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In this work, we present a number of numerical results for the bound state energies of one and two-particle systems in two adjacent 3D layers,
connected through a window. We investigate the relation between the shape of a window and energy levels, as well as number of eigenfunction’s
nodal domains.
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1. Introduction

In general, the waveguides can be modelled by the Dirichlet Laplacians in infinite planar strips and multidimen-
sional layers, the spectra of which is a focus of many works in past decades. The problem is trivial as long as the strip
or layer is straight, because one can then employ separation of variables. However, already a local perturbation such as
bending, deformation, or a change of boundary conditions can produce a non-empty discrete spectrum. As examples of
possible perturbations, we indicate local deformation of the boundary condition [1,2], bending [3–6] or twisting [7,8]
the waveguide. Perturbation by adding a potential is considered in [9], and by a magnetic field in [10,11], or by a sec-
ond order differential operator as in [12]. The type of systems we are interested in is two adjacent parallel waveguides,
coupled by the windows cut out in a common boundary. The two-dimensional case was studied quite intensively, we
refer here to [13–20] (see also references therein). It was shown that the perturbation by the window(s) is a negative
one, i.e., it leads to the presence of the isolated bound states below the essential spectrum; the latter is invariant w.r.t.
to the window(s). In the case of one window, it was shown in [13, 15, 17] that widening the window one produces
more and more isolated eigenvalues. They appear when the windows length passes through certain critical values;
this phenomenon was studied in detail and the asymptotics expansions for the emerging eigenvalues were obtained,
see [13, 15, 19]. In the three-dimensional case of window-coupled layers, it was shown that a small window generates
one simple isolated eigenvalue emerging from the threshold of the essential spectrum [18]. This work also contains
two-sided asymptotic estimates for the eigenvalue. The asymptotic expansion for this eigenvalue has been constructed
formally in [21]. In the present work, we present a number of numerical results for two adjacent layers in R3, coupled
through holes in the common boundary. Such a system was studied in [22], where it was shown that the window
produces eigenvalues emerging from the threshold of essential spectrum, as the window passes through certain critical
shapes. We continuously change window shape and look at evolution of bound states with fixed number and position
of nodal domains. The questions concerning to number and position of nodal domains for the Dirichlet Laplacians
are a point of active research. The first step was Courant’s nodal theorem, and since then, various different cases have
been investigated, such as nodal domains for quantum graphs ( [29, 30]) and in a sphere ( [31]). Also, within this
geometry, we consider a case of two particles, with different shapes of a window. We make numerical calculations,
with the application of Hartree–Fock estimation method (for the Hartree approximation accuracy, see [28]). As for
previous studies of the multi-particle problems in deformed waveguides, see, e.g., [23–27]. We are concerned with the
following two questions: how the energies of bound states and number/position of nodal domains are dependent on
shape of a window and what is the relation between one and two-particle cases.

2. Hartree–Fock approach

Let us describe the Hartree–Fock model and algorithm.
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We start with the Hamiltonian
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Ĥk +
1

2

∑
j, k

j 6= k

Vjk, (1)

where ∆k =
∂2

∂xk2
is the Laplace operators, acting on coordinates xk of the k-th particle, Uk is the potential of

the external field, Vj,k is the potential of particles interaction, Ĥk = (−∆k + Uk). Then, we should approximate
many-particle wave function by the Slater determinant:
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where ψk are single-particle wave functions and xk = (rk, sk), where rk and sk are the spatial and spin coordinates
of the k-th particle. Following the Hartree–Fock method, we insert (2) in (1) and use variation of energy functional〈
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〉
to get the Hartree–Fock equations:Ĥk +
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(3)

Then, we should consider the spin of the particles. We ignore the spin-orbit interaction. Let n↑ be the number of
particles with spin 0.5 and n↓- particles with spin −0.5. The wave functions of these particles are ψ↑k and ψ↓k. Then,
due to independence of Vjk from the spin variable, one has∫

ψ∗j (xj)Vjkψk(xj)dxj = δsjsk

∫
ψ
∗sj
j (rj)Vjkψ

sk
k (rj)drj , (4)

where δsjsk is the Kronecker symbol, indices sj , sk take values ↑, ↓.
As an interaction potential, we use the delta-potential: Vjk = Uδ(rj − rk), where U is a constant. Using the delta-
potential and (4), from (3) we get the following system:
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(5)

To solve the system, we used the following iterative algorithm:
(1) Find one-particle stationary solutions for a case of potential Uk = Fzk and arbitrarily choose N solutions as

initial approximations for ψi (xi).
(2) For each particle, calculate a potential Pi = U

∑
j

|ψj (xj)|2, where sum includes particles with the opposite

spins, then, use it to calculate a set of solutions.
(3) From each of N sets choose a bound solution. (Here we can use arbitrary additional criteria, to speed up the

process.)
(4) Check if new solutions are close enough to previous ones. If not, return to step 2.

3. Results

The system we are studying consists of two adjacent infinite 3D layers of constant width, with a common border.
In the common border there is a window, connecting two layers. We consider bound states for systems of one and
two particles with delta interaction. On the borders of layers, we assume the Dirichlet boundary condition. The main
focus of the study is the relation between shape of a window and energies of bound states. We consider two types of
windows: elliptic windows and windows shaped like Cassini ovals (peanut-shaped), which transform into two separate
circular windows. We show the dependence of bound state energy E as a function of parameter d, which in the case
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FIG. 1. Examples of bound state types, as a 2D slice along window’s plane. Labels: 1 – one, 2 –
two, 3 – transversal two, 4 – three, 5 – square four, 6 – row four, 7 – ring.

FIG. 2. Energies of different one-particle types of states as functions of distance between foci of
Cassini ovals. The faint lines represent energies of the same type for the elliptic window of the same
width. All windows have the same area. The types are labeled according to the enumeration in
Fig. 1. Shapes of the windows are shown below the d axis.
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of Cassini ovals, represents a distance between oval foci and for two apertures it is a distance between their centers.
Ellipses are chosen to match Cassini ovals’ width. All windows have the same area.

First, we consider the case of one particle. If we examine 2D slice of eigenfunctions through the plane of a
window, we can distinguish a number of persistent types of solutions, categorized by the number and position of nodal
domains. The Courant’s nodal theorem states that for the Dirichlet Laplacian, the number of nodal domains can not
exceed the index of a state in a list of all states, sorted by eigenvalues. In our case, we will first follow seven types,
which are shown in Fig. 1. These types of bound states show consistent behavior with change of parameter d and
their energies change in different ways, according to the geometry of the type. Results for the cases of an elliptic and
Cassini oval shaped windows are shown on the Fig. 2.

As we can see, for the most types, bound levels tend in the positive direction with the increasing deformation of
circular window, but for certain types, it is reversed. Let us note some features. The first two states For Cassini ovals
converge to the same energy, because the first state evolve in a copy of the second, but with both peaks pointing in the
same direction. The transversal two (3) and the three (4) types are affected by the final Cassini evolution most of all
(the energy of the former for the last aperture is too high for the shown range), because their constant-sign zone is in
the center and deformed by the closing gap. With the further closing of a bridge, type (4) will get closer to type (6),
but in conformity with the Courant’s theorem, will not exceed it.

For the two-particle system, we consider the Cassini oval window, and look at the lowest bound energy level for
the different strengths of delta interaction (see Fig. 3), and compare it to the first two levels from the Fig. 2. We also
extended the deformation of the window, adding three states with two circular windows at the end. For the case of
two holes, all different strengths have indistinguishable on our scale levels. The plot shows that with the increase of
interaction strength two particle states tend from first, toward second type of state. The energy for two holes is almost
independent on the distance between the holes.

FIG. 3. Lowest bound energies for two particles. Dotted plots represent the first two one-particle
types for Cassini Windows from Fig. 2 for comparison, which differ because of different precision
for the case of more complex computation. Grey lines represent energies of each particle in low-
est two-particle bound states, each line corresponds to different strength of delta-interaction. The
strengths used: 30, 50, 85, 140, 250, 500, 1000 (arbitrary units) from the lowest to the highest line
respectively. For the case of two separate circular openings all strengths have very similar energies,
plotted in the right part.

On the Fig. 4 we compare the energies of elliptic bound state with the Cassini ones for the same interaction
strength. The plots for different interaction strengths show the same relations.
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FIG. 4. Comparison of two particle bound state energies for elliptic window (solid line), with
corresponding levels for Cassini oval window (dotted line).
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