator ﬁgz) — A s positive and invertible and hence the square root (Rgsg) (A))Y/2 of the
resolvent RS () of AL exists.
Let VO (N), A < Ef;l)n be the 3 x 3 block operator matrix in ]_—é2) (Lo (T%)) with entries
VSO = AW — AL, VYN = AL, VS = 0;
VPO = AR, VPO =AY - AL, Vi) = AR (R ()
Va0 =0, Var(N) = (B (V) 24, V() =1,
where diag {Iy, I1, I>} is an identity operator on .7-"152)(L2(Td)). A simple calculation shows that (.Ags)f, ) <A/, 1),
F=(fo, 1, f2) € FP (La(TY)) if and only if (V) (N)g, g) < 0,9 = (fo, f1, (A% — AM)/2 f2). It follows that

N—oony(AS) = NiZooin) (VE (V). (3.5)
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For a bounded self-adjoint operator B acting in a Hilbert space H, let us denote by H B()\) C H, A € R, a subspace

such that (Bf, f) > || f||? for any f € Hp()\). Assume f := (fo, f1) € H—S§S’(A)( ), 1. (S ( )f, f) < 0. Then for
any

g:= (fo, fr,=Va) W fr) € F2(Lo(TY),
we have o
(VO (N)g,9) = (SN, f) <0
Therefore, g € H_y)(»)(0), and one has
For any [ := (fo, 1) € FA)(Lo(TY)) and f = (fo, f1, f2) € FL2(Lo(T?)) the equality
(SN = (VO = (VD AOVA) W, 1) = VD N1 o) = (VS AN fas 1) = (oo f2)
holds. Then we obtain
SN =VONEH =+ VAl <0
forall f = (fo, f1, f2) € H_v @1 (0), ie. fe Hisgd)(/\)( ). Consequently,
Noo0(VON) < Nooo (87 (V). (3.7)
Now inequalities (3.6), (3.7) and equality (3.5) complete the proof. U
By Theorem 3.5 and equality (2.1), we obtain

N oo Bpin) (A2) = ZN< 50.0) (S (Brmin).- (3.8)

Note that the compact part K () (Emin) of Sﬁ (E'min) is positive. Indeed, taking into account the identity

™ B / 3
WP )] @O+ )

and the inequality

— Ernin
w(kl)-‘rsgf >0, ki ETd,

we represent the kernel K () (-, -) of the operator K () (Fmin) in the form

ARSI WS
X /([w(kl) + %}2 +£2)_1([w(t) + SE%E“““F +§2)_1d§.
0

Then for any f; € Lo(T%), we obtain
3/2

o] se—Emi
o U % fl(t)dt 2
<K(b)( mln flvfl ?/’/ 5 ]2 ’ deO
0 Ta ’UJ 35—2mm] + 52

Therefore, K (S)(Emin) > 0.
Proposition 3.6. The function N(_.0)(S1(-)) is monotonically increasing in (—00; Emin)-
Proof. Since N(_ o, )(Sl()\)) = N ae) (ST + N0y (S7)(N) for all A € (—00; Epin), we show that the

function N(_ o, 0)( ( )), s = & is monotonically increasing in (—o00; Fuin)-

Let A\, Ay € (—00; Emin) be such that \; < \,. Since for each fo € L™ ((T%)?) the function (R(QQ( ) f2, f2) is
increasing in (—o00; Fiin ), we have

SPONLDH = (AR = M) fo+ Awfr, fo)
+(Ady fo + (AT = M — ARS) (M) AL f1, f1) = (A — A1) fo. fo)
+(Aorfr, fo) + (A5, fo, 1) + (AT = M) fr, fr) — (RS (M) Ao fr, Al fr)
> ((AS) = X2) fos fo) + (Ao fi, fo) + (Agy fo, 1)
HAY = Xo) fi f1) — (R () Ao f1, Al 1) = (S () f, ),
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where f := (fo, f1). From here, we obtain that if f € Heo )(0), then f € Heo )(0), that is, H g )(0) C
1 1 1 2 1 1
HSﬁs)(Aa)(O) and hence, N(_q;0) (S@(Al)) < N—ooy0) (S§S)()\2)). Proposition 3.6 is completely proved. O
N
T Vi $1(0)
b—o 3T
2 e
— 1+
o i i >
A Ay A p

FIG. 1. The graph of N(_..0)(S1(+)) for the case \; is a simple eigenvalue of A3 and ) is an eigen-
value of A with multiplicity two.

Definition 3.7. We denote by E,,,(-), m € N the positive definite function on the segment [«; 5] C R\ 0ess(Az2), satisfying
the condition: E,,()\) is the m-th eigenvalue (eigenvalues numbered in ascending order, counting their multiplicity) of
the operator S1(\), A € [a; (]

Recall that the operator function S (+) is continuous on [«; 8] in the sense of the uniform operator topology. Therefore
for each m € N, the function F,, () is continuous in any segment [a; 5] C R\ 0egs(As2).

Theorem 3.8. The number \o < Eniy is the regular point of the operator A if and only if the function N(_0)(S1(-))
is continuous at point A = \g.

Proof. Necessity. Let A\g < FEq;, be the regular point of the operator 4. Then from Proposition 3.1, it follows that
En(/\o) 75 0,n € N.

Due to the continuity of the function E,(-), there exists the number p > 0 such that for all n € N and A €
[Ao — p; Ao + p] C (—00; Ermin ), the inequality F,,(\) # 0 holds. From here, we obtain

card{n : E,(\g) < 0} = card{n : E,(\) <0, A € [A\o — p; Ao + 9|},

where card M is the cardinality of the set M. Therefore, N(_o.0)(S1(A0)) = N(—oc;0)(S1(Xo + €)), € € [—p; p], that is,
the function N(_ .0y (S1(+)) is continuous at the point A = Ao.
Sufficiency. Let the function N(_..0)(S1(+)) be the continuous one at the point A = Xo. Then for some ¢ > 0, the
equalities
N(—o00;0) (51(A0 = €)) = N(—o050)(51(X0)) = N(—oc;0)(S1(Ao + €)) (3.9)
hold.
Taking into account the monotonicity of the quadratic form (S1(\)-,-) as A € (A9 — €; A\gp + ¢) and arguing as in

the proving of Theorem 2 of the paper [16], one can show that the function E(-), Ex(+), ... monotonically decreases on
(Ao — €; Ao + €). From here, we have E, (Ag) > E, (Ao +¢), n € N. Thus,

E,(Ao) > E,(Mo+¢e) >0, Yne{n:E,(\—¢) >0}
By virtue of (3.9), the following equality
{n:E,(A+e)<0}={n:E,(A—¢) <0}
holds. Therefore,
E,( M) <En(Ag—¢)<0, Vne{n:E,(\o+e)<0}.

In such a way for every natural n € N, we obtain the inequality E, (A\g) # 0, that is, the number 0 is not an eigenvalue
of the operator S1(\g). According to Proposition 3.1, the number )\ is regular point of the operator As. Theorem 3.8 is
completely proved. ]
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