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ABSTRACT We consider the Hamiltonian of a system of three quantum particles (two identical bosons and a
fermion) on the one-dimensional lattice interacting by means of zero-range attractive or repulsive potentials.
We investigate the point spectrum of the three-particle discrete Schrédinger operator H(K), K € T which
possesses infinitely many eigenvalues depending on repulsive or attractive interactions, under the assumption
that the bosons in the system have infinite mass.
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1. Introduction

In physics, stable composite objects often result from attractive forces, enabling the constituents to lower their energy
by binding together. In contrast, repulsive forces tend to scatter particles when they are in free space. However, within
structured environments such as a periodic potential, and in the absence of dissipation, stable composite objects can exist
even with repulsive interactions arising from the lattice band structure [1].

The Bose-Hubbard model, which describes repulsive pairs, serves as the theoretical basis for various applications.

The work referenced by [1] exemplifies the crucial link between the Bose-Hubbard model [2, 3] and atoms in optical
lattices, and helps pave the way for many more interesting developments and applications, as discussed in [4]. In cold
atom lattice physics, stable repulsively bound objects are expected to be common, which leading to potential composites
with fermions [5] or Bose-Fermi mixtures [6], and can even be formed with more than two particles in a similar manner.

The Efimov effect, first discovered by V. Efimov in 1970 [7], is one of the most intriguing phenomena in physics.
It occurs in three-body systems in three-dimensional space that interact through short-range pairwise potentials. It is
always possible to ensure the couplings of the interactions in such a way that none of the particle pairs has a negative
energy bound state, but at least two pairs exhibit a resonance at zero energy. The existence of this effect of a three-particle
Schrodinger operator was discovered by Yafaev [8] and in the discrete case by others [9-14].

Recently, the authors [15-17] considered perturbations of the system of three arbitrary quantum particles on lat-
tices Z%, d = 1,2, interacting through attractive zero-range pairwise potentials. They established that the three-particle
Schrodinger operators posses infinitely many negative eigenvalues for all positive non-zero point interactions, under the
assumption that two particles in the system have infinite mass. Also, note that the author of [17] obtained asymptotics for
these eigenvalues.

The main goal of the paper is to investigate the existence of infinite number of bound states of the three-particle
discrete Schrodinger operator associated with a system of two identical bosons and a fermion, where the bosons have
infinite mass and the fermion has a finite mass. This investigation is performed on the one-dimensional lattice Z and
involves repulsive or attractive zero-range pairwise interactions. The problem is reduced to the study the Fredholm
determinant of a diagonal operator.

It should be noted that, unlike the last three articles [15-17], we study eigenvalues below and above the essential
spectrum of the unperturbed operator for all repulsive or attractive zero-range pairwise interactions.
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It is worth mentioning that in the continuous case, the authors of [18] studied a very similar system, specifically a sys-
tem consisting of two infinitely heavy quantum particles and one light particle in three-dimensional space R, interacting
via long-range Coulomb pair potentials. Although the authors of this book are not interested in the number of eigenvalues,
they briefly explained the scheme for solving problems of this type using the Coulomb spheroidal function decomposition.
In the present paper, the problem is reduced to the study of eigenvalues of convolution type compact integral operators.

The paper is organized as follows. In Section 2, we introduce the three-particle discrete Schrodinger operator H (K)
and the two-particle discrete Schrodinger operators associated with subsystems of the system of two identical bosons and
a fermion. In Section 3, we study the essential spectrum of the three-particle discrete Schrédinger operator H (K'). The
eigenvalues of H(K) below and above the spectrum of the non-perturbed operator Hy(K) are investigated in Section 4.
Section 5 is devoted to showing main result, Theorem 5.1.

2. Three-particle discrete Schrodinger operator on the lattice Z

Let L?(T?) be the linear subspace of the symmetric functions of the Hilbert space L?((T)?).
Let us consider the discrete Schrédinger operator H(K), where K € T, associated with a system consisting of two
identical bosons and a fermion moving on the one-dimensional lattice Z (see [15, 17]).

H(K) = Ho(K) -V
with zero-range attractive potentials
V=W+V+V;,
where

V1f)(pq) /fp, dt, (Vaf)(p,q) /ftq

(Vaf)(p,q /ftp+q—tdt7 feLiT?),pqeT,

and numbers A and p serve as the parameters of boson-fermion interaction and boson-boson interaction, respectively.
Here the numbers A and y indicate repulsive pair-wise interaction when A < 0 and p < 0, and attractive pair-wise
interaction when A > 0 and ;1 > 0. The operator Hy(K) is defined on the Hilbert space L?(T?) by

(Ho(K)f)(p.a) = E(K;p,q)f(p,q), f € LI(T?),
and
E(K:;p,q) =eo(p) +ev(q) +e(K —p—9q), pgeT
Here, the real-valued continuous function € (-) and &¢(-), referred to as the dispersion relation associated with the
free boson and fermion, is defined as

D)= —<(p), )= —<(p), (p)=1-cos(p), PET, n

respectively, and m and m represents the mass of the boson and fermion, respectively.
Let k € T and L2(T) be a linear subspace of the Hilbert space L*(T) defined by

Li(T) = {f € L*(D)|f(p) = f(k —p)}-
A two-particle discrete Schrodinger operator corresponding to the subsystem {bozon,fermion} and {bozon,bozon},
of the three-particle system acts on the Hilbert space L?(T) and L?(T) as
hi(k) = hY(k) — vy, and ho(k) = hy(k) —ve, k€T, )

respectively.
Here, the operators h2 (k)

(MR ) () = B (0)F (), f € LA(T),
and
(hS(R)F) () = EY (0)F (), f € LE(T),
where
BV p) =eo(p) + 55k —p), EP () =eo(p) +eo(k—p), peT. 3)
The operators v; and v9 are defined as

(v1f)(p) = %/f(q)dq, feLl*T),peT.
T
and

a0)0) = 5 [ flde, £ e LT, pET.

T
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respectively.

2.1. Spectral properties of the two-particle discrete Schrodinger operators when m = coand 0 < m < oo

With m = oo and 0 < m < oo and the equality (1), the functions (3) can be written as

EM(p) = e(k —p) = e(k —p)/m, EP(p) =0, peT.

Consequently, since the potentials v,,, &« = 1,2 have a convolution-type property, all two-particle Schrodinger oper-
ators do not depend on the quasi-momentum k € T,

h1 = hl(k’) and h2 = hg(l{?)
Then, the operators hq (k) and ho (k) act as
hi(k)f(p) = e(p)f(p) = (uf)(p), fE€L*(T) and  ha(k)f(p) = —(v2f)(p), f € LE(T).

As vy is a finite rank operator, according to the Weyl theorem, the essential spectrum o, (hl(k)) of the operator
hy (k) in (2) coincides with the spectrum o (h{(k)) of the non-perturbed operator h{ (k). More specifically,

Oess (M1 (k) = [Eph (k) EQL(K)],
where
Y

min

(k) = minE,gl)(p), EW (k) = max E,il)(p).

p€eT max peT

Therefore, in our case, we have
Oess(h1(k)) = [0,2/m] and  oes(ha(k)) = {0}

The Fredholm determinants associated with the operators h; (k) are defined as

1 ds
AN z)=1—Xd d =— [ —— C\ [0,2/m]|.
(%2) o(2). )= [ S zeC o2/
Lemma 2.1. (a) The number z € C\ [0,2/m] is an eigenvalue of h (k) if and only if A(X; z) = 0.
(b) If X < 0 and \ > 0, then there exists a unique simple eigenvalue z = 2V of hy (k) in the interval ( —2/m—p, oo)
and ( — 00, O), respectively. Moreover, z? does not depend on k € T.

Proof. (a) The equation
. -1
h(k)f=zf e, f=(h(k)—z) vf
has a non-trivial solution if and only if
AN z)C =0, CeC,
has a non-trivial solution.
Therein, the solutions C' € C and f € L*(T) are related as follows
C=uvf and f=(R(k)—z2)""C.
(b) Let A > 0. The function A(); z) is monotonic decreasing in (—oo, 0) and A(X;2) > 1in ( —2/m — p,00).
Since
lim A(A;z)=1 and lim A(\;z) = —o0,

Z——00 z—0—

the intermediate-value theorem implies the existence of a unique simple zero z = z?, z(f € (—00,0) U ( —2/m — pu, oo)

of the function A()\; -), and furthermore 2y € (—o0,0).

The lemma can be proven in a similar way when A < 0. O

Now, we can summarize the results of this section in the following lemma.

Lemma 2.2. We have

oaise (h1(k)) = {0}, if A#0,
(b (k) = {0} U [0,2/m], if A#0
and

odisc(h2(k)) = {-p}, o (ha(k)) = {—p} U{0}.
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3. Essential spectrum of H (K)

One of the notable outcomes in the spectral theory of multi-particle continuous Schrodinger operators involves char-
acterizing the essential spectrum of the Schrodinger operators in terms of cluster operators (the HVZ-theorem. See
Refs. [19-23] for the discrete case and [24] for a pseudo-relativistic operator).

Lemma 3.1. The essential spectrum of H(K) satisfies the relation

Gess (H(E)) = [ {o (i (K = 1) + 2o (k) } U | {o(ha(K = R)) +55(8) }.

keT keT

Proof. The proof can be found in [17,21]. O
3.1. The essential spectrum of H (K) with m = oo, and m < oo
Due to Lemma 2.2 and the relations € (p) = 0 and £5(p) = €(p)/m, we obtain

U {o(m( = 1) +eu(6)} = o (ha (k) = {20} U [0,2/m],

keT

U {a(hg(K — k) +af(/~c)} -U {{—u} u {0} +sf(k)} = [= w2/m—p] U[0,2/m].

keT keT

According to the last two relations and Lemma 3.1, we have
Lemma 3.2.
Oess (H(K)) = {Z?} U ([_/-1/7 2/m - M] U [07 2/mD :
4. The point spectrum of H (K) for m = co and m < oo
One can show easily that the subspace

Ao ={f € LXT xT)|f(p,q) = g(p+q), g€ L*(T)}

is invariant under the operator H (K), and so it is A3 = L*(T x T) & A.
Therefore, we have

Opp (H(K)) = Opp (AO(K)) Uopp (Al (K)) )
where Ag(K)and A;(K) are restrictions of H () on the linear subspaces Ay and A7, respectively.
Since Ao and L?(T) are isomorphic, the operator Aq(K) is unitarily equivalent to the operator By on L*(T), where

By = Eo(K) — p — 2w, @

Ey(K) denotes the multiplication by the function e;(K — p), I is the identity operator, and v is an integral operator
defined by

(vf)(p) = %/f(q)dq, feL*T),peT.
T

The operator A; (K) takes the form
AL (K) = Hy(K) — AV, — AVa.
Let U : L2(T x T) — L(T x T) be a unitary operator defined as
Uk f)(p.q) = f(— K/2+p,—K/2+q). 5)

It establishes a unitary equivalence between H (K') and H(0), and so we can prove the coming statements for H(0).
4.1. Spectrum of Ay (K)

The equivalence (4) and the Weyl theorem imply that

UeSS(Ao(K>) = [— y2/m — ,u].
The following lemma describes the behaviour of the eigenvector of H (K) in the linear space Ay.

Lemma 4.1. (a) If A < 0, then Ao(K) has an unique eigenfunction with the corresponding eigenvalue 1, n € (2 Jm—
1, oo) forany i € R.

(b) If A = 0, then Ay(K) has no eigenvalues for any p € R.

(c) If A > 0, then Ao(K) has an unique eigenfunction with the corresponding eigenvalue 1, 1 € (—oo, —pu) for any
neR
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Proof. The equation
H(O)f:va f6A07

has a solution if and only if the equation

C(1 = 2Xdo(u+2)) =0, (©)
has one, and their solutions are related by
2X
f(p,q) =9(p+q) = c,
)= o+ ef(-p—q)—n—=
where )
= — t)dt.
o7 ). g(t)

Equation (6) has a nontrivial solution C' if and only if the equation
A(2X;z) =1—-2Xdo(u+2) =0

has a root. The function A(2); z) is defined on (—oo, —p) N (2/m — p, 00) and according to Lemma 2.1: (a) If A > 0,
then A(2); z) = 1 — 2Xdo(p + 2) has a unique zero in (—oo, —p1), but does not have one in (2/m — p,00); (¢) If A < 0,
then A(2); z) has a unique zero in (2/m — p1, 00), but does not have one in ( — co, —p).

(b)If A = 0, then By = Ey(K)—pl is a multiplication operator, and so Ao (K) has no eigenvalues forany p € R. O

4.2. Spectrum of A;(K)
As the operator A (K') does not contain the parameter y, Lemma 3.2 implies that
Oess (Al(K)) = {Z?} U [Oa 2/1’(1}

In order to study need, we define the following integral depending on n € Z:

1 eznt
T

Lemma 4.2. For any fixed n € Z, the function d,,(z) satisfies the equality

o (1—mz—/m222 — 2z/m)‘n|

d,(z) = ze€ C\[0,2/m].

) NI \[02/m
Proof. The theory of residues provides the proof (see [17, Lemma 6]). (]
The operators V7 and V5 are represented as Vi = Apjp; and Vo = Ap3pa, respectively, where the operators

©1,02 : L*(T x T) — L*(T) are of the form
)0 = oo / S0t and (eaf)la) = o [ st
T

Lemma 4.3. The number z € C\ 0cs5(A1(K)) is an eigenvalue of the operator Ay (K) if and only if D(z) = 0, where
D(z) = —5—~—— AN 7
(2) AQ(A;Z)HIE[Z T(x2), )

with
AT (N 2) =1 = Ndo(2) + dn(2)).
If z, € C\ 0css (A1 (K)) is an eigenvalue of A1(K), then D,,(z,,) = 0, n € Z and the corresponding eigenfunction is of

the form
A

(K —p—q) — 2z

Proof. Given the unitary equivalence of H(K) and A, (K) to H(0) and A4 (0), respectively, we first establish the claim
for the latter operators.
Let z € C\ 0cs5(A1(0)) be an eigenvalue of A;(0), and let f be the corresponding eigenfunction, then

f=Ro(2)[A\Vi + A\Va f, 9)

where Ry(z) = (Ho(0) — 2I) ™" is a resolvent of Hy(0).
This equation has a non-trivial solution if and only if the system of two linear equations

Pa = Pa (Ro(2) [N @1 + Ap3@a]), a=1,2, @1,p2 € L*(T) (10)

on the space L?(T) @ L?(T) has a non-zero solution.

fn(prq) =

(cos (n(—=K/2+p)) + cos (n(—K/2+q))) (3)
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Solutions of equations (9) and (10) are linked by

F(p,a) = Ro(2) Mpi g1 + A3 pa], (1D
and
Pa = paf, a=12.
Since f is a symmetric function, ¢; and (4 are the same function, and only their arguments are different, that is, the
argument of ; is the variable p, while ¢ is an independent variable of (;:

@2(p) = P1(p)- (12)
‘We note that the functions
Ay =1 —ApoRo(2)plh, 2z€C\ 0ess (HO(O)), a=1,2,
are nonzero for any z € C \ 05 (A1 (O)) , therefore, their inverses exist,
ALt = (I = MpaRo(2)93)
Then, the solutions ¢, & = 1,2, of the equation (10) satisfy the following system of integral equations
$1 = AAT Qs
G2 = AAS'Q* 3y,

-1

(13)

where
Q@ = v1Ro(2)p3
is the integral operator on L?(T) defined as

1 o(t)dt
@0 =5 [ 225
T

and Q™ is the adjoint of Q.
Using the substitution method, system (13) can be reduced into the form

1 =Q(2)p1, ie, Q(z)=NAT'AJ'QQ" (14)

Moreover, if ® = (¢1, P2) is a solution to (13), then ¢, is an eigenfunction of Q(z) corresponding to the eigenvalue
1. Conversely, suppose that ¢ is an eigenfunction corresponding to the eigenvalue 1 of the operator (z). Then ® =

A
(@1, P2), with P = WQ(@ is a solution to (13) (i.e. (10)). Notice that the multiplicities of the linearly independent

i

eigenvectors ¢; and @ coinc)ide.

We also note that the function f defined in (11) is an eigenfunction of A;(0) corresponding to an eigenvalue z €
C\ 0ess (A1(0)). Moreover, the multiplicity of the eigenvalues z of A;(0) is the same as the multiplicity of the eigenvalue
uw=10of Q(2).

The operator ((z) is a convolution-type trace-class integral operator. The standard Fourier transform F; : L?(T) —
*(2),

1

(2m)*

establishes that Q(z) := F1Q(z)F; acts as a multiplication operator on the space £2(Z) by the function

)\2
kn(2) = —————5dx(
(A(X; 2))

(F19)(n) =

/ "Pg(p)dp, g€ L*(T), n e Z,
T

2)d_n(z), n € Z. (15)

Thus, the spectrum of @ (z) consists of the following union
o(Q(2) = {0y u | {ra(2)},
nez
with the space of eigenfunctions
&n(m) = dpm, n,m € Z,
where §. . is the Kronecker delta function on Z.
Note that the compact operator Q)(z) has eigenvalues x,,(z), n € Z with the corresponding eigenfunctions

Un(p) =™, neZ peT.
Therefore, the determinant of the operator I — @QQ(z) can be written as the following product

det(I —Q(2)) = [T (1 = rn(2)), (16)

ne”Z
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which takes the form (7), since d_,,(z) = d,,(z) and (15).
Let Ky, (2n) = 1 be an eigenvalue of Q(z,,), then v, is the first component of the solution ¢,, = (¢, ¥, ) of equation
(10), and the second component is defined as

- 5 1w M, (z) ~
nla) = 82(0) = AT Q0 (0) = 3 k) a7
Using the equality (12) in the last relation, we get
; _ Adn(zn) _;
1.0) Z AAT1Q o (q) = 290 En) G
€ )\ 2 Q ¢n(Q) A()\,Zn)e 9

which is a contradiction.
However, if ¥,,(p) = (&™) 4+ ¢~*"P)) /2 = cos((n, p)), it satisfies (12) and (17) if and only if

/\dn(zn) .
——— =1 e AF(\ =1- n n\<n)) = Y.
A2 , e (N 2) AMdo(zn) + dn(z)) =0
However, for the functions 6, (p) = (e!(™?) — ¢~(™P)) /2; = sin((n,p)) the relation
_ Ay (2n)
AA-lO, — _A9nlEn)
Hrb A 2 Q an A()\;Zn)&r“
holds, which contradicts with (12). It implies
Adn (2n : _

Since the system {¥,,,,,}, n € Z is complete in £*(Z), the last three relations and (15) allow us to use the Fredholm
determinant (7) instead of (16).
Subsequently, the number z,, is an eigenvalue of A;(0) and the corresponding eigenfunction can be found by (11) as

12 = Ro(z) [Motn + A03tn]

ie.,
A
f,? p,q) = —(cos np) + cos(ng )
(0.0) = 2= (costom) + cos(ng)
According to the relation H(0) = Uy H (K )Uk, the number z,, is also an eigenvalue of H (K') with the eigenfunction
fn=Uxk f,? in (8), where the unitary operator Uy is defined in (5). O

Remark 4.4. Since A (\;2) is even with respect to n € 7, then 2z, = z_,, where z, is a zero of A} ()\;2), and
eigenfunctions (8) are same.

Lemma 4.5. For any fixed n € Z, the function dy(z) + d,(z) is positive and monotonically increasing in the interval
(—00,0) as a function of z.

Additionally,
Jim (do(2) + dn(2)) = oo, (18)
ZLirPOO (do(z) + dn(2)) = 0. (19)
and for any z € (—00,0)
lim d,(z) = (20)
n—oo

hold.

Proof. The equalities

dn(z):i/ cosnt gt

2m | e5(t) — 2
T

and

1 1+ cosnt

imply the positivity and monotonicity of do(z) + d,,(2) in (—0o0, 0).
The limits (18), (19) and (20) follow from Lemma 4.2. [l
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4.3. Eigenvalues of H(K) below [0, 2/m]

Let 2 be a zero of A, (+) = 0, i.e. an eigenvalues of h; (k) in the interval R \ [0, 6/m] (see Lemma 2.1).

Lemma 4.6. (a) Let \ > 0. Then A} (); 2) has a unique zero z, in (—o0, 0) such that z, < 2z < 0. Moreover, z, < zn
if [m[ > |n].
(b) The following limit

lim z, = 29 (21)
n—oo

holds.

Proof. (a) Since A} ();z) is symmetric about the interval [0,2/m], we prove part (a). According to Lemma 4.5, the
function A (); 2) is monotonically increasing in (—oo, 0) and

lim AT\ 2) =1,

z——00

AF(N2D) < AN 2Y) =

holds.

Consequently, the function A, ()\; z) has a unique zero z,, in the interval (—oo, 20) if A > 0.

If |n| < |m|, then Lemma 4.2 implies that A} (\;2) < A} (2) and hence A} (X; z,,,) < Al (z,,) = 0. The last
equality provides the inequality z,, < zp,.

(b) The equalities

ATJ{(A'Z?) ( ()‘ gn)) (Zl — Zn),
AF (X 2)) = =Adn(2)),
(AT (X2))" = =A(do(2) + d(2)),

where z,, < §, < z(l) is a number obtained due to the intermediate value theorem, imply

0o_ dn(27)
AT T ) + A (6n)

By Lemma 4.6, the inequality zp < z, < &, < 2 and the monotonicity of the derivative of (Af{ (A z))l,
(A7 (20))" > (AT (&) > (AT (X 2D)

Applying the limit (20) in the last inequality, we get the proof of the limit in (21). (]

4.4. Eigenvalues of H(K) above [0, 2/m]
The unitary operator Uy /- in (5) is used to establish the equalities

2
UW/QH()(K)UW/Q = a — H()(K) and UTF/QVUTF/Q =V

which implies the relation

UW/Q(H()(K)—V)UW/QZ %—(Ho(K)‘FV) (22)

The final relationship enables us to shift the investigation of the eigenvalues of H (K') from above the interval [0, 2/ m]
to below it.
Note that z, is a zero of AF()\; 2), n € Z, if it exists.

Lemma 4.7. Assume A < 0.

(a) The function A (X\; 2) has a unique zero z, in (2/m, 00) such that 2/m < 2V < z,. Moreover, z, > 2z, if
im| > |n].

(b) The following limit

lim z, = 2!
n—oo

holds.

Proof. The proof is a consequence of Lemma 4.6 and the identity (22). O
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5. Main theorem

Recall that 2! be a zero of A()\;-) = 0, i.e. an eigenvalues of h;(k), and 2{ < 0if A > 0and 2/m < z{ if A < 0.
Let 7 be an eigenvalue of H (K ) mentioned in Lemma 4.1.
Now, we are ready to formulate the main result of the paper.

Theorem 5.1. Assume € Rand A € R. (a) Let A < 0. Then

o (H(K)) = [ J{za} U {n},

nez
where 2/m < 29 < z, and 2/m — i < n.
(b) Let A = 0. Then
OPP(H(K)) =4d.
(c) Let 0 < A\. Then
o (H(K)) = [J{za} U {n},

neE”Z
and z, < 2% < 0andn < — .

Proof. Lemmas 4.1,4.6 and 4.7 provide the proof. For example, by combining the assertions (a) in Lemma 4.1 and (a) in
Lemma 4.7, we get the proof of the part (a) of the theorem. O

Remark 5.2. According to Lemma 3.2
Gess (H(K)) = {20} U ([ = 1, 2/m — ] U [0,2/m] ).
Theorem 5.1 demonstrates that z,, or 1 could be within o (H (K )) or within a gap of the essential spectrum.

6. Conclusion

The discrete Schrodinger operator corresponding to the Hamiltonian of a system of three quantum particles (two
identical bosons and a fermion) with masses m = co and m < oo, respectively, is considered on the one-dimensional
lattice for all non-zero point interactions. The point spectrum of the three-particle discrete Schrodinger operator, which
possesses infinitely many eigenvalues, has been studied for all non-zero point interactions.
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