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The problem of a nanowires conductivity is studied from a kinetic point of view for quasiclassical Bloch electrons in an electric field. Few
statements of problems with cylindrical symmetry for the integro-differential Kolmogorov equation are formulated: the dynamic Cauchy
problem and two stationary boundary regime ones. The first is for an empty cylinder with scattering of the conduction electrons on walls, the
second takes into account scattering on defects inside the wire. The integro-differential equations are transformed to integral ones and solved
iteratively. There are two types of expansions with the leading terms in the right and left sides. The iteration series is constructed and its
convergence studied.

Keywords: Kolmogorov kinetic equation, N-fold series, Bloch electrons, electrical resistivity, nanowires.
Received: 14 January 2017
Revised: 2 February 2017

1. Introduction

We consider a problem of a solid nanowires conductivity, which demonstrates an intriguing dependence on
temperature and wire diameter that is fundamentally different from its bulk counterpart (e.g. for (Bi) see [1-3]).
Conductivity is a non-equilibrium phenomenon, therefore we will use a kinetic description of charge carriers,
following the idea of Bloch electrons as quasiclassical particles [4]. Having in mind the key element of the theory,
a Bloch wave scattering problem [9], the distribution function (DF) f is interpreted as either a density number of
electrons or probability density in phase space I' with continuous wavenumbers (velocities) approximation.

There are few parameters, typical for electrons in solids, those are:

1. de Broglie wavelength A = h/p;

2. v — typical velocity, e.g. one that enters Fermi-Dirac distribution function (FDF) as parameter;
3. 7, — transport relaxation time;

4. mean free path: [ = v7,.

It is convenient to use dimensionless variables in the phase space I'. In the next sections, we will imply that
the position coordinates are measured in free path [ units, while the velocity components are measured in units
of v. One of aims of such description may be evaluation of correction to ballistic formula, or, more generally, to
reproduce the Landauer regime [4].

The main motivation of this study is to link the conductivity parameters with temperature, that is achieved
by a statement of problem formulation in such form, which includes the FDF distribution as an initial condition
or a boundary one. A statement of the problem naturally implies that the conductor geometry is cylindrical for
nanowires or other interesting cases, for example a point contact for tunnel microscopy.

For the distribution function, we take the integro-differential Kolmogorov equation [5] that was applied in [7]
to the LIDAR problem, in [6] to the neutrons and to X-rays scattering [8]. Its form is presented in Sec. 2, where
the collision terms are specified.

As the main mathematical tool of the basic equation solution, we derive an expansion in N-fold scattering
series of the Bloch electron distribution function in a conducting domain. We also present a transition to integral
equations and compact formulas for the distribution function, in particular, for the first and second iterations in
this expansion. We consider a nanowire as a cylindrical waveguide via the choice of the domain geometry and
reflective scattering by the walls.

In the Sec. 3, we describe the method of solution via the iterative scheme for the basic integro-differential
equation, using the characteristic variables for the differential part, that allows us to transform the equation to an
integral one. This problem admits studying transition regimes of switching and pulses of current.

In Sec. 4, we simplify the problem, by switching to the stationary case, which needs different characteristic
variables to transform the differential part. We also formulate two problems, one for an empty cylinder with
reflecting wall for the case in which the scattering inside the wire is much smaller than at boundary (Subsec. 4.2).
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The second problem is closer to the normal temperature regime, when scatterers (e.g. phonons) fill the volume
homogenously (Subsec. 4.3). To solve the problem, we expand the DF in series by number of collisions and derive
the operator that links the neighboring terms (Subsec 4.5). In this problem, we choose the leading FDF term in the
differential part as in [4] which results in the Fredholm equation for the next (first) term for the expansion.

Sec. 5 is devoted to the general iterative construction for the case of ¢ = 0, specified to 1-fold and two-fold
scattering solutions. Its explicit form allows one to evaluate the averaged values that give the formula for a current
through a wire. The paper is concluded by a series convergence theorem at some conditions, that may permit one
to estimate the number of terms and error of the corresponding calculation (Sec. 6).

2. Problem formulation
2.1. Kinetic equation and boundary conditions

Let us define the collision integral by the sum of losses by scattering with eventual account of absorption:

I = () / o (7.5 — T)dT = —ou( ], (1)
and the return term:
I = / o (77— B)f(F, 7)d¥, @

so that Kolmogorov kinetic equation for Bloch electron in the phase space {7,7} € T' under action of electric
field E, directed along z, have the form:

0

ot  m Ov,
where f(t,7,7) is the probability density function over phase space {7, ¢} € ', ¥ = (vsinf cos ¢, v sin 8 sin ¢,
veos®) and o4(z), o(F, ¥ — ¥) = o(v, 2) are total and differential cross section densities per unit volume of a
medium. In spherical coordinates of incident @, ¢ and scattered @', ¢’ particles the scattering angle is characterized
as follows:

+0-Vf=—0uz)f+ I, A3)

cosy = cos f cos ' + sin 0 sin 0’ cos(¢ — ¢'); 4)

for elastic scattering (v = v’). We will discuss two problems: initial and boundary regime ones.
Initial problem. The function f(¢,7,¥) is used as a distribution (generalized function) defined by action on
the Schwartz space (7, v, 0, ¢) € S, via continuous linear functional (f,1)) € R. The initial condition for (3) is

also represented by a distribution. For example, for an initiation point with fixed velocity, we take:

J(0,7,v,0,¢) = Vi(r)s(0), Q)
with a constant V' as normalization factor. This means that we built a solution for the probability density as a weak
limit (when ¢ — 0) to the J-function at ¢ = 0. The distribution §(6) is chosen as:

2T
(5(0), (7, v, 0, 6)) = / B(F,0,0,6)do, ©)
0

1 € S, and, in a conventional mode, 0(7) = J(x)d(y)I(z).
Boundary problem may be used when a conductor is in electric contact with a metal, that is characterized by
some given FDF:

f(tax7y707ﬁ) :fF(xay)ﬁ)' (7)
2.2. Distribution averaging. Electric current as number of particles rate

This is derived in direct applications as an integral by space variables which enter the solution as parameters,
used as a receiver (anode) geometry description. Thus, we are concerned with:

01

9.0 = [((6.70.0.0).0)db ®)
0o
The action of the distribution f on S in the case of segmented continuous functions implies the integration with
respect to ¢, x,y, 2. The applications relate to observations (measurements) as the result of averaging procedure,
defined by (8). The expression (8) defines number of particles within a finite domain (A) of a measurement
apparatus and having velocity direction between 6y and 6, restricted by aperture related to the apparatus window
direction.
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Our particular aim is the evaluation of number of particles per unit time which enter the round area of radius
po laying in the plane z = z. (receiver) with center in = y = 0 and having velocity vectors inclined to z-axis
within the angle interval 6 € [0, 6y]. Here, an aperture angle 6y, restricts possible velocities of particles directions.
In the sample case we take here, the receiver domain A has cylindrical symmetry and for the initial direction
along z, the function v does not depend on 6, ¢, so it is defined as zero outside the receiver, and 1(z,y,2) = 1
for internal points of the domain z? + y2 < pg, 20 < z < 29 + At| cos 8| and zero outside, being z, the coordinate

of anode interface, At — reaction time; for instant reaction:

PO 00 2
1
1) =e lim < / / / 0-(F(t py 2,6, 0), (. y, 2)) sin 6dgdbdp. ©)
0 0 O

Similar geometry was used in [8] for application to the problem of X-ray scattering.

3. Method of solution. N-fold scattering expansion
3.1. Cylindrical coordinates

A solution method depends on the conductor geometry and problem symmetry, that in our case of nanowires
we have chosen as cylindrical one. Let the scattering cross section depend only on p and «y. For such a problem,

. o . .0 .
we take (3) in cylindric coordinates neglecting or term, having:

0¢
af o 9 P [
Lf = (TJ; + Eazi + vza—ﬁ - vpafi = —ou(p)f + /U(%p)fd% (10)

0
with e = < B, cosy = (0,7") /v
For the first (Cauchy) problem, we take an initial condition, if the external field E is switched on at ¢t = 0:
f(0,p,v2,0,) = fr(9)8(po — p), (11)

where fr is the FDF, 6 — step (Heaviside) distribution.
A solution is searched as a N-fold scattering expansion:

f=f+hHi+fo+.. (12)
We choose for the leading term fj the equation:

_Ofo . 9fo dfo dfo

Lfy = — — —_ = — , 13
fo= >, +Eavz toap= 0, Bp oi(p) fo 13)

which accounts only for losses, and initial condition:
f0(07ﬁ7vzavp) = fF(ﬁ)e(pU _p) (14)

The general approach for solution to the kinetic equation uses the transition to characteristic variables. Let us
change variables in (13), putting ¢’ = ¢, v;, = v,, and

v, =, +e(z —t) —v2/2, (15a)
P =p—ut, (15b)
2 = —ez+0v?)2. (15¢)
Equation (13) is transformed as:
W0~ —ouls! + et fo (16)
which is directly integrated including arbitrary functional parameter G-
—
fo=G(7,v")exp f/ot(p' +v,T)dT | (17)
0

It is useful to introduce a function @) via:

t
Q(t, p,v,) = exp —/Jt(p—i- v,T)dT | . (18)
0
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Going back to the original variables results in:

t
fo=G(—ez+v2/2,p—vpt,v. +e(z —t) —v2/2,v,) exp [—/ oi(p—v,(t —7))dr| . (19)
0
Att =0,
fo:G(—ez+v3/2,p,vz—|—ez—vf/2,vp). (20)
The function G is found from initial conditions (14):
G (—ez+v2/2, p, v. +ex—v2/2, v,) = fr(D)0(po — p). 21

3.2. [Iterations construction

For n > 0, the expansion is defined by:

™

i fuss + / o (7, p) fudy, 22)

0

dfn-i—l
dt’

n = 0,1, ..., with zero initial conditions for n > 0:

Fnlig = 0. (23)
Transforming (22) by (15) and plugging its inverse:

v, = v, + 2 + et (24a)

p=p +u,t, (24b)

z=€ (=2 + (L + 2 +€t')?)2), (24c)
t=t, (24d)

into the r.h.s. of (22) yields:

afnJrl
ot’

=—o¢ (o + v, t') fat

—|—/U(’y,p’+v;3t’) fn(t/, e (= + WL+ 2 +et)?)2), p ot v+ 2 + et vé)d’y. (25)
0

To have a more compact form, we define f, 11 = Q an, which gives:

df, [
J;tjrl =Q ! /a (v, 0 +vpt’) fu (t’, e (= + (L + 2 +et)?)2), p ot v+ 2 + et v;)d% (26)
0

where the definition of Q(¢', p’,v,/) by (18) and the relation — ¢

E = —0;(Q are used. After integration, one has:

’
t T T

fn—i—l = Q_lfn+1 = /exp /Ut(P/ + U;)T/)dT/ /U (7a Pl + ’U;;T)
0

0 0
fn(T, ! (2" + (v, +z'+e7')2/2) P+, v+ 2 +er, v )d’}/dT 27
In the original variables, it reads as:

T

fna1 = Q/exp /Ut(p—vpt—T /O’ v, p— Up(t —T))

0 0
fn<7', el (ez—v2/2+ (v, —€(t—1))%/2), p—v,(t —7T), v. —e(t—T), vp)dwdT. (28)
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4. Stationary case
4.1. Boundary regime problem

For the next topic, boundary regime problem, we study the stationary kinetic equation in cylindrical coordi-

nates:
of of of

St d v 2L o+ [olpr s 29)

€ . R - = - -
where —FE =€, f(z,p,7) is a DF over phase space {7,v} € T, ¥ = (vs,v,), p = (2, p) and o4(z),0(p, 7, V) are
m
total and differential cross section densities per unit volume. The function f(p,¥) is used as a distribution defined

P,
by action on the Schwartz space (g, ) € S, via continuous linear functional (f, ) € R. The boundary conditions
for (29) is represented by a distribution, this paper choice is restricted by:

f(07P7 Uz, U,l)) = fF(ﬁ)o(pO - p)7 (30)
H—Hp
kT

Bloch electron, Hr — Fermi energy, 1" — temperature. This means that we have constructed a solution for the
probability density with the boundary conditions as a weak limit (when z — 0).

-1
where fp = (exp [ } + 1) is the Fermi-Dirac electron DF. The energy H = mwv?/2 for quasi free

4.2. Stationary problem solution for empty cylinder with reflecting wall

Let us change the variables in (29) as:

7 =z—ep+u,u,, (31a)
o =ep—u,u,, (31b)
v, = v? — 2ez. (31c)
The inverse transformation reads as:
z2=2 47, (32a)

p—cl (p’ +up /0L + 2e(2 + p’)) , (32b)
vy = /UL + 2e(2 + o). (32¢)

Hence, for a homogeneous along z elastic scattering at the cylinder wall p = pg, with the differential cross-section:

O'(p, Uz, Up, ) = 35(p - 90)5(”2 - U;)a(vp + U;})? (33)
as a function of the parameter v,, simplifies the collision integral, giving the equation:
of of of
Lf(z,po,v.,v,) = eavz + vzg + vpa—p =

= s8lp = po)f + [ 5800 po)d(0. = v)3(w, + o)) F(7 TN =
55(P - pO) [f(zvp(% Uz, _UP) - f(Z,pO,’Uz, UP)] : (34)

Taking the equation at the opposite v, point and combining the results, yields:

L[f(Z,pmvz, 'Up) + f(2, po, vz, _vp)] = Lf+ =0,
L[f(ZvPO»’Uza'Up)_f(zvp0»vzavp)] =Lf" = (35)
250(p — po) [f (2, po, vz, —vp) = f(2, p0,v2,v,)] = 250(p — po) f
Transition to the variables (31) first gives:
oft _0
0z ’

(36)
and, secondly:
o _, 3@+ u LR 2T D) — )
0z vl + 2e(2" + p’)
The direct integration results in the first case as:
fr=20%(p' vl vp), (38)

£ (z’+p’, po, VUL +2e(z' +p), vp)- (7
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while the second one yields in:

fm=

56 (€710 + vy /oL + 27 + ) = o)

- (Z’er', po, VUL +2€(T + p), Up> dr + @~ (p', vz, v),).

(39)
Solving the equation:
P+ vp\ /L +26(T + ') —€epo =0
with respect to 7, we obtain:
2
o= —ep+ s+ {(pop)} = p)
2 Vp Uy
. . . . o(1 —70)
which defines the only zero value of the J-function argument. We plug it into (40), using §(f(7)) = o)
70

while:
Up

vl —&—26(7’4—,0’)7

% [e‘l (p’ + 0oL+ 26(T + p’)) - po} =

and return to original variables by (32):

_ 750 (671 (pl + vp /UL + 2¢(T + P')) - PO)
g :/ v+ 2e(1 4 p/)

77 (2405 o, L2+ ), v,) dr

S . €Po — €P + VU
2 (e ez E:
Up

0

, vp> , ifm €0, z2—ep+v,v;] (40)

= ’Up
0, otherwise.
pPo—p

Up

We introduce ¢ =

, then, inside the interval 75 € [0, z — ep + v,v.], we write:

—_ S ~
f (va7 Uz,vp) = ;f (va(),vz + Etvvp) ) (41)
P

and
€ .

o :z—ep+vpvz+§t — v,t.

Its border values are: .

2f2 — vzf =2z —€p+ VU,

To =2 — €+ VU, +

and

TO:z—ep+vpvz+§f2—vZ£:0.

The first one gives the condition:

€ ~
5{2 —’Uzt = 0,

which is equivalent to either relation: # = 0, that fix the point
P = Po;
or defines a hyperbolic curve in velocity space for each p
€po—p
2 v,

—v, =0.
The second one also defines the curve:
t—wv,
Both curves determine the integration domain for a mean value of DF in velocity subspace evaluation as in Sec. 2.3.
The symmetry of the boundary regime with respect to reflection v, — —v,, yields:

f_ (Ovpv Vz, vp) =0, (43)
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while (30) gives:
f+(Z>PaUZaUp) ot (€p_'Up'Uz> Uy — 2ez vp) —QfF( ) (pO_p)'
Taking the functional equation (40) at the point z = 0, at 79 € [0, z — ep + v,v;], the condition (45) reads:

_ S . ;
f (07 Py UZ7UP) = ;f (O’p()vvz + Et,'Up) =0. (44)
P

The final step gives the DF:
f=U+1h2 (45)

4.3. Stationary problem for cylinder filled with scatterers

In this section, we suppose that the scattering inside the wire admits homogeneous distribution along z
(I < AB), looking for the further simplification. Let f(p,v,,v,) be a distribution function for Bloch electrons, that
solves the equation (cf. (29)):
0 0
ok 08— oo+ [or 0560 (#6)
Adding to the expression (33) the term that model elastic scattering with a given dependence on the only scattering
angle inside the cylinder, we have:

0 (ps 0z, Up, -..) = 88(p — po)d(vz — v2)d(v, + vp) + a0 (7)d(v — v")0(p — po). (47)
Simplifying the model by oo(v) = o and plugging (47) in (29) gives:
3]" af
o, T, = —[58(p — po) + a08(p — p0)] (P, vz, vp) —

56(p = ) [ 8(0 = 010w, + 1) (prol o)

er(po - p) [f(p, vz’“ﬂ) + /6(02 - UIQ)f(p> Uy p)dv dv, :| (48)

After integration, in collision terms with &( f Z 7l _J account, we write:
0 0
81){ + Up 6£ = 86(/) - pO) [f(pa DZaUP) - f(pa Uz, 71}9)]+
flp vl vy) + flp, v, vp)
o00(po — p) | f(psvz,v,) + oy i dv;) , (49)
/112 + 02 — )2
where:

vy =F 02+ o2 —u2. (50)

For this case, the characteristic variables are defined by the direct transform:

Pl =plvy, V=0 —ep/up, (51)
and the inverse one as:
p=pv, v,=0,+e¢p. (52)
This gives:
of

37p’ = 55(/’/”9 — o) [f(P’”pa ”; +€p', vp) — f(p/vp, U/z + e, _Up)] +
f pvp? z+? p)—’_f(pvﬁ’ z—) p)

fo2 4 02 — ¢'2
20\ /vy + 02—,

vly = 02 + (o] + ep/)2 — 2. (54)

a08(po — P/Up) f(P/Uan/z + GP/,UP) + d e (53)

where now:
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Integrating, we arrive at the integral equation:

o'
fo' vl,v v,) = s/é(rvp — po) {f('rvp,vlz +er,v,) — f(rvp,v’z + er, fvp)} dr+
0

o’

oo / 0(rv, — po) | f(rv,, vl + er,v,) J(rvg, 0oy, vp) & F(rvp, Vs p)dv dr. (55)
A \/vg—k(vz—ker) —v?
Now
vy =F4/02 + (v — €p/v, +er)? — v 2. (56)
In primary variables, it is:
p/vp
Hprvesvn) = [ 8070, = o) [ £ 02 = 9/, = 1)03) = Flrug,ve = elpfu, = 1), —v)|drt
0

p/vp

) ,/z ) ! + ) ,/z—7 !
o / 0(po —Tvp)/ J(rvp, Ve, V) ¥ F(rvpnves ) dvy,dr.  (57)
2‘\/11% + (vy —ep/v, +€r)? — vf‘

0

Changing the variable of integration as rv, =t, v, > 0, yields:

f(p, Uzv'Up) =

p
jpo o(t — po) [f (t,vz — ;p(p—t),vp> —f (t,vz — vi)(p—t),—v,,)} dt+

b) Z ) + b) Z bl

n 0(po — 1) Ft vy p) ft,v p) v dt —
t ’ P

Vp 2’ \/Ug Uz —+ Eiv‘,p) _ Up2

o
t7’()z s + P 1
&// f( + P) flt,v p)dvdt if p < po,
2
t—p 4
\/v% + (vz + ET:> — v

|:f(p07UZvUp) _f(p07UZ>_Up):|7 lfp:p(),

(58)

| ®»

with v,y under square root.

4.4. Alternative expansion for stationary case

Neglecting the longitudinal inhomogeneity (the second term) in (34) let us study it as the basic equation.
The structure of the integro-differential equation and physical sense of its terms in conditions of constant current
suggest an alternative expansion with the leading term in the Lh.s. [4]. A solution is searched as an expansion
(12), but we choose for the link between f; and f;, the equation:

0 0 S N
Lio= 52 +0, 50 = —aifi+ [ 077 (57, (59)
taking the FDF distribution for f; inside the cyhnder of radius pg:
fO(pu Uzavp) = fF(Uzavp)e(pO _p)' (60)

Differentiating in the Lh.s., and switching to angle variables in collision integral as in (13), one has:

eafF('Uzv Up)
ov,

0(po — p) + Vo fr(vz,0,)0(p — po) = —orf1 + /a(ﬁ, ¥) f1(p, 0")dry. (61)
0

Equation (61) is the Fredholm II integral equation with continuous kernel for the function f;. The theory of such
equations guarantee the existence and methods of its solution outside the integral operator spectrum, which depends
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on details of the kernel o (g, ) behavior and needs special investigation after the kernel (cross-section) is specified
for given material.

5. Approximate solutions
5.1. N-fold iteration (¢ = 0)

In this section, we consider the problem of zero field transport for conductors contact pulse current excitations
as a Cauchy problem. Let us return to the spherical coordinates for the basic equation (3). Integration and
transformation yields:

T 27

t
fn+1(z7y72505¢) = Q(Taz70) O-(COS,YvZ_TCOSH)
Jaeol]

I (t — 7, ¢ —Tsinfcosd, y—Tsinfsing, z— 7cosh, &, ¢’) sin0'dg'dd'dr, (62)

where
t
Q(t,z,0) = exp —/at(z — Tcosf)| dr. (63)
0

This expression defines the recurrence operator:

f7z+1 = anna (64)

the form of which determines the properties of approximate solutions and convergence of the multiple scattering
series (12). The basic equation for fj is integrated as:

t

fo=G(7,7)exp f/at(z')dT . (65)
0
The functional parameter G is found from initial conditions (see (5)), modeling a point pulse contact:

fo(0,7,0,¢) = Vé(x)d(y)d(2)5(0), (66)
that results in:
Jo(t,7,0,¢) =Vé(z — 1)6(x)0(y)3(0)Qt, 2,0). (67)
For the first iteration, f; one obtains from (62):

t
fi= V/Q(T,zﬁ)E(t — 7,2 —7cos6,0)
0

o(cos,z —1cosh)d(x —Tcosh — (t —7))0(y — Tsinfsin@)d(z — 7sinb cos p)dr. (68)

Similar expressions are obtained and interpreted in the case of /N-fold scattering terms, the two-fold one is presented
in the following sections.

5.2. One-fold scattering for a point receiver

As mentioned above, the integrand in (68) is considered as distributions on Schwartz space S of functions
x,y, z which depend on ¢, 0, T as parameters. For example, f; acts on an element ¢)(7) € S as:

2wt

[, 7,0,0), v) =V Q(r,7cosf+t—T1,0)E(t —7,t —7,0)
(1 T ) 0/0/ cost +

o(cos @, 7cosf +t — 7)(rsinbcos g, 7sinfsin g, 7cosf +t — 7)drdd, (69)
where 1 describes a receiver. It is determined in Sec. (2.2) as ¢(7) = 1 at:
2 +y® <pg. 20 <2< 20+ At|cost|

and zero outside, being zg the boundary coordinate of the cylindrical contact.
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From the definition (8) for the forward scattering and aperture angle 6, we have:
0o
30 = [(fr0)sinoa. (70)
0

Therefore, we get for (68) when going to the intensity of a point receiver that we do as the limit:

zo+cos Og At 21 po 6g t

Ilp(t,O,O,zo):fAlirilOploir_)no / ////Q(T,Zo,e)/J(COSQCOSQ/,Z77'(3089)
o 0000

fo(t — 7,2 — Tsinf cos ¢,y — Tsinfsin ¢, z — 7 cos 0, 0) sin §'df’' drdfdpdpdz, (71)
or, plugging fy, one has:

po B t zo+cosBOoAt

. . 1
Ilp(t):_Alir_r}Oplolgl()Kt/// / Q(T,Z,go)Q(t—’EZ—TCOSGO,G(])
0 0 O z0

/ o(cosfpcos ',z — 7 cos 0y ) (7 sin Oy cos ¢, T sin O sin ¢, 7 cos Op) sin @' d0’ drdedpdz.  (72)

The area of integration lies between the horizontal lines z = zy, zg + Az and inclined lines z = cosfy + a
and z = cosfy + b, where a, b are boundaries of domain, filled with scatterers under consideration: e.g. a
“cloud” of defects. The vertical line marks a current pulse arrival time z = ¢. In the case of a fixed angle 6,
2 =7(cosbp — 1) +t, 7 = (cosfy — 1)1 (2' — t), hence the argument of the J-function is:

b
zo—i—t—r—z’:zo—l—t—(COSHO—1)_1(2'—t)—z’:z0—bt—i—az’:a(z’—)t—i—zo,
a a

where
cos by

=—1—(cosbp—1)"'=—"""1 b=1 0o —1)7 %
a (cosBy — 1) T cosfy’ + (cosfp — 1)
The second argument of the scattering amplitude o is therefore:
20 — Tcos by = zg — (cos By — 1)1 (2 — t) cos bp.

The result of 1-fold scattering for zero angle for the point receiver is almost trivial from a geometrical point
of view, the arriving pulse is infinitely short. The expression for intensity contains natural spherical divergence,
exponential decay due to absorption and forward scattering in a level inside the layer:

T 27

JP(t) = lim HlAie/O/(fl,w)sinquSdﬂ, i=1,2,3, (73)

Ai —0

where the function v have nonzero components if:
lz] < Az =Aq, |yl <Ay=A,, |z| < At|cosb| = As,
and 0 outside the domain. Plugging f; from (68) yields:

T 27t
1

Py — 1 _ R
JY(t) = AI?BOHAi ///E(T,T0089+t 7,0)E(t —1,t —7,0)
9o 0 0

o(cosf,TcosO +t— 7)YP(Tsinf cos g, Tsinfsin g, 7 cosf +t — 7)d7 sin Odpdd. (74)

5.3. Alternative variables of integration. One- and two-fold solutions for a point receiver

Let us change the variables of integration, having in mind more convenient (compared to [7]) description of
the integration domain and limiting procedure:

x = Tsin 6 cos ¢,
Yy = 7 sin @ sin ¢, (75)
r=7cosf+t—T.
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The inverse ones are found as
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oty + 22 — 22t 4+ 2
N 2(t — ’
, (t—2)
cosp = ,
o 76)
22+ y? 4+ 2% — 22t + 12 = 2(t — 2)?
cosf = .
2?2+ y? 4 22 — 2tz + 12)
We calculate the Jacobian 5
Jsinf = . 77
i 22+ y2? + 22 — 22t + 2 7
Let us define the integration intervals by means of:
0<7<t 0<¢<2m,

T—0<6<m,
0<TcosO+t—71 <At
|7sinf cos ¢| < Ax

(78)
< [Tsinfsing| < Ay, t—71+7cosh >0,
then |z| < Az, |y| < Ay, 0 < z < At
form:

1-fold again. The explicit expression for the integral J;, corresponding to (74), in new variables takes the

Aw Q//
=i / / /
2A1’AyAz 2

+y?+ 22—
—Az —

dxdyd
9ut + 2V
T, 0 expressed in new ones (76)

(79)
where Q' = Q(r,2,0), Q" = Q(t — 7,2 — Tcos 0 O), is defined by (63). In arguments of Q’, Q”, o the variables
Performing the limiting transition Az — 0, Ay — 0, Az — 0, At — 0 for a point receiver, we obtain the
simple formula for back scattering:

2 tt t
Pt)==E|=,0 E"{=,=,0 1,-].
1 ( ) (2 Yy 7T) (2 2 > < ) 2)
This reproduces the one-fold LIDAR formula for a small receiver in convenient form

(80)
The dependence of I;(t) is shown for the homogeneous distribution of scatterers at Fig. 1 and for a layer of
scatterers and for a layer of scatterers at Fig. 2.

gk

PR T

L T L e
0.5

L I L L 1
20 25 3.0

FIG. 1. Homogeneous scatterers distribution case I (t)
5.4. 2-fold case

the distribution term fo

2

From (62), similar to (68), when using the correspondingly modified transformations (75), (76), one arrives at
fo= /Q To, 2,0) // o(cos~y, z—Ty cos f) / Q1(1,2—T13c080,0)Q(t—To—T,t—T—72,0)0(cos O, t—7—73)
(5(3: — Ty sin 6 cos ¢ — Tsmﬁ’cosgzb )6(y — T2 sinfsin ¢ — 7sin 0’ sin @)

0(z —mpcos0 — Tcost — (t — 72 — 7))drsing'd0’d¢'dr>.  (81)
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FiG. 2. I;(t), 1-fold scattering from a layer of scatterers

In new variables, (75) the integral J, takes the form:

) Az Ay Att/22x =«
2 NG 2AxAyAz / / // /
—Ax—Ay 0 0 0 w—60g
Q*o(cosvy,m1(cosby — 1)+t — 1o)o(cosby,t — 11 — T2)
(T2 8in s cos pg — x)2 + (T2 sin by sin gy — y)2 + (t — (1 — cosfa) 2 — 2)

5 sinbadfadpodrodzdrdy, (82)

where:
Q" =Q(1,2 —12c080,0")Q(t — 2 — T, t — T — 72, 0). (83)

The corresponding intensity from 2-fold scattering for a layer of scatterers is shown at Fig. 3.

T T 1 T T T T TT

0.0 i i i | L i I | I i I ‘ | 1 i 1 | 1
0 & 4 6 8

FIG. 3. I5(t), intensity: 2-fold scattering from a layered medium

6. Convergence theorem
6.1. Resulting estimation
Let the norm of ¢ be denoted as ||| = maxo:
.7
- —1yn— (n— 1)2 2/3
JIn < 23" 1||cr||nexp [—Omint]T" Lgn SWGQ/ . (84)

The series generated by r.h.s. of the inequality (84) converge because:

(n—1)?

lim ’\L/23"—1 lo||™ exp [—omint]m 173
n— o0

(root test). Therefore, the radius of convergence is infinity.



Kolmogorov equation for Bloch electrons and electrical resistivity models for nanowires 259

On proof. Divide the integration domain D to subdomains D;, Dy so that for a positive €,, the following
holds:

t— Zn(l —cosb;) | + ZTi cosf;sing; | + ZTi cos 0; cos ¢;
2 2 2 (86)
< €n ~ D17
> €p DQ.
This determines the choice of ¢,,.
6.2. Error estimation
If 87||o||t < 1, the following estimate for error is the following:
n oo —tO
ot n2/3 o 03 e—tomin
I(t) - ka(t) <Adlofe s Z(SWHUHt)k b= 4120y ”U”W' (87)
1 k=n

Having such an estimation, one can decide what number of N-fold contributions should be taken into account for
a given error.

7. Conclusion

We do understand that the approximations for the differential cross-sections as (47) are too rough. We have
chosen such models to move the theory in explicit form as far as possible. Modifications of the formulas should
improve the description and may be compared with the presented results. The convergence theorem is certainly
generalized for nonzero field.

In transport problems, the electron Bloch wave scatters either on phonons or on a solid crystal lattice inho-
mogeneities (point defects or dislocations). Such contribution may be incorporated into the suggested scheme.
One of the simplest, to say a “textbook™ version of the model, accomplished in a sense of possibility to plot the
dependences of the conductivity on temperature and wire radius, see our contribution with Botman, see also [9].

Account of electron-electron scattering implies transition to Boltzmann equation. The quantum corrections also
use its generalizations [10].
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