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A pair of coupled quantum waveguides with a common semitransparent wall is considered. The wall has a finite number of small windows. We
consider resonance states localized near each window. The presence of several windows forces one to describe their common influence differently
from that of the single-window case. Using the “matching of asymptotic expansions” method, we derive formulas for resonances and resonance
states.
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1. Introduction

There is a large class of mathematical and physical problems concerning to “systems with small coupling win-
dows”, i.e., systems of connected quantum waveguides, Helmholtz resonators and other structures with perturbation
caused by small windows on different boundaries. Such systems have long been of interest to physicists and mathe-
maticians. Transport properties of waveguides and other additional phenomena caused by resonators are widely used
in electrodynamics and theories of acoustic and electromagnetic waves.

Currently, scientists study such systems in the context of nanoelectronics. The development in this field has led
to the creation of a new class of objects used in electronic devices – quantum threads (nanowhiskers), quantum dots,
antidots and so on. Of course, “quantum” is a keyword here because studying mesoscopic systems (systems where
the coherence of the phases of the electrons is preserved on a scale much larger than atomic) is absolutely impossible
if we ignore quantum properties of the electron. Obviously, taking into account the quantum behavior of an electron
requires the development of fundamentally new physical, and, most importantly, mathematical approaches.

When we consider mesoscopic systems, we actually mean studying wave propagation in waveguides and other
structures. Properties of this propagation are described as spectral properties of corresponding mathematical operator.
This is usually a Schrödinger operator. Laplace operator is also applicable for problems considering the ballistic mode.
Resonance phenomena are widely used for development of new nanoelectronic devices.

Systems with small coupling windows were studied since the beginning of the 20th century [1, 2]. Currently, we
use term “asymptotic analysis” for large class of problems including resonance phenomena. Great variety of electronic
device caused great variety of systems in resonance problems. Different combinations of waveguides and resonators
were considered [3–6], in addition to different geometry characteristics [7, 8], windows amount [9–11], and boundary
conditions [12, 13].

The core of the mathematical approach in this work is “Matching asymptotic expansions of solutions of boundary
problems”. This method was previously described in [14]. This method is intended for boundary problems of equations
containing naturally occurring small parameter. It is very typical for mathematical physics problems, in particular for
problems we described previously.

Semitransparency was studied by Ikebe, Shimada, Exner, Kreicirik, Popov in [15–20] in terms of spectral and
scattering properties. Resonance asymptotics for such systems were studies in [21, 22].

2. Preliminaries

Let us consider the pair of quantum waveguides in two-dimensional Cartesian coordinates with widths d−
and d+.

The common wall of both waveguides is semitransparent and is coupled through small windows. Semitrans-
parency was studied in [21] for the same system but with single window. In this work, we consider finite number of
windows. We will rely on the results of that work but we won’t describe in detail the preliminary calculations. So let’s
take a quick look at used formulas and assumptions.
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FIG. 1. Waveguides with common semitransparent wall (windows abscissas are relative to each center)

The wall semitransparency is described by the parameter α. Generally, α ∈ (0; +∞), where zero value means no
barrier and infinity means absolutely nontransparent barrier. Zero value is not included because actually it is not the
case of the considered problem.

Boundary conditions on the walls are the key point: we choose the Dirichlet conditions on non-common walls
but semitransparency causes special requirements for common wall. When a wave passes through the barrier, a jump
occurs in the derivative of the considered function u(x1, x2), so, we will consider specific boundary conditions:{

u+ = u−,

u′+ − u′− = αu,
(1)

where u′+− are vertical derivatives at the top and bottom of the wall. The conditions of such type appear if one
considers the singular potential supported on hypersurface. These potentials have been intensively investigated during
last two decades (see, e.g., [23–25]).

Problems with several windows may be very different. The number of windows can be finite or infinite; the “order
of smallness” can vary for each window. We consider somewhat simple case – finite number of windows with the same
order of smallness.

Let us have n coupling windows with the centers at the points (xq; 0), where q = 1..n. Each window has width
2aq = 2a − −ωmωm−1ωm+1. Parameter a is exactly common order of smallness. We will construct asymptotics in
a. This also means that ωq , q = 1..n, describes the relative sizes of all the windows.

Unperturbed eigenfunctions of the transversal problem for the Laplace operator with semitransparency can be
written as follows:

χn(x) =

{
−Cn sin(d−νn) sin((x2 − d+)νn), x2 > 0,

Cn sin(d+νn) sin((x2 + d−)νn), x2 < 0.
(2)

One can see that it satisfies conditions (1). The corresponding eigenvalues are denoted as νn and can be found from
the equation −νctg(d+ν) − νctg(d−ν) = α. For investigating resonances, we need to choose “threshold” value.
Threshold is such value of νn, that there are no summands with imaginary part exponent in Green’s function series
which are lower than νn. Imaginary exponent corresponds to periodic summands which mean propagating waves. We
will seek terms of asymptotic expansions close to the second threshold ν2.

“Perturbed” eigenvalue, also known as quasi-eigenfrequency, will be denoted as ka. Difference between ka and
ν2 is actually small value. We will use convenient expansion for its asymptotics:√

ν22 − k2a =

∞∑
j=2

[j/2]−1∑
i=0

kjia
j lni

a

a0
. (3)

The Green function for waveguide is well-known [25] and appears as follows in our case:

G±(x, y, k) =
∞∑
n=1

χn(x2) · χn(y2)

2pn
· e−pn|x1−y1|, where p±n = pn =

√
ν2n − k2a.
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Finally, we can write down eigenfunctions for perturbed case near each window:

ψa(x) =
√
ν22 − k2a ·

∞∑
j=0

n∑
q=1

aj P qj+1

(
Dy, ln

a

a0

)
G+(x, y, k)

∣∣∣∣
y=(xq ;0)

, x ∈ Ω+\
n⋃
q=1

Sq
a0(a/a0)1/2

,

ψa(x) =
∞∑
j=1

[(j−1)/2]∑
i=0

vji

(x
a

)
aj lni

a

a0
, x ∈

n⋃
q=1

Sq
2a0(a/a0)1/2

,

ψa(x) = −
√
ν22 − k2a ·

∞∑
j=0

n∑
q=1

aj P qj+1

(
Dy, ln

a

a0

)
G−(x, y, k)

∣∣∣∣
y=(xq ;0)

, x ∈ Ω−\
n⋃
q=1

Sq
a0(a/a0)1/2

.

(4)

Here, Sq
a0(a/a0)1/2

is as sphere with a center at q-th window. Last important thing is differential operator P qj . It is
described as follows:

P1(Dy, ln
a

a0
) = a

(1)
10 D

1
y, Dn

y =
∂n

∂nny
, Pm

(
Dy, ln

a

a0

)
=

m−1∑
j=1

[(j−1)/2]∑
i=0

a
(m)
ji

(
ln

a

a0

)i
D

m−j+1

y , m ≥ 2,

P qm(Dy, ln
a

a0
) = αqPm(Dy, ln

a

a0
).

Here, αq are very important coefficients which describe operator action in distribution between windows.

3. Calculating

Boundary problems for vji
(x
a

)
from (4) can be obtained in the following manner. We substitute the series (4)

and (3) into the Helmholtz equation (for k = ka) and then change variables ξ =
x

a
. The coefficients in the terms with

the same powers of a and ln
a

a0
should be equal. Hence, we obtain the following problems:

∆ξvji = −
j−3∑
p=0

[p/2]∑
q=0

Λpqvj−p−2,i−q, ξ ∈ R2\γ, vji = 0, ξ ∈ γ, (5)

where γ = {ξ|ξ2 = 0 ∧ ξ1 ∈ (−∞;−1] ∪ [1; +∞)} and Λpq are the coefficients of the series:

k2a =
∑
p

∑
q

Λpqa
p lnq

a

a0
.

As next step we need to introduce operatorMpq(U) – it changes variables in expressions U (ξ =
x

a
, ln r = ln ρ+ln a)

and filters summand with ap lnq
a

a0
ϕ(ξ). Also, Mp =

∑
q
Mpq , it is used to obtain all summands with ap.

3.1. Calculating of k20

Considering matching at q-th window we can obtain the following a-degree selections:

a−1M1

(
±
√
ν22 − k2a ·

n∑
q=1

P q1G
±(x, y, ka)|y=(xq ;0)

)
=

±a
(1)
10 C

2
2ν

2
2 sin2(d∓ν2) cos2(d±ν2)

2
·
n∑
p=1

αpρ sin θ ∓ 1

π
αqk20a

(1)
10 ρ
−1 sin θ.

(6)

An extremely important point to note – k-singularity has its place in all window summands but x-singularity exists

only in current window, so we have
n∑
p=1

αp for positive ρ degree and just αq for negative degree being in context of

q-th window.
In accordance with the lemma concerning the vji representation in the form of a linear combination of harmonic

functions, we need to choose those functions as a summary of all windows. Function f1(z) =
1

2

(
z +
√
z2 − 1

)
was
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used for single window so we choose summary function as follows:

f̂1(z) =
n∑
q=1

αqωqf1

(
z − xq
ωq

)
=

n∑
q=1

αqωq
z − xq
ωq

−
n∑
q=1

αq
ω2
q

4z
−

n∑
q=1

αq
ω2
qxq

4z2
−

n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

)
1

z3
− ..., z → +∞,

n∑
q=1

αq
ω2
q

4z
+

n∑
q=1

αq
ω2
qxq

4z2
+

n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

)
1

z3
+ ..., z → −∞.

For different coordinates, we will use notation f̂i(z) = X̂i(z) + iŶi(z).To match terms increasing on ρ → ∞ in
accordance with (6), we shall select v10(ξ) in such a way:

v10(ξ) =
a
(1)
10 C

2
2ν

2
2 sin2(d−ν2) cos2(d+ν2)

2
· Ŷ1(ξ) +

a
(1)
10 C

2
2ν

2
2 sin2(d+ν2) cos2(d−ν2)

2
· Ŷ1(ξ∗).

Hence, we can match terms of order ρ−1 sin θ for each window and get the system of equations:

∓ 1

π
αqk20a

(1)
10 = ±

a
(1)
10 C

2
2ν

2
2

(
sin2(d−ν2) cos2(d+ν2) + sin2(d+ν2) cos2(d−ν2)

)
2

·

(
n∑
p=1

αp
ω2
p

4

)
⇒

n∑
p=1

αpcωp
= βαq, β =

−2k20

πC2
2ν

2
2

[
sin2(d−ν2) cos2(d+ν2) + sin2(d+ν2) cos2(d−ν2)

]
=

−4k20
πC2

2ν
2
2 [1− cos(2d−ν2) cos(2d+ν2)]

.

This system has nontrivial solution if:

det


cω1
− β cω1

... cω1

cω2 cω2 − β ... cω2

... ... ... ...

cωn
cωn

... cωn
− β

 = 0,

where
ω2
q

4
is actually harmonic capacity of the corresponding segment in R2, so we will use sometimes a symbol:

cωq =
ω2
q

4
. Determinant of this matrix is (−β)

n−1

((
n∑
q=1

cωq

)
− β

)
. Hence:

β =

n∑
q=1

cωq
⇒ −4k20

πC2
2ν

2
2 [1− cos(2d−ν2) cos(2d+ν2)]

=

n∑
q=1

cωq ⇒

k20 = −πC
2
2ν

2
2

4
[1− cos(2d−ν2) cos(2d+ν2)]

n∑
q=1

cωq
.

If you compare it with k20 for the single window case, you will see that the only difference is sum
n∑
q=1

cωq . It is

actually something like “common size” of the windows, characterized by sum of capacities. For n = 1 it equals
1

4
.

3.2. Calculating of k30

Procedure for k30 is absolutely the same. Selecting of a2 gives us:

±a−2M2

(√
ν22 − k2a ·

n∑
q=1

P q1G
±(x, y, ka)|y=(xq ;0)

)
=

−a(1)10 C
2
2 sin2(d∓ν)ν32 cos(d±ν2) sin(d±ν2)

8

n∑
p=1

αpρ
2 cos 2θ ∓ 1

π
αqk30a

(1)
10 ρ
−1 sin(θ),

(7)
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±a−2M2

(√
ν22 − k2a ·

n∑
q=1

a · P q2G±(x, y, ka)|y=(xq ;0)

)
=

a
(2)
10 C

2
2 sin2(d∓ν2)ν32 · sin(d±ν2) cos(d±ν2)

2

n∑
p=1

αpρ sin θ ∓ 1

π
αqk30a

(2)
10 ρ
−2 cos 2θ.

Harmonic function of the second order uses the same formula except one more multiplier ωq and uses f2(z) =

z · f1(z) =
1

2

(
z2 + z

√
z2 − 1

)
:

f̂2(z) =
n∑
q=1

αqω
2
qf2

(
z − xq
ωq

)
=

n∑
q=1

αqω
2
q

z2

ω2
q

−
n∑
q=1

αqω
2
q

2xqz

ω2
q

−
n∑
q=1

αqω
2
q

ω2
q

16z2
−

n∑
q=1

αqω
2
q

2ω2
qxq

16z3
− ..., z → +∞,

n∑
q=1

αqω
2
q

ω2
q

16z2
+

n∑
q=1

αqω
2
q

2ω2
qxq

16z3
+ ..., z → −∞.

Unfortunately, it contains not only positive ρ degree, so we need to subtract corresponding additional summand using
X̂1(ξ):

v20(ξ) =
−a(1)10 C

2
2 sin2(d−ν)ν32 cos(d+ν2) sin(d+ν2)

8
X̂2(ξ)

−a(1)10 C
2
2 sin2(d+ν)ν32 cos(d−ν2) sin(d−ν2)

8
X̂2(ξ∗)

−2a
(1)
10 C

2
2 sin2(d−ν)ν32 cos(d+ν2) sin(d+ν2)

8

n∑
q=1

αqxq

n∑
q=1

αq

X̂1(ξ)

−2a
(1)
10 C

2
2 sin2(d+ν)ν32 cos(d−ν2) sin(d−ν2)

8

n∑
q=1

αqxq

n∑
q=1

αq

X̂1(ξ∗)

+
a
(2)
10 C

2
2 sin2(d−ν2)ν32 · sin(d+ν2) cos(d+ν2)

2
Ŷ1(ξ)

−a
(2)
10 C

2
2 sin2(d+ν2)ν32 · sin(d−ν2) cos(d−ν2)

2
Ŷ1(ξ∗).

Equations system is similar to previous:

∓ 1

π
αqk30a

(1)
10 = ±a

(2)
10 C

2
2 sin2(d−ν2)ν32 · sin(d+ν2) cos(d+ν2)

2

(
n∑
p=1

αp
ω2
p

4

)

∓a
(2)
10 C

2
2 sin2(d+ν2)ν32 · sin(d−ν2) cos(d−ν2)

2

(
n∑
p=1

αp
ω2
p

4

)

⇒
n∑
p=1

αpcωp = βαq, β =
−8k30

πC2
2ν

3
2 [sin(d−ν2) sin(d+ν2) sin((d− − d+)ν2)]

.

Determinant of this matrix is (−β)
n−1

((
n∑
q=1

cωq

)
− β

)
. Hence:

β =
n∑
q=1

cωq
⇒ −8k30

πC2
2ν

3
2 (sin(d−ν2) sin(d+ν2) sin((d− − d+)ν2))

=

n∑
q=1

cωq
⇒

k30 =
−πC2

2ν
3
2 (sin(d−ν2) sin(d+ν2) sin((d− − d+)ν2))

8

n∑
q=1

cωq
.
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3.3. Calculating of k40

As we previously noticed, equation (5) is homogeneous for v10(ξ), v20(ξ), but becomes more complicated for the
next step. So we need to solve the Poisson equation:

∆ξv30 = − π
2

d2+
v10, v30(ξ) = 0, ξ ∈ γ, γ = {ξ|ξ2 = 0 ∧ ξ1 ∈ (−∞;−1] ∪ [1; +∞)}.

The solution of this boundary problem can be presented as:

v30(ξ) = v̂30(ξ) + ṽ30(ξ),

where v̂30(ξ) is solution of homogeneous Laplace equation satisfying the boundary conditions (as we seek for previous
steps) and ṽ30(ξ) is particular solution of inhomogeneous Laplace equation satisfying the boundary conditions. M -
operator expressions are not much different with single-window ones:

a−3M30

(
±
√
ν22 − k2a · P1G

±(x, y, ka)|y=0

)
= ±

n∑
p=1

αp
a
(1)
10 k20C

2
1 sin2(d∓ν1)ν21 cos2(d±ν1)

2i
√
ν22 − ν21

ρ sin θ

±
n∑
p=1

αp ·
a
(1)
10 C

2
2ν2 sin2(d∓ν) cos(d±ν)

2
·
[

1

24
cos(d±ν2)ν32ρ

3 sin 3θ ± sin(d±ν)k20ρ cos θ

]
±

n∑
p=1

αp · a(1)10 k20g
±
x ρ sin θ ∓ a(1)10 αq

1

π
k40ρ

−1 sin θ,

(8)

a−3M30

(
±
√
ν22 − k2a · a · P2G

±(x, y, ka)|y=0

)
=

∓
n∑
p=1

αp ·
a
(2)
10 C

2
2 sin2(d∓ν2)ν42 · sin2(d±ν2)

8
· ρ2 cos 2θ ∓ 1

π
αqk40a

(2)
10 ρ
−2 cos 2θ,

(9)

a−3M30

(
±
√
ν22 − k2a · a2 · a

(3)
10 D3G

±(x, y, ka)
∣∣∣
y=0

)
=

±
n∑
p=1

αp ·
−a(3)10 C

2
2 sin2(d∓ν2)ν42 cos2(d±ν2)

2
· ρ sin θ ± a(3)10 αq

ν22
2π
k20ρ

−1 sin θ ± a(3)10 αq
2

π
k40ρ

−3 sin 3θ,

(10)

a−3M30

(
±
√
ν22 − k2a · a2 · a

(3)
20 D2G

±(x, y, ka)
∣∣∣
y=0

)
=

=
n∑
p=1

αp ·
a
(3)
20 C

2
2 sin2(d∓ν2)ν32 sin(d±ν2) cos(d±ν2)

2
ρ sin θ ∓ 1

π
αqk30a

(3)
20 ρ
−2 cos 2θ.

(11)

The harmonic summary for f3(z) =
1

2

(
z3 +

3

2

√
z2 +

(√
z2 − 1

)3)
can be presented as follows:

f̂3(z) =
n∑
q=1

αqω
3
qf3

(
z − xq
ωq

)
=

n∑
q=1

αqω
3
q

z3

ω3
q

−
n∑
q=1

αqω
3
q

3xqz
2

ω3
q

+
n∑
q=1

αqω
3
q

3x2qz

ω3
q

+
n∑
q=1

αqω
3
q

3ωq
16z

+ ..., z → +∞,

−
n∑
q=1

αqω
3
q

3ωq
16z
− ..., z → −∞.

Here, we also obtain a set of positive degrees instead of one so we will need the same idea as for previous order.
Separating summands from (8)–(11) with positive ρ degrees, we can obtain the following representation for v̂30(ξ):

v̂30(ξ) = β21X̂2(ξ) + β̃21X̂2(ξ∗) + β11X̂1(ξ) + β̃11X̂1(ξ∗)+
β32Ŷ3(ξ) + β̃32Ŷ3(ξ∗) + β22Ŷ2(ξ) + β̃22Ŷ2(ξ∗) + β12Ŷ1(ξ) + β̃12Ŷ1(ξ∗)

,

where coefficients can be found:

β21 =
−a(2)10 C

2
2 sin2(d−ν2)ν42 · sin2(d+ν2)

8
, β̃21 =

a
(2)
10 C

2
2 sin2(d+ν2)ν42 · sin2(d−ν2)

8
,

β11 =
a
(1)
10 k20C

2
2ν2 sin2(d−ν) cos(d+ν) sin(d+ν)

2
+ 2


n∑
q=1

αqxq

n∑
q=1

αq

β21,
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β̃11 =
a
(1)
10 k20C

2
2ν2 sin2(d+ν) cos(d−ν) sin(d−ν)

2
+ 2


n∑
q=1

αqxq

n∑
q=1

αq

 β̃21,

β32 =
a
(1)
10 C

2
2ν

4
2 sin2(d−ν2) cos2(d+ν2)

48
, β̃32 =

a
(1)
10 C

2
2ν

4
2 sin2(d+ν2) cos2(d−ν2)

48
,

β22 = 3


n∑
q=1

αqxq

n∑
q=1

αq

β32, β̃22 = 3


n∑
q=1

αqxq

n∑
q=1

αq

 β̃32,

β12 =
a
(1)
10 k20C

2
1 sin2(d−ν1)ν21 cos2(d+ν1)

2i
√
ν22 − ν21

+ a
(1)
10 k20g

+
x − 3


n∑
q=1

αqx
2
q

n∑
q=1

αq

β32 + 2


n∑
q=1

αqxq

n∑
q=1

αq

β22

−a
(3)
10 C

2
2 sin2(d−ν2)ν42 cos2(d+ν2)

2
+
a
(3)
20 C

2
2 sin2(d−ν2)ν32 sin(d+ν2) cos(d+ν2)

2
,

β̃12 =
a
(1)
10 k20C

2
1 sin2(d+ν1)ν21 cos2(d−ν1)

2i
√
ν22 − ν21

+ a
(1)
10 k20g

−
x − 3


n∑
q=1

αqx
2
q

n∑
q=1

αq

 β̃32 + 2


n∑
q=1

αqxq

n∑
q=1

αq

 β̃22

−a
(3)
10 C

2
2 sin2(d+ν2)ν42 cos2(d−ν2)

2
− a

(3)
20 C

2
2 sin2(d+ν2)ν32 sin(d−ν2) cos(d−ν2)

2
.

Particular solution of inhomogeneous equation can be obtained by integrating:

v10(ξ) =
a
(1)
10 C

2
2ν

2
2 sin2(d−ν2) cos2(d+ν2)

2
· Ŷ1(ξ) +

a
(1)
10 C

2
2ν

2
2 sin2(d+ν2) cos2(d−ν2)

2
· Ŷ1(ξ∗),

ṽ30(ξ) = −ν22
a
(1)
10 C

2
1ν

2 sin2(d−ν) cos2(d+ν)

2

×



(
n∑
q=1

αq

)
1

8
ρ3 sin θ +

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ − 1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ − ..., ξ2 > 0,

−

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ +

1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ + ..., ξ2 < 0,

−ν22
a
(1)
10 C

2
2ν

2
2 sin2(d+ν2) cos2(d−ν2)

2

×



(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ − 1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ − ..., ξ2 > 0,

−

(
n∑
q=1

αq

)
1

8
ρ3 sin θ −

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ +

1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ + ..., ξ2 < 0.
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Finally, we obtain full solution for ξ2 > 0:

v30(ξ) = β21ρ
2 cos 2θ + β11ρ cos θ + β32ρ

3 sin 3θ + β22ρ
2 sin 2θ + β12ρ sin θ

−ν22
a
(1)
10 C

2
2ν

2
2 sin2(d−ν2) cos2(d+ν2)

2
×


(

n∑
q=1

αq

)
1

8
ρ3 sin θ +

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ

−1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ − ...



−ν22
a
(1)
10 C

2
2ν

2
2 sin2(d+ν2) cos2(d−ν2)

2
·


(

n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ

−1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ − ...


+
∞∑
j=1

(β12b
+
1j + β̃12b

−
1j + β22b

+
2j + β̃22b

−
2j + β32b

+
3j + β̃32b

−
3j)ρ

−j sin jθ

+
∞∑
j=1

(β11a
+
1j − β̃11a

−
1j + β21a

+
2j + β̃21a

−
2j)ρ

−j cos jθ.

For ξ2 < 0, one has:

v30(ξ) = β̃21ρ
2 cos 2θ + β̃11ρ cos θ − β̃32ρ3 sin 3θ − β̃22ρ2 sin 2θ − β̃12ρ sin θ

−ν22
a
(1)
10 C

2
2ν

2
2 sin2(d−ν2) cos2(d+ν2)

2
×


−

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ+

+
1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ + ...



−ν22
a
(1)
10 C

2
2ν

2
2 sin2(d+ν2) cos2(d−ν2)

2
×


−

(
n∑
q=1

αq

)
1

8
ρ3 sin θ −

(
n∑
q=1

αq
ω2
q

8

)
ρ ln ρ sin θ+

+
1

8

(
n∑
q=1

αq

(
ω2
qx

2
q

4
+
ω4
q

16

))
ρ−1 sin 3θ + ...


+
∞∑
j=1

(−β12b+1j − β̃12b
−
1j − β22b

+
2j − β̃22b

−
2j − β32b

+
3j − β̃32b

−
3j)ρ

−j sin jθ

+
∞∑
j=1

(β11a
+
1j − β̃11a

−
1j + β21a

+
2j + β̃21a

−
2j)ρ

−j cos jθ.

Matching terms of order ρ−1 sin θ, one obtains:

∓a(1)10 αq
1

π
k40 ± a(3)10 αq

ν22
2π
k20 =

±ν22
a
(1)
10 C

2
2ν

2
2

[
sin2(d−ν2) cos2(d+ν2) + sin2(d+ν2) cos2(d−ν2)

]
2

·

[
3

8

(
n∑
p=1

αp

(
ω2
px

2
p

4
+
ω4
p

16

))]
±
(
β12b

+
11 + β̃12b

−
11 + β22b

+
21 + β̃22b

−
21 + β32b

+
31 + β̃32b

−
31

)
⇒

−a(1)10 αq
1

π
k40 + a

(3)
10 αq

ν22
2π
k20 = ν22

3a
(1)
10 C

2
2ν

2
2S+

16
·

(
n∑
p=1

αp

(
ω2
px

2
p

4
+
ω4
p

16

))
−

(
n∑
p=1

αp
3ω4

p

16
· a

(1)
10 C

2
2ν

4
2S+

48

)

+

(
n∑
p=1

αp
ω2
p

4

)


a
(1)
10 k20C

2
1ν

2
1

2i
√
ν22 − ν21

S+ + a
(1)
10 (g+x + g−x ) · k20 +

a
(1)
10 C

2
2ν

4
2

16
S+

+
a
(3)
20 C

2
2ν

3
2

2

(
sin2(d−ν2) sin(d+ν2) cos(d+ν2)− sin2(d+ν2) sin(d−ν2) cos(d−ν2)

)
−3


n∑
q=1

αqx
2
q

n∑
q=1

αq

 a
(1)
10 C

2
2ν

4
2

48
S+ + 2


n∑
q=1

αqxq

n∑
q=1

αq

 3


n∑
q=1

αqxq

n∑
q=1

αq

 a
(1)
10 C

2
2ν

4
2

48
S+


,

where S± = sin2(d−ν2) cos2(d+ν2)± sin2(d+ν2) cos2(d−ν2).
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As we can see this system of equations is not linear because of expressions like


n∑
p=1

αpx
2
p

n∑
p=1

αp

. That’s why we

will consider only imaginary part of both sides and it will make system actually linear:

−a(1)10 αq
1

π
Imk40 =

(
n∑
p=1

αp
ω2
p

4

)[
−a

(1)
10 k20C

2
1ν

2
1

2
√
ν22 − ν21

(
sin2(d−ν1) cos2(d+ν1) + sin2(d+ν1) cos2(d−ν1)

)]
⇒

βαq =

n∑
p=1

αp
ω2
p

4
, β =

2
√
ν22 − ν21 Imk40

πk20C2
1ν

2
1

(
sin2(d−ν1) cos2(d+ν1) + sin2(d+ν1) cos2(d−ν1)

) ⇒
n∑
q=1

cωq
=

2
√
ν22 − ν21 Imk40

πk20C2
1ν

2
1

(
sin2(d−ν1) cos2(d+ν1) + sin2(d+ν1) cos2(d−ν1)

) ⇒
Imk40 =

−π2C2
1ν

2
1C

2
2ν

2
2 (1− cos(2d−ν1) cos(2d+ν1)) (1− cos(2d−ν2) cos(2d+ν2))

8
√
ν22 − ν21

(
n∑
q=1

cωq

)2

.

We can compare this formula with result from single-window case:

Imk40 =
−π2C2

1ν
2
1C

2
2ν

2
2

128
√
ν22 − ν21

(1− cos(2d−ν1) cos(2d+ν1)) (1− cos(2d−ν2) cos(2d+ν2))

and verify it is absolutely consistent, the difference is just in multiplier
( n∑
q=1

cωq

)2
characterizing common size of

windows. As usual, it is the square of the coefficient appearing in the first order term.

4. Conclusion

The results for the imaginary part of the resonance allow us to pose the problem of minimizing/maximizing the
lifetime of the resonance by changing the configuration of the windows, e.g., fixing the summary size of windows.
The results pertaining to the real part of the resonance, give one an estimation of the shift of resonance with respect
to the threshold. These results can be useful for the description of “quantum waveguide – quantum dot – quantum
waveguide” systems. One can find such systems in different nanotechnology applications.
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