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We study various non classical effects of light like reduction of quantum phase fluctuation, antibunching and minimum total noise present in various
nonlinear optical processes. Further, we have shown that depth of non-classicality can be directly measured using all these parameters. We have

done the comparative study to correlate these non-classical effects in seven wave mixing, eight wave mixing and third harmonic generation.
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1. Introduction

For being a non-classical quantum state, negativities of Glauber—Sudarshan P-function may appear. However, this
function may be strongly singular [1,2]. Generally we use standard deviation as the most natural measure to study
quantum fluctuation [3]. Non classical effects of radiation field like reduction of quantum fluctuation, antibunching
and minimum total noise were recently attracted a great interest in quantum optics. Quantum phase can be considered
as a main feature to differentiate between classical and quantum physics. Antibunching and squeezing has no classical
correlation and are called non classical states. In Sub-Poissonian (antibunching) photon statistics the variance of pho-
ton number is less than the mean value. The Hermitian quantum phase operators have some uncertainty [4—-6] which
leads to a lot of adverse formalism [7-9] of phase problem. Out of all these formalisms, Barnett—Pegg(BP) [8] and
Susskind—-Glogower(SG) [9] has contributed a considerable role in phase fluctuation and have been used by various
researchers [10-18]. Study of phase fluctuation of coherent light coupled to a nonlinear medium and in intermedi-
ate state have already been studied [19, 20]. The development of nanotechnology and nanoscience has provided new
opportunities for nonlinear optics. In the last few decades, numerous studies on the nonlinear optical properties of
novel materials have been performed because of the potential of these materials in optical device applications [21-25].
Strong optical nonlinearities in nanoparticles are observed due to quantum confinement, such as nonlinear optical ab-
sorption and second and third order optical nonlinearities; these can be studied for making optical modulators, optical
limiters and laser second and third harmonic generators [23,24]. To study the optical nonlinearity of nanoparticles,
there is a significant body of research concerning the measurements of third order nonlinear susceptibility x> which
can be used as a source for the generation of third harmonic generation process [26]. With the role of quantum phase
fluctuation in quantum cryptography [27], super conductivity [28,29] and with the success in experimental study of
phase fluctuation [30], there has been a significant increase in importance of study of non-classical parameters.

In the present work, Carruther and Nieto phase parameters [16] are used to study phase fluctuation parameters
in nonlinear processes like seven and eight wave interaction process and in third harmonic generation using Barnett—
Pegg (BP) formalism [7]. We have reported in the paper that reduction of phase parameters not only directly implies
antibunching but also increases with an increase in antibunching. We have also found minimum total noise in terms
of number operators and observed that the greater the sub-Poissonian (antibunched) state, the greater will be the
minimum total noise in the system.

2. Measurement of quantum phase fluctuation parameters

Barnett and Pegg [7] defined the exponential of phase operator E and its Hermitian conjugate E' as:
oy
FE = (N + 2) a(t),

Ef = <N+ ;) al(t),

ey

Nl
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where Nis the mean photon number in the coherent state. Cosine and sine operators are defined as [7]:

C= %(E + ET),
. T )
§ =3 (B~ E),
and satisfy the following relations:
(C)?+(5)" =1, 3)
and )
[C,S]i<N+1) 2, 4)
2 2
and, we get
2 2 1 1
(AC)*(AS)* > BTD) )

To measure quantum phase fluctuation, Carruthers and Nieto [16] had introduced U, S and () parameters in the
following way:

) 5 (AS)? + (AC)?
U (6.t |a]”) = (AN)" —H——F—, 6
(0:t10) = (AN S (©)
S(0,t,|af”) = (AN)?* (AS)?, )
and
oy S0t ]al’)
Q(Qatv ‘Oél )_ <C>2 I (8)

where 6 is the phase of input Poissonian state, ¢ is interaction time and |oz|2 is mean photon number in coherent state.

2.1. Seven wave interaction process

In seven wave mixing process, the interaction takes place in such a way that the absorption of two photons of
frequency w; each and the emission of two photons of frequency w2 each and other two photons of frequency ws. The
Hamiltonian represents total energy for the system and is given as (taking 2 = 1):

H=uwata+wbb+wscte+g (a2b+20+3 + a+2b203) , ®
where g is a coupling constant, a (a+), b (b+) , C (c+) are the annihilation(creation) operators respectively.
A = aexpiwit, B = bexpiwst, C' = cexpiwst are slowly varying operators at frequencies wy, wy and ws.

To study quantum phase fluctuation, a coherent state |«) is used as pump for mode A and before the interaction
process there was no photon in signal mode B and stokes mode C'i.e.,

[¥) = |)[0)[0). (10)
The Heisenberg equation of motion for fundamental mode A is given as (A = 1):
dA 0A
—=—+1i[HA 11
a o TeULAL b

in this process, we assume the interaction time ¢ to be very small. Using short time approximation technique, expand
A () by using Taylor’s series expansion and retain the terms up to second order in g*t*:

t dA(0) 2 d*>A(0)

1 dt 20 ade? 7’

A(t) = A(0) +
and we get:
A(t) = A — 2igtATB2C? + 22 <2AN]23Ng — 9ATA2NZNZ — 18ATA2N2 N
—6ATAZNE — 4ATA’NpNE — 36 ATA2NpNZ — 72ATA2NpNe — 24ATA%Ng
—2ATA2N3, — 18ATA2NZ — 36AT AN, — 12ATA2>, (12)

where Ny = BfBand N = CTC.
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From equation (12), the mean number of photons i.e. N(t) = Af(t) x A(t) can be expressed as:
N(t) = ATA —2igt (AP B*C — A’BYC") + 4¢°* (2ATANEZ Nc + NEN¢)
—2¢g%t* (A A’NE + 4AT A’ NpNe + 4A? AN + 24 A2 Ne + 124124%), (13)
the expectation value of N (t¢) using condition (10) is:
(N) = |a]* - 24g°¢* |a". (14)
The squaring of expectation value of number operator is given as:
(N)? = |af* — 48¢%1% |a|® + 5764t |o)?
as the interaction time is small, we are taking terms up to g°t and above equation is written as:
(N)? = |a|* — 48¢%#* |a|°, (15)
(N?) =|al' + |af? — g2 (48 la]® + 96 |a|4) . (16)
Using equation (15) and (16), we get:
(AN)* = (N?) — (N)?,

(AN)? = |af? — g2t (96 |a|4) . a7
The condition of sub-Poissonian photon statistics is given as:
d=(AN)*> = (N) < 0. (18)
Using (14) and (17), we get:
d=—72¢*|al*. (19)

We obtained a negative value, which shows that the photon statistics is sub-Poissonian or antibunched light.
By substituting (13) in (2), we obtain:

2 2

—18ATA’N}i NG — 6ATAZNE — 4ATA?NE NG — 36 ATA2NpNE — 72AT? A Np No
—24AANp — 2ATA?NE — 18ATANZ — 36 ATAZNo — 12ATA% 4 2ATNZ N
—9APANENE — 18ATANZ N — 6AT2ANE — 4AT?ANgNE — 36 A2 ANENZ,

1 1\ "2
C=- (N + ) {A + AT — 2igt ATB2C? + 2igt ABT?CT3 + g2 (2AN§Ng —9ATANENE

—72AA2NpNe — 24AT A2 N — 2AT2ANS — 18AT2AN2 — 36 A2 ANG — 12AT2A)] (20)

and

1
: 1N}
1S = _% (N + 2) [A — AT = 2igt ATB2C? — 2igt AB™C™3 + ¢°#? (QANgNg —9ATA?NZNZ

—18ATA’NENe — 6ATA?NZ — 4ATA’NpNE — 36 ATA2Np N — 12A A2Np Ne
—24ATANp — 2ATA?NE, — 18ATA?NZ — 36 ATA? Ny — 12ATA% — 2ATNENE,
+9ATANENE + 18AT?ANZ N + 6AT2ANE + 4A AN NS + 36 A2 AN NE
7242 A2N g Ne + 24AT A2Np + 2AT2 AN + 18A2AN2 + 36 AT AN + 12AT2A>} . @

The expectation value of C' and .S operators of equation (20) and (21) by applying condition (10) are:

1 1)
(C) =3 { (N + 2) {a +a* — g*t? (12 o a + 12 |a|2a*) }} (22)
T/ 1\ -}
(S) = —% [ (N + 2) {a —a* — 2 (12]e) a - 12|al? a*)}} (23)

Then square of expectation value of C and S are:

1 1\
() = 1 (N+2) {a2+a*2+2|a|2—2492t2 <|a|2a2+|a2a*2+2a|4)}, (24)
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1 -1
(5)2 = —= <N n ) {cf Fa*? - 2]af’ - 24¢%? (|a|2 o +|a)?a*? -2 |a\4) } 25)
Similarly:

(%) -

-1
1
(N + 2) [aQ + a2+ 2ol + 1 - 12¢9%¢ (a2 + a2 4+2|al?a?

| =

+2|al? o +4|al* + 4o )} . (26)

—1
1 1
<52> =1 <N + 2) [az +a*? -2 |04|2 —1—12¢°¢2 (a2 +a*? 42 |0z|2cu2
+2laff e —4lal* — 4 |a|2)} 7)

Using equations (24)—(27), second order variances is expressed as:

1 0!
(ACY = (C?) - (€)= (N + 2) {1 ~126%° (a2 ta? 4 |a\2) } 28)
and
1/— 1\ ! 9
(AS)° = (%) = (5)° = -3 (N + 2) [_ 1 - 12¢%2 (a2 +a* — 4]al ) } (29)
Now equations (6)—(8) can be expressed as:
1[1— 1446242 |a|?
U1, Jaf?) = 1§ Lo oL (30)
2 | 1—24g%% |
1 !
5(0,t, |af?) = 1 <oé|2 — 24622 |al* + 2) [|oé|2 + 24 |a* g?t?(cos 260 — 6)}, (31)
and )
1+ 24 |al” ¢%t%(cos 260 — 6
Q01 Joft) = 222 ) 32)

(cos 20 +1)(1 — 24 |a)? g22)
From equation (19) and (30), it is clear that the reduction of phase parameter U increases withan increase in the
number of photons and is associated with antibunching.

2.2. Eight wave interaction process

In an eight wave mixing process, the interaction takes place in such a way that the absorption of two photons of
frequency w; each and the emission of four photons of frequency ws each and another two photons of frequency ws.
The Hamiltonian for the given process is:

H=wiata+wbTb+wsctec+g (aQb+40Jrz + a+26402) , (33)

where g is a coupling constant, a (a®), b(b%), c¢(c*) are the annihilation(creation) operators, respectively.
A = aexpiwit, B = bexpiwst, C = cexpiwst are slowly varying operators at frequencies w1, wo and ws.
Now, using the short time approximation technique, Taylor’s series expansion of A (¢) can be expressed as:

At) = A — 2igt ATB*C? + g*t>(2ANE N2 — 16ATA2N3 N2 — 72AT A2N% N2
—96ATA?NpNZ — 24ATA’ N2, — 4ATA’NENe — 64ATA’ NS N — 288AT A2 N3 No
—384ATA’NpNe — 96ATA2Ne — 2ATA2ND — 32ATA2NS — 144AT A2 N3,
—192ATA2Np — 48ATA% (34)
where Ng = BB and N = CTC.

From equation (33), mean number of photons using condition (10) can be written as:
N(t) = ATA — 96912 (AT2A?). (35)
The expectation value of N(t) is:
(N) = |af* = 969°¢ |a|*. (36)
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Using equation (35), we get:

(AN)? = |af? — 192422 (2 |a|4) . 37)
The condition of sub-Poissonian photon statistics is given as:
d=(AN)*> = (N) < 0. (38)
Using equations (36) and (37), we get:
d = —288¢%t*|al", (39)

as d is negative, and thus, we achieve an antibunched state.
Now, by substituting equation (34) in equation (2), we obtain:

1
C= % (N + ;) ’ {A + AT — 2igt ATB*C? + 2igt AB™CT? 4 %> (2AN,‘§N%
—16ATA2NE N2 — 12ATA2NZ N2 — 96 ATA2Np N2 — 24AT A2NZ,
—4ATA’NENG — 64ATA’NE N — 288ATA2NENe — 384ATA’ Ny Ne
—96ATA’Ne — 2ATA2NE — 32ATA?NE — 144ATA2N% — 192ATA2 Ny
—48ATA? + 2ATNENZ — 16ATANENE — 72AT AN NZ — 96 A2 AN NE
—24AT?ANE — 4ATPANE NG — 64APANSNe — 288A ANE NG — 384A™ AN Ne

—96AT2 ANy — 2ATANE — 3242 AN, — 144AT2 AN% — 192472 AN — 48AT2A)] (40)
and

i

S:2

1
1\ 2 f
<N + 2> [A — AY — 2igt ATB*C? — 2igt AB™C1? + 212 (2AN§N5 — 16ATA2N3 N2

—T2ATA2NENZ — 96 ATA2NpNZ — 24ATA2NZ — 4ATA2NL N — 64ATA2NE N¢
—288ATAZNE NG — 384ATA’NpNe — 96ATA2No — 2ATA2 N — 32ATA2 N3}, — 144ATA2N3
—192ATA2Np — 48ATA? — 2ATNENZ +16ATPANSNE + 12A2 AN NZ + 96 AT2ANR N2
+24AANZ + 4A ANLNe + 64A ANE N + 288A ANZ Ne + 384AT2 AN Ne

+96AT2ANG + 242 ANE + 32AT2 AN + 144AT2ANZ +192AT2ANg + 48AT2A>} . (4D

Using equations (40) and (41), second order variance is expressed as

1 1!
(AC)? = (C?) —(0)® = i <N + 2) [1 —48¢% 1% (0 + o*? + 4 |a|2)} (42)
and
1/— 1\ "
(AS)? = (5%) = (8)" = =7 (N n 2) [— 1—48¢%%(a% + a2 — 4 \a|2)]. 43)
Now, equations (6)—(8) can be expressed as:
1 [1-576¢%2|a|
U(97t7 |OZ|2) =35 M ) (44)
2 | 1-96g%2 ||
1 1!
S(0,t,|a)?) = i <|a|2 — 966212 |a|* + 2) [\042 + 96 |a|* g*t2(cos 260 — 6)] : (45)
and
1+ 96 |a|? g%t2(cos 20 — 6
Q0. t.]af*) = ol g ¢ oo 20 0) (46)
2(cos26 + 1)(1 — 96 ||” g2t2)

From equation (38) and (44), we can correlate reduction of U with sub-Poissonian state.
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2.3. Third harmonic generation process

In third harmonic generation process, the interaction takes place in such a way that the absorption of three photons
of frequency w; each and the emission of one photon of frequency ws such that wy = 3w;. The Hamiltonian for the

given process is:
H=wiaTa+wb™b+g(a’b™ +a*%),

(47)

where g is a coupling constant, a (a+), b (b*) are the annihilation(creation) operators, respectively. A = a exp iw1t,

B = bexpiwst are slowly varying operators at frequencies wi, ws.
By using the same techniques used in above interaction process, we get;

At) = A= 3igt AP B + gg%Z (6ATA’Np + 6ANp — AT24%)

where N = B'B and N¢ = CTC.
From equation (48), the mean number of photons using condition (10) can be simplified as:
N(t) = ATA — 3g%¢% (AT 47) .
The expectation value of N () is:
(N) = laf® = 3¢°¢ |a|”.
Using equation (48), we get:
(AN = Jaf* = 18¢%* (Jal°)
The condition of sub-Poissonian photon statistics is given as:
d=(AN)*> = (N) <0.
Using (50) and (51), we get:
d = —15¢%t*|a|®,

as d is negative and thus we achieve a non-classical state.
By substituting (48) in (2), we obtain:

1 1\ 2
C=3 (N + 2) [A + A" = 3igt AT B + 3igt ABT — 29%2 (AT2A% + AT3A?) ]

and
1

S = —% (N+ ;) [A — At 3igt AT B — 3igtA2Bt — 292152 (A1243 — A13 42) }

Using equations (54)—(55), second order variance is expressed as:

1 1\ !
a0P = (0~ =g (Wog) [ 5o (et w2iafa o) |

and
1
2

(AS)? = (S%) — (S)? = *i (N+ )1 [f 1-— %gzt2 (2 la)* o +2|a)* o — 6 |a|4) }

Now equations (6)—(8) can be expressed as:

24214
U(9t|a|2):1 1—27¢°t% |
o 2| 1-3¢22|a|* [’

-1
1 1
5(0,t,|a)?) = 1 (|o<|2 —3¢%t%|al® + 2) {\042 + 3% g?t* (2 cos 20 — 9)}7
and
1+ 3|al* g2t2(2cos 260 — 9)
2(cos20 + 1)(1 — 3" g212)’
equations (53) and (58) indicate the presence of non-classicality.

Q8,t,|a’) =

(48)

(49)

(50)

(5D

(52)

(33)

(54)

(35)

(56)

(57)

(58)

(39

(60)
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3. Minimum total noise in terms of number operator

The minimum total noise of a single mode with density matrix p can be stated in terms of A and AT as [31]:

1 1
;&:§M+Aﬂam Xf:?m—Aw (61)
i
From equation (60), we get:
1
(XB) 4+ (X2)* = <N+2>. (62)
In order to find out the minimum total noise of state in terms of number operator we use Schwartz inequality:
2 2 2 2 2
(X2 = (Xa) (N = (M) | (%2 = (X2))) {(V = (N))?) < (AXa)” (AN, (63)

Equation (63) is simplified as:

2 2 ]. 2 ]. 2
(AX2)* (AN 2 1| (1X2, N]) | 2 7 (X} [ ()
where [X5, N] = iX;.
Similarly,we can achieve for X is:
1
(AX1)* (AN)* = 1] (X2) [ (65)
Using equation (64) and (65), we get:
(X1)° + (X2)° S 4(AN)° [(AX1)* + (AX)°) (66)
Using equation (62), we obtain:
1
<N+2>§{MANf+@UAXQ?HAXQﬂ, (67)

thus minimum total noise in terms of number operator is:
Tmin = [(AX1)2 + (AXQ)Q:I .
Substituting equation (67) in above relation, we get:

Tmin > <N il %>

SRR o

equation (68) shows that as the value of (AN )2 decreases, minimum total noise increases.

3.1. Seven wave mixing process

Minimum total noise in seven wave interaction process can be obtained by substituting equation (14) and (17) in
equation (68):
la® — 24¢22 |a|* + 1
N 2 .
4ol +1 — 384242 |a|*

(69)

3.2. [Eight wave mixing process

In this case we substitute equation (36) and (37) in equation (68) to obtain the expression for minimum total noise
and is given as:

2 gra242 (4 1
lo|” — 96g°t% [ + 3

N > : (70)
4la)® +1 — 1536212 |al*
3.3. Third harmonic generation process
After substituting equation (50) and (51) in equation (68), we get expression of minimum total noise as:
2 242116 | 1
al” —3g7t° |a|” + 5
| | g | | 2 1)

N —Z )
4o’ + 1 — 72922 |al’

thus equations (69)—(71) show that for a fixed value of (N) as the value of [AN]” decreases, minimum total noise
increases which indicates the presence of quantum state.
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4. Conclusion

Comparison of non-classical parameters like phase fluctuation, antibunching and minimum total noise have been
done in seven and eight wave mixing interaction and third harmonic generation nonlinear optical processes. Figs. 1—
4 show that reduction of phase fluctuation parameters U, S, ) and antibunching increases with increasing mean
photon number |a|2. After comparing Figs. 1-4, we can conclude that rate of reduction of parameters U, S, ) and
antibunching is maximum in third harmonic generation as compared to eight wave mixing and seven wave mixing.
Equations (30)—(32), (44)—(46), (58)—(60) show that the parameter U is independent of # while S and () parameters
can be tuned by varying the values of ¢ and #. The result also indicates that higher the rate of reduction of phase
fluctuation parameter, higher will be the antibunching.

2 T T T T T T T

0 = = — 7

‘-\‘\. R“I_‘:R——_‘
a8 6. g ==

g
S
-4+ seven wave mixing process g
- eight wave mixing process 4
G —third harmonic generation process
6} \ 4
\
T \
N

al \\ 4

\

\
Aof \-

A
\
712 1 1 1 1 1 L L L 1
0 L) 10 15 20 2 30 35 40 45 50
—of

F1G. 1. Variation of phase fluctuation parameter U with |oz\2 for seven wave mixing, eight wave
mixing and for third harmonic generation (taking g°t> ~ 10™%)
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—

FIG. 2. Variation of phase fluctuation parameter S with |a|? for seven wave mixing, eight wave
mixing and for third harmonic generation (taking g¢? ~ 10~% and § = 0)

Figures 4 and 5 show the variation of antibunching and minimum total noise with |04|2 and we observe that more
is the antibunched state (sub-Poissonian), more will be the minimum total noise present in the system.

Thus we can conclude that the depth of non-classicality can be directly measured by using the quantum parameters
i.e. phase fluctuation, antibunching and minimum total noise present in the system.
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